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Abstract 



We review physical motivations, phenomenological consequences, and open problems 
of the so-called pre-big bang scenario in superstring cosmology. 
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1 Introduction 



During the past thirty years, mainly thanks to accelerator experiments of higher and higher 
energy and precision, the standard model of particle physics has established itself as the 
uncontested winner in the race for a consistent description of electroweak and strong inter- 
action phenomena at distances above 10~^^ cm or so. There are, nonetheless, good reasons 
(in particular the increasing evidence for non- vanishing neutrino masses p88| , |568| , |56g| ]) 
to believe that the standard model is not the end of the story. The surprising validity of 
this model at energies below 100 GeV, as well as the (in)famous Higgs mass fine-tuning 
problem, suggest some supersymmetric extension of the standard model (for a review see 
| J501[ |) as the most likely improved description of non-gravitational phenomena over a few 
more decades in the ladder of scales. It is however quite likely that other questions that are 
left unanswered by the standard model, such as the peculiarities of fermionic masses and 
mixings, the family pattern, C, P, CP, B violation, etc., will only find their answers at -or 
around- the much higher energies at which all gauge interactions appear to unify |^T|. This 
energy scale appears to be embarrassingly close (on a logarithmic scale) to the so-called 
Planck mass, Mp ~ 10^^ GeV, the scale at which gravity becomes strong and needs to be 
quantized. 

The situation with gravitational phenomena is completely different. Even the good old 
Newton law is known to be valid only down to the 1 mm scale | 380 |, so that much interest 
has been devoted to the possibility of large modifications of gravity below that distance. 



either from new forces mediated by light scalars such as the dilaton of string theory |577| , 
or from the existence of large extra dimensions felt exclusively by gravity |530(| . General 
relativity is well tested at large scales; nevertheless; present evidence for a (small) vacuum 
energy density |535, 516 1 suggests that, even on cosmologically large distances, the strict 
Einstein theory might turn out to be inadequate. Evidently, the construction of a standard 
model for gravity and cosmology lags much behind its particle physics counterpart. 



The hot big bang model (see for instance |618| ), originally thought of as another great 
success of general relativity, was later discovered to suffer from huge fine-tuning problems. 
Some of these conceptual problems are solved by the standard inflationary paradigm (see 
[441, 420 1 for a review), yet inflation remains a generic idea in search of a theory that 
will embody it naturally. Furthermore, the classical theory of inflation does not really 
address the problem of how the initial conditions needed for a successful inflation came 
about. The answer to this question is certainly related to even more fundamental issues, 
such as: How did it all start? What caused the big bang? Has there been a singularity at 
i = 0? Unfortunately, these questions lie deeply inside the short-distance, high-curvature 
regime of gravity where quantum corrections cannot be neglected. Attempts at answering 
these questions using quantum cosmology based on Einstein's theory has resulted in a lot 
of heated discussions [443, |592([ , with no firm conclusions. 

It is very likely that both a standard model for gravity and cosmology and a full under- 
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standing of the standard model of particle physics will require our understanding of physics 
down to the shortest scale, the Planck length Ap ~ 10"'^'^ cm. Until the Green-Schwarz 
revolution of 1984 (346|, the ab ove conclusion would have meant postponing indefinitely 



those kinds of questions. Since then, however, particle theorists have studied and devel- 



oped superstring theory (see [524] for a recent review, as well as [347| for a non-specialized 
introduction), which appears to represent a consistent framework not only for addressing 
(and possibly answering) those questions, but even for unifying our understanding of grav- 
itational and non-gravitational phenomena, and therefore for relating the two classes of 
questions. 

The so-called "pre-big bang" scenario described in this report has to be seen in the above 
perspective as a possible example, even just as a toy model, of what cosmology can look like 
if we assume that the sought for standard model of gravity and cosmology is based on (some 
particular version of) superstring theory. Although most string theorists would certainly 
agree on the importance of studying the cosmological consequences of string theory, it is a 
priori far from obvious that the "state of the art" in this field can provide an unambiguous 
answer to this question. Indeed, most of our understanding of superstring theory is still 
based on perturbative expansions, while most of the recent progress in non-perturbative 
string theory has been achieved in the context of "vacua" (i.e. classical solutions to the 
field equations) that respect a large number of supersymmetries ||524{] . By contrast, our 
understanding of string theory at large curvatures and couplings, especially in the absence 
of supersymmetry, is still largely incomplete. A cosmological background, and a fortiori one 
that evolves rapidly in time, breaks (albeit spontaneously) supersymmetry. This is why the 
Planckian regime of cosmology appears to be intractable for the time being. 

It is very fortunate, in this respect, that in the pre-big bang scenario the Universe is 
supposed to emerge from a highly perturbative initial state preceding the big bang. There- 
fore, early enough before (and late enough after) the big bang, we may presume to know 
the effective theory to be solved. The difficult part to be dealt with non-perturbatively 
remains the transition from the pre- to the post-big bang regime, through a high-curvature 
(and/or possibly a large-coupling) phase. Thus, from a more phenomenological standpoint, 
the relevant question becomes: Are the predictions of the pre-big bang scenario robust with 
respect to the details of the non-perturbative phase? 

It is difficult of course to give a clear-cut answer to this question, but an analogy with 
QCD and the physics of strong interactions may be helpful. Because of asymptotic freedom, 
QCD can be treated perturbatively at short distance (high momentum transfers). However, 
even "hard" processes such as e~^e~ — > hadrons are not fully within perturbative control. 
Some soft non-perturbative physics always gets mixed in at some level, e.g. when partons 
eventually turn into hadrons. The reason why certain sufficiently inclusive quantities are 
believed to be calculable is that large- and short-distance physics "decouple", so that, 
for instance, the hadronization process does not affect certain "infrared-safe" quantities, 
computed at the quark-gluon level. 
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In the case of string cosmology the situation should be similar, although somehow re- 
versed [600|. For gravity, in fact, the large-distance, small-curvature regime is easy to deal 



with, while the short-distance, high-curvature is hard. Yet, we shall argue that some con- 
sequences of string cosmology, those concerning length scales that were very large with 
respect to the string scale (or the horizon) in the high-curvature regime, should not be 
affected (other than by a trivial kinematical redshift) by the details of the pre- to post-big 
bang transition. The above reasoning does not imply, of course, that string theorists should 
not address the hard, non-perturbative questions now. On the contrary, the "easy" part 
of the game will provide precious information about what the relevant hard questions are, 
and on how to formulate them. 

Finally, possible reservations on a "top-down" string cosmology approach may naturally 
arise from a cosmology community accustomed to a data-driven, "bottom-up" approach. 
We do believe ourselves that a good model of cosmology is unlikely to emerge from theo- 
retical considerations alone. Input from the data will be essential in the selection among 
various theoretical alternatives. We also believe, however, that a balanced combination of 
theoretical and experimental imput should be the best guarantee for an eventual success. 

Insisting on the soundness of the underlying theory (e.g. on its renormalizability) was 
indeed essential in the progressive construction of the standard model, just as were the 
quantity and the quality of experimental data. Cosmology today resembles the particle 
physics of the sixties: there is no shortage of data, and these are becoming more and more 
precise but also more and more challenging while, theoretically, we are still playing with 
very phenomenological (even if undoubtedly successful) models, lacking a clear connection 
to other branches of fundamental physics, and therefore remaining largely unconstrained. 



1.1 Coping with a beginning of time 

Both the standard Friedmann-Robertson-Walker (FRW) cosmological scenario [ |618| and 
the standard inflationary scenario [|360| , [420| , [44 1| assume that time had a beginning. Many 
of the problems with the former model simply stem from the fact that, at the start of the 
classical era, so little time had elapsed since the beginning. Indeed, in the FRW framework, 
the proper size of the (now observable) Universe was about 10~^ cm across at the start of 
the classical era, say at a time of the order of a few Planck times, tp ~ 10~^^ s. This is of 
course a very tiny Universe with respect to its present size (~ 10^^ cm), yet it is huge with 
respect to the horizon (the distance travelled by light) at that time, Ap = ctp ~ 10~^^ cm. 

In other words, a few Planck times after the big bang, our observable Universe consisted 
of about (103°)3 = 10^° Planckian -size, causally disconnected regions. Simply not enough 
time had elapsed since the beginning for the Universe to become homogeneous (e.g. to 
thermalize) over its entire size. Furthermore, soon after t = tp, the Universe must have 
been characterized by a huge hierarchy between its Hubble radius, on the one hand, and 
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its spatial-curvature radius, on the other. The relative factor of (at least) 10^*^ appears as 
an incredible amount of fine-tuning on the initial state of the Universe, corresponding to a 
huge asymmetry between space and time derivatives, or, in more abstract terms, between 
intrinsic and extrinsic curvature. Was this asymmetry really there? And, if so, can it be 
explained in any, more natural way? 

The conventional answer to the difficulties of the standard scenario is to wash out 
inhomogeneities and spatial curvature by introducing, in the history of the Universe, a 
long period of accelerated expansion, called inflation p6C| , [42[1| , |441| . It has been pointed 
out, however, that standard inflation cannot be "past-eternal" [|^] (and cannot avoid the 
initial singularity |612, p5[), so that the question of what preceded inflation is very relevant. 



Insisting on the assumption that the Universe (and time itself) started at the big bang 
leaves only the possibility of having post-big bang inflation mend an insufficiently smooth 
and flat Universe arising from the big bang. 

Unfortunately, that solution has its own problems, for instance those of fine-tuned initial 
conditions for the inflaton field and its potential. A consistent quantum cosmology approach 
giving birth to a Universe in the "right" initial state is still much under debate ]370| , |609| , 
44C, 633, 541]. Furthermore, the inflaton is introduced ad hoc and inflation is not part of 



a grander theory of elementary particles and fundamental interactions such as superstring 
theory. In spite of its possible importance, and of repeated motivated attempts \23t, 461 



89 1, a conventional realization of an inflationary phase in a string theory context is in fact 
problematic [|141[| , in particular because the dilaton -the fundamental string theory scalar- 
cannot be (at least trivially) identified with the inflaton -the fundamental scalar of the 



standard inflationary scenario ||12 

Here we shall argue that, instead, superstring theory gives strong hints in favour of a 
totally different approach to solving the problems of the standard cosmological scenario. 
This new possibility arises if we assume that, in string theory, the big bang singularity is 
fictitious and that it makes therefore sense to "continue" time to the past of the big bang 
itself. 



1.2 Inflation before the big bang 

If the history of the Universe can be continued backward in time past the big bang, new 
possibilities arise for a causal evolution to have produced a big bang with the desired char- 
acteristics. The actual pre-big bang scenario presented in this report is just one possible 
realization of the above general idea. Since, as we shall see, it is easy to generate a phase 
of pre-big bang inflation driven by the kinetic energy of the dilaton (somewhat in analogy 
with kinetic- inflation ideas ||42g| ] ) , we will discuss, as the simplest possibility, a minimal 
cosmological scenario, which avoids making use of standard (i.e. potential-energy-driven) 
post-big bang inflation. 
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This does not, though, that pre- and post-big bang inflation are mutually exclusive 
or incompatible. Should near-future high-precision experiments definitely indicate that 
an inflation that is exclusively of the pre-big bang type is disfavoured with respect to 
conventional, post-big bang, "slow-roll" inflation, one should ask whether a pre-big bang 
phase can naturally lead to "initial" conditions suitable for igniting an inflationary epoch 
of the slow-roll type, rather than a standard, non-inflationary, FRW cosmology. 

One model-independent feature of pre-big bang cosmology is clear: by its very definition, 
the pre-big bang phase should be an evolution towards -rather than away from- a high- 
curvature regime. As we shall see in Section |2|, this is precisely what the symmetries 
of the string cosmology equations suggest, an unconventional realization of the inflationary 
scenario, in which the phase of accelerated cosmological evolution occurs while the Universe 
is approaching -rather than getting away from- the high-curvature, Planckian regime. 

The main difference between the string cosmology and the standard inflationary scenar- 
ios can therefore be underlined through the opposite behaviour of the curvature scale as a 
function of time, as shown in Fig. As we go backward in time, instead of a monotonic 
growth (predicted by the standard scenario), or of a "de-Sitter-like" phase of nearly con- 
stant curvature (as in the conventional inflationary picture), the curvature grows, reaches 
a maximum controlled by the string scale Mg = A~^, and then starts decreasing towards 
an asymptotically flat state, the string perturbative vacuum. The big bang singularity is 
regularized by a "stringy" phase of high but flnite curvature, occurring at the end of the 
initial inflationary evolution. 

We should warn the reader, from the very beginning of this review, that this scenario 
is far from being complete and understood in all of its aspects, and that many important 
problems are to be solved still. Nevertheless, the results obtained up to now have been 
encouraging, in the sense that it now seems possible to formulate models for the pre-big 
bang evolution of our Universe that fit consistently in a string theory context, and which are 
compatible with various phenomenological and theoretical bounds. Not only: the parameter 
space of such models seems to be accessible to direct observations in a relativiely near future 
and, at present, it is already indirectly constrained by various astrophysical, cosmological, 
and particle physics data. 

To close this subsection we should mention, as a historical note, that the idea of a phase 
of growing curvature preceding that of standard decelerated expansion, is neither new in 
cosmology, nor peculiar to string theory. Indeed, if the growth of the curvature corresponds 
to a contraction, it is reminiscent of Tolman's cyclic Universe |578| ], in which the birth of our 



present Universe is preceded by a phase of gravitational collapse (see also [p25| , 92, |503|] ). 
Also, and more conventionally, the growth of the curvature may be implemented as a phase 
of Kaluza-Klein superinflation |563| , [419| , in which the accelerated expansion of our 
three-dimensional space is sustained by the contraction of the internal dimensions and/or 
by some exotic source, with the appropriate equation of state (in particular, strings [pl5| 
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curvature scale 




Figure 1.1: Qualitative evolution of the curvature scale in the standard cosmological model, 
in conventional inflationary models and in string-cosmology models. 

and extended objects). 

In the context of general relativity, however, the problem is how to avoid the curvature 
singularity appearing at the end of the phase of growing curvature. This is in general impos- 
sible, for both contraction and superinflationary expansion, unless one accepts rather drastic 
modifications of the classical gravitational theory. In the contracting case, for instance, the 
damping of the curvature and a smooth transition to the phase of decreasing curvature can 
be arranged through the introduction of a non-minimal and gauge-non-invariant coupling of 



gravity to a cosmic vector |504| or scalar [|555|, p6| field, with a (phenomenological) modifi- 



cation of the equation of state in the Planckian curvature regime [540, |62l|], or with the use 



of a non-metric, Weyl-integrable connection 503|. In the case of superinflation, a smooth 



transition can be arranged through a breaking of the local Lorentz symmetry of general 
relativity \26t, 281|, a geometric contribution of the spin of the fermionic sources |267], or 



the embedding of the space-time geometry into a more fundamental quantum phase-space 



dynamics |136|, 26£]. In the more exotic context of topological transitions, a smooth evolu- 



tion from contraction to expansion, through a state of minimal size, is also obtained with 



the adiabatic compression and the dimensional transmutation of the de Sitter vacuum |316|. 

In the context of string theory, on the contrary, the growth of the curvature is naturally 
associated to the growth of the dilaton and of the coupling constants (see for instance 
Section ^). This effect, on the one hand, sustains the phase of superinflationary expansion, 
with no need of matter sources or extra dimensions. On the other hand, it necessarily leads 
the Universe to a regime in which not only the curvature but also the couplings become 
strong, so that typical "stringy" effects become important and are expected to smooth out 
the curvature singularity. This means that there is no need to look for more or less ad hoc 
modifications of the theory, as string theory itself is expected to provide the appropriate 
tools for a complete and self-consistent cosmological scenario. 
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1.3 Pre-big bang inflation and conformal frames 



While postponing to the next section the issue of physical motivations, it is important 
to classify the various inflationary possibilities just from their kinematical properties. To 
be more precise, let us consider the so-called flatness problem (the arguments are similar, 
and the conclusions the same, for the horizon problem mentioned in Subsection We 
shall assume, on the basis of the approximate isotropy observed at large scale, that our 
present cosmological phase can be correctly described by the ordinary Einstein-Priedmann 
equations. In that case, the gravitational part of the equations contains two contributions 
from the metric: k/a?, coming from the spatial (or intrinsic) curvature, and H^, coming 
from the gravitational kinetic energy (or extrinsic curvature). Present observations imply 
that the spatial curvature term, if not negligible, is at least non-dominant, i.e. 

On the other hand, during a phase of standard, decelerated expansion, the ratio r grows 
with time. Indeed, if a ~ i'^, 

r h-^ r^t^-^, (1.2) 

so that r is growing both in the matter-dominated {(3 = 2 /3) and in the radiation-dominated 
(/? = 1/2) era. Thus, as we go back in time, r becomes smaller and smaller. If, for instance, 
we wish to impose initial conditions at the Planck scale, we must require a fine-tuning 
suppressing by 30 orders of magnitude the spatial curvature term with respect to the other 
terms of the cosmological equations. Even if initial conditions are given at a lower scale 
(say the GUT scale) the amount of fine-tuning is still nearly as bad. 

This problem can be solved by introducing an early phase during which the value of 
r, initially of order 1, decreases so much in time that its subsequent growth during FRW 
evolution keeps it still below 1 today. It is evident that, on pure kinematic grounds, this 
requirement can be implemented in two classes of backgrounds. 

(I) : a~t^, /5>1, t— > +00. This class of background corresponds to what is conven- 



tionally called "power inflation" 1 447 ] , describing accelerated expansion and decreasing 
curvature scale, d > 0, a > 0, < 0. It contains, as the limiting case {(3 oo), 
exponential de Sitter inflation, a ~ e^*, H = 0, describing accelerated expansion with 
constant curvature. 

(II) : a ~ {-tf, (3 <1, t^O-. This case contains two subclasses. 

(Ila) : /3 < 0, corresponding to "superinflation" or "pole inflation" ]563| , ||, [419| ], and 
describing accelerated expansion with growing curvature scale, d > 0, a > 0, 
H>0; 

(lib) : < /3 < 1, describing accelerated contraction and growing curvature scale 
d < 0, d < 0, < 0. 
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In the first class of backgrounds, corresponding to post-big bang inflation, the Universe is 
driven away from the singularity/high-curvature regime, while in the second class inflation 



drives the Universe towards it, with the typical pre-big bang behaviour illustrated in Fig. 1.1 
We may thus immediately note a very important "phenomenological" difference between 
post- and pre-big bang inflation. In the former case the Planck era lies very far in the past, 
and its physics remains screened from present observations, since the scales that probed 
Planckian physics are still far from re-entering. By contrast, in the pre-big bang case, the 
Planck/string regimes are closer to us (assuming that no or little inflation occurs after the 
big bang itself). Scales that probe Planckian physics are now the first to re-enter, and to 
leave an imprint for our observations (see, for instance, the case of a stochastic background 
of relic gravitational waves, discussed in Section ^). 

The inflationary character of Class Ila backgrounds is well known, and recognized since 



the earlier studies of the inflationary scenario |447]. The inflationary character of Class lib 



is more unconventional -a sort of "inflation without inflation" [|273|], if we insist on looking 



at inflation as accelerated expansion- and was first pointed out only much later [32C]. It is 
amusing to observe that, in the pre-big bang scenario, both subclasses Ila and lib occur. 
However, as discussed in detail in Subsection they do not correspond to different models 
of pre-big bang inflation, but simply to different kinematical representations of the same 
scenario in two different conformal frames. 

In order to illustrate this point, which is important also for our subsequent arguments, we 
shall proceed in two steps. First we will show that, through a field redefinition g = g{g,(f)), 
(j) = (f)((j)), it is always possible to move from the string frame (S-frame), in which the lowest 
order gravidilaton effective action takes the form 



S{g, </>) = -/ d^+'x^l e-* [R + g^" d^<pd,<p] , (1.3) 

to the Einstein frame (E- frame), in which the dilaton cj) is minimally coupled to the metric 
and has a canonical kinetic term: 



S{g,<P) = - I d''+'xJ\g 



R - ^r^d^c^d,^ 



(1.4) 



(see Subsection 1.4 for notations and conventions). Secondly, we will show that, by ap- 
plying such a redefinition, a superinflationary solution obtained in the S-frame becomes an 
accelerated contraction in the E-frame, and vice versa. 

We shall consider, for simplicity, an isotropic, spatially flat background with d spatial 
dimensions, and set: 

g^^ = diag -a'^6ij) , = (/.(t), (1.5) 

where goo = N'^ is to be fixed by an arbitrary gauge choice. For this background the S-frame 
action (|l.3D becomes, modulo a total derivative, 

S{g, (l>) = - J d'^+^x^^^^ - 2dH,p + d{d - 1)^2] , (1.6) 
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where, as expected, N has no kinetic term and plays the role of a Lagrange multiplier. In 
the E-frame the variables are N,a,(p, and the action(1.4), after integration by parts, takes 
the canonical form 



-(j) +d{d-l)H^ 



(1.7) 



A quick comparison with Eq. (^^) finally leads to the field redefinition (not a coordinate 
transformation!) connecting the Einstein and String frames: 



a = ae 



Consider now an isotropic, d-dimensional vacuum solution of the action (|l.(i|), describing 



a superinfiationary, pre-big bang expansion driven by the dilaton (see Section g) [}489| , 599 1, 
of Class Ila, with d > 0, a > 0, ij > 0, > 0: 

a = (_t)-i/v^, g</. ^ ^^Q^ i^0_, (1.9) 

and look for the corresponding E-frame solution. Since the above solution is valid in the 
synchronous gauge, N = 1, we can choose, for instance, the synchronous gauge also in the 
E-frame, and fix by the condition: 

Ndt = Ne-^'^'^-^^dt = dt, (1.10) 

which defines the E-frame cosmic time t as: 

dt = e-'^/('^"i)dt. (1.11) 

After integration 



tr^td+Vd- (1.12) 

the transformed solution takes the form: 



a = (-t)i/rf, g./- = V , t<0, t^0_. (1.13) 

It can easily be checked that this solution describes accelerated contraction of Class lib, 
with growing dilaton and growing curvature scale: 

< 0, < 0, ^ < 0, ^ > 0. (1.14) 

dt dt^ dt dt ^ ^ 

The same result applies if we transform other isotropic solutions from the String to the 



Einstein frame, for instance the superinfiationary solutions with perfect fiuid sources |320|, 
presented in Section ^. 

To conclude this section, and for later use, let us stress that the main dynamical differ- 
ence between post-big bang infiation, Class I metrics, and pre-big bang infiation. Class II 
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metrics, can also be conveniently illustrated in terms of the proper size of the event horizon, 
relative to a given comoving observer. 

Consider in fact the proper distance de{t) of the event horizon from a comoving observer, 
at rest in an isotropic, conformally flat background 536 |: 

de{t) = a{t) / dt'a-\t'). (1.15) 



Here tM is the maximal allowed extension, towards the future, of the cosmic time coordinate 
for the given background manifold. The above integral converges for all the above classes 
of accelerated (expanding or contracting) scale factors. In the case of Class I metrics we 
have, in particular, 

de{t)=tP dt't'-P = J^ = p^H'\t) (1.16) 
for power-law inflation (/3 > l,t > 0), and 

POO 

d,{t) = e^* / dt'e-"' = H-^ (1.17) 



for de Sitter inflation. For Class II metrics (/? < l,t < 0) we have instead 

4(t) = {-tf j\t'{-tr^ = = p^^''^*^- ^^-^^^ 

In all cases the proper size de{t) evolves in time like the so-called Hubble horizon (i.e. the 
inverse of the modulus of the Hubble parameter), and then like the inverse of the curvature 
scale. The size of the horizon is thus constant or growing in standard inflation (Class I), 
decreasing in pre-big bang inflation (Class II), both in the S-frame and in the E- frame. 



Such an important difference is clearly illustrated in Figs. 1.2 and 1.3, where the dashed 
lines represent the evolution of the horizon and the solid curves the evolution of the scale 
factor. The shaded area at time to represents the portion of Universe inside our present 
Hubble radius. As we go back in time, according to the standard scenario, the horizon 
shrinks linearly {H~^ ~ t); however, the decrease of the scale factor is slower, so that, at 
the beginning of the phase of standard evolution (t = ti), we end up with a causal horizon 
much smaller than the portion of Universe that we presently observe. This is the "horizon 
problem" already mentioned at the beginning of this section. 



In Fig. 1.2 the phase of standard evolution is preceded in time by a phase of standard, 
post-big bang (in particular de Sitter) inflation. Going back in time, for t < ti, the scale 
factor keeps shrinking, and our portion of Universe "re-enters" the Hubble radius during a 
phase of constant (or slightly growing in time) horizon. 



In Fig. 1.3 the standard evolution is preceded in time by a phase of pre-big bang 
inflation, with growing curvature. The Universe "re-enters" the Hubble radius during a 
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time 
▲ 




Figure 1.2: Qualitative evolution of the Hubble horizon (dashed curve) and of the scale 
factor (solid curve) in the standard, post-big bang inflationary scenario. 



phase of shrinking horizon. To emphasize the difference, we have plotted the evolution of 
the scale factor both as expanding in the S-frame, a(t), and as contracting in the E-frame, 
a(t). Unlike in post-big bang inflation, the proper size of the initial portion of the Universe 
may be very large in strings (or Planck) units, but not larger than the initial horizon itself 
[ |286| ], as emphasized in the picture, and as will be discussed in a more quantitative way in 
Section 2.4. The initial horizon H^^ is large because the initial curvature scale is small (in 
string cosmology, in particular, Hi <^ l/Ag). 

This is a basic consequence of the choice of the initial state; in the context of the string 
cosmology scenario, this approaches the flat, cold and empty string perturbative vacuum, 
(see the discussion of Section This initial state has to be contrasted with the extremely 
curved, hot and dense initial state of the standard scenario, characterizing a Universe that 
starts inflating at (or soon after) the Planck scale. Hi ~ 1/Ap (see also p88(| for a more 
detailed comparison and discussion of pre-big bang versus post-big bang inflation). 



1.4 Outline, notations and conventions 



We give here a general overlook at the material presented in the various sections of this 
report. Furthermore, each section will begin with an outline of the content of each of its 
subsections, and will try to be as self-contained as possible, in order to help the reader 
interested only in some particular aspects of this field. 

In Section ^, after a very quick reminder of some relevant properties of superstring 
theory, we review the string-theoretic motivations behind the pre-big bang scenario, and 
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time 
▲ 




Figure 1.3: Qualitative evolution of the Hubble horizon (dashed curve) and of the scale 
factor (solid curve) in the pre-big bang inflationary scenario, in the S-franie, a{t), and in 
the E-frame, a{t). 



outline the main ideas. In Section ^, after formulating on the basis of the previous discussion 
a postulate of " asymptotic past triviality", we discuss, within that framework, the problem 
of initial conditions and fine-tuning. 

As a preliminary to the discussion of the observational consequences of the pre-big bang 
scenario, Section ^ presents some general results on the evolution of quantum fluctuations. 
Section |^ will deal with the specific case of tensor (metric) perturbations and Section |6| with 
scalar (dilatonic) ones, while Section |^ will consider gauge (in particular electromagnetic) 
and axionic perturbations, and their possible physical relevance to galactic magnetic fields 
and large scale structure, respectively. 

The last part of this report is devoted to various open problems, in particular to the 
possibility of a smooth transition from the pre- to the post-big bang regime, the so-called 
"exit problem" (Section |^. Several lines of approach to (and partial solutions of) this 
problem are presented, including a discussion of heat and entropy production in pre-big bang 
cosmology. A possible minisuperspace approach to the quantum regime will be illustrated 
in Section ^ Finally, Section IC contains the discussion of a possible dilatonic interpretation 



of the quintessence, a short presentation of other open problems, and an outlook. 

For further study of string cosmology and of the pre-big bang scenario, we also refer the 



interested reader to other review papers ||437| , |288| , p^ , p44 102 1, as well as to two recent 



introductory lectures [289, 605]. A regularly updated collection of selected papers on the 



pre-big bang scenario is also available at [ p65| . 

We finally report here our conventions for the metric and the curvature tensor, together 
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with the definitions of some variables frequently used in the paper. 

We shall always use natural units h = c = ks = ^- Unless otherwise stated, the metric 
signature is fixed by goo > 0; the Riemann and Ricci tensors are defined by 

In particular, for a Bianchi-I-type metric, and in the synchronous gauge, 

5^^ = diag(l,-a?(t)<5,j) , (1.20) 

our conventions lead to 

i k 

R = -Y,{^Hi + H'{)-(Y,H^ , (1.21) 

where Hi = dlnai/dt. In a D = d + 1 space-time manifold, Greek indices run from to d, 
while Latin indices run from 1 to d. 

The duality invariant dilatonic variable, the "shifted dilaton" cp, is referred to a d- 
dimensional spatial section of finite volume, (/ (i'^XA/|^)t=const < oo, and is defined by 



e-^ = /^V^e-f (1-22) 

In a Bianchi-I-type metric background, in particular, we shall absorb into (p the con- 
stant shift — ln(A~'^ / d'^x) (required to secure the scalar behaviour of <p under coordinate 
reparametrizations), and we shall set 

= 0-Elnai. (1.23) 

i 

Finally, Ag is the fundamental length scale of string theory, related to the string mass 
Ms and to the string tension T (the mass per unit length) by 

= M-^T-^ = 27ra'. (1.24) 

At the tree level (i.e. at lowest order) in the string coupling Qs, the string length is related 
to the Planck length Ap, and to the gravitational constant G£) in d -|- 1 dimensions, by 

SttGd = Xp~^ = Xt^e'^. (1.25) 

In d = 3, in particular, the relation between the string and the Planck mass Mp = Ap^ 
reads 

{Xp/Kf = {Ms/Mpf = e^. (1.26) 

We shall often work in units such that 2Af~^ = 1, i.e. IGttGd = 1, in which exp(^) 
parametrizes, in the String frame, the (dimensionless) strength of the gravitational coupling. 
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2 String theory motivations 



A very important concept in string theory, as well as in field theory, is that of moduli 
space, the space of vacua. In field theory, and in the absence of gravity, the coordinates 
of moduli space label the possible ground states of the theory. It is very important to 
immediately distinguish classical moduli space from its exact, quantum counterpart. The 
two are generally different, since a classical-level ground state can fail to be a true ground 
state when perturbative or non-perturbative quantum corrections are added (consider for 
instance dynamical symmetry breaking a la Coleman- Weinberg, or the double- well potential 
in quantum mechanics). 

When gravity is added to the picture (and this is always the case in s tring theory) the 
concept of a lowest-energy state becomes less well defined, since total energy is always zero in 
a general-covariant theory. It is therefore better, in string theory, to extend the definition of 
moduli space to include all string backgrounds that allow a consistent string propagation, i.e. 
those consistent with world-sheet conformal invariance |346|. Such backgrounds correspond 
to the vanishing of the two-dimensional cr-model /3-functions [445] and, at the same time, 
they can also be shown to satisfy the field equations of an effective action living in ordinary 
space-time. The most famous example of a consistent background is, for superstrings, 
D = 10 Minkowski space-time with trivial (i.e. constant) dilaton and antisymmetric tensor 
potentials. Unfortunately, even if quantum (i.e. string-loop) corrections are neglected, 
our knowledge of moduli space is very limited. Basically, apart from a handful of exact 
conformal field theories, such as the Wess-Zumino~Witten models, only low-energy solutions 
(i.e. classical solutions of the effective low-energy field theory) are known. 

The known solutions are, at the same time, too many and too few. They are too many 
because they typically leave the vacuum expectation values of a few scalar fields completely 
undetermined. Such fields correspond to gravitationally coupled massless scalar particles 
that mediate dangerous long-range forces, badly violating the well-tested equivalence prin- 
ciple. The way out of this problem is clear: these fiat directions should be lifted by quantum 
corrections, typically (in the super symmetric case) at the non-perturbative level. The known 
solutions are also too few, because some of them, which we would like to see appearing, are 
missing: notably those describing gravitational collapse or cosmological backgrounds, which 
evolve as a function of time from a regime of low curvature and/or coupling to one of high 
curvature and/or coupling (and vice versa). These solutions are very hard to analyse for 
two reasons: first, because time evolution spontaneously breaks supersymmetry, rendering 
the solutions unstable to radiative corrections; secondly, because the solutions go out of 
theoretical control, as they enter the non-perturbative regime. 

For the purpose of this section, the important property of superstring's moduli space is 
that it exhibits duality symmetries. Generically, this means that points in moduli space that 
seem to describe different theories actually describe the same theory (up to some irrelevant 
relabelling of the fields). Let us illustrate this in the simplest example of T-duality (for a 
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review see, for instance, ||34(]| ] ) . 

Consider a theory of closed strings moving in a space endowed with some compact 
dimensions, say, for the sake of simphcity, with one extra dimension having the topology of 
a circle. Let us denote by Rc the radius of this circle. In point-particle theory, momentum 
along the compact dimension is quantized, in units of fi/Rc- This is also true in string 
theory, as far as the motion of the string's centre of mass (a non-oscillatory "zero mode") 
is concerned. However, for closed strings moving on a compact space, like our circle, there 
is a second zero mode: the string can simply wind around the circle an integer number of 
times. By doing so it acquires winding energy, which is quantized in units of (27rT)i?c, if 
T = {2TTa')~^ is the string tension. 

Something remarkable does happen if we replace Rc by R(. = h/TRc = X^/Rc- A point 
particle would certainly notice the difference between Rc and Rc (unless Rc = Rc = K), 
since the new momenta will be different from the old ones. A closed string, instead, does not 
feel the change of R since the role of the momenta in the original theory will mow be played 
by the winding modes, and vice versa. This symmetry of closed string theory has been 
called T-duality and is believed to be exact, at least to all orders of perturbation theory, 
provided a suitable transformation of the dilaton accompanies the one on the radius (it also 
has interesting extensions to discrete groups of the 0{d,d;Z) type [ p40| ) . It is important 
to stress, in our context, that T-duality actually implies that there is a physical lower limit 
to the dimensions of a compact space, controlled by the string length Ag itself. 

When applied to open strings, T-duality leads to the concept of Dirichlet strings, or 
D-strings. In other words, while closed strings are self-dual, open strings with Neumann 
boundary conditions are dual to open strings with Dirichlet boundary conditions, and vice 
versa. These developments [523] have led to the study of D-branes, the manifolds on which 
the end-points of open D-strings are confined; they play a major role in establishing the 
basic unity of all five known types of 10-dimensional superstring theories (Type I, Type 
IIA, Type IIB, HETSO(32), HETE8) as different hmits of a single, more fundamental "M- 
theory" ^2^ . 



In order to briefly illustrate this point we start recalling that all superstring theories are 
actually defined through a double perturbative expansion in two dimensionless parameters: 
the first, the string coupling expansion, can be seen as the analogue of the loop expansion 
in quantum field theory, except that the coupling constant gets promoted to a scalar field, 
the dilaton. Consequently, the range of validity of the loop expansion depends on the 
value of the dilaton, and can break down in certain regions of space-time if the dilaton is 
not constant. The second expansion, which has no quantum field theory analogue, is an 
expansion in derivatives, the dimensionless parameter being Ag(9^, with Ag the fundamental 
length scale of string theory (see Subsection 2.1). Obviously, the validity of this second 
expansion breaks down when curvature or field space-time derivatives become of order 1 in 
string-length units. 
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One of the most amazing recent developments in string theory |626| is the recognition 
that the above five theories, rather than forming isolated islands in moduli space, are con- 
nected to one another via a web of duality transformations. In the huge moduli space, they 
represent "corners" where the above-mentioned perturbative expansions are, qualitatively 
at least, correct. A sixth corner actually should be added, corresponding to 11-dimensional 



supergravity |57£]. The mysterious theory approaching these six known theories in appro- 
priate limits was given the name of M-theory. It might seem curious, at first sight, that one 
is able to flow continuously from 10 to 11 dimensions, within a single theory. The puzzle 
was solved after it was realized that the D = 11 supergravity theory has no dilaton, hence 
no free coupling. In other words, the dilaton of the five 10-dimensional superstring theories 



becomes (at large coupling) an extra dimension of space |626, p76| . At weak coupling, this 



extra dimension is so small that one may safely describe physics in 10 dimensions. 

In spite of the beauty of all this, the previous discussion shows that the moduli-space 
diagram connecting the five superstring theories can be quite misleading. Since each point 
in the diagram is supposed to represent a possible solution of the /3-function constraints, 
and the diagram itself is supposed to show how apparently different theories are actually 
connected by moving in coupling constant (or other moduli-) space, it necessarily includes 
the flat directions we have been arguing against. At the same time, cosmological solutions of 
the above-mentioned type, i.e. evolving in different regions of coupling constant/curvature, 
cannot be "localized" in the diagram. A single cosmology, for instance, may indeed corre- 
spond to an initial Universe, well described by heterotic string theory, ending in another 
Universe better described by perturbative Type I theory. Yet, such a cosmological solution 
should be only a point, not a curve, in moduli space. As we shall argue below, thanks 
to some gravitational instability, solutions of the above type are rather the rule than the 
exception. 

It seems appropriate, at this point, to comment on the fact that modern research in 
string/M-theory looks to be strongly biased towards analysing supersymmetric vacua, or at 



least solutions that preserve a large number of supersymmetries [524]. While the mathemat- 
ical motivation for that is quite obvious, and physically interesting results can be rigorously 
derived in special cases (concerning, for instance, BPS states and black holes), it is quite 
clear that cosmology, especially inflationary or rapidly evolving solutions, requires extensive 
breaking of supersymmetries. Given their phenomenological importance, we think that more 
effort should be devoted to developing new techniques dealing with non-supersymmetric so- 
lutions and, in particular, with their high-curvature and/or large-coupling regimes. 

In this section we will emphasize the role of the duality symmetry for the pre-big bang 
scenario, starting from the short- and large-distance properties of string theory (Subsection 



2.1), and from the related invariance of the classical cosmological equations under a large 



group of non-compact transformations (Subsections 2^, |2.3| ). We will discuss the inflation- 



ary aspects of families of solutions related by such groups of transformations in Subsection 



2.4, and will end up with a discussion of the relative merits of the so-called Einstein and 
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String frames (in Subsection |2.5| ) , in spite of their ultimate equivalence. 



2.1 Short- and large- distance motivations 

Since the classical (Nambu-Goto) action of a string is proportional to the area A of the 
space-time surface it sweeps, its quantization requires the introduction of a fundamental 
"quantum" of length Ag, through the rlation: 

S/h = A/Xl . (2.1) 



As discussed in [^97| , 598], the appearance of this length in string theory is so much tied to 
quantum mechanics that, after introducing Ag, we are actually dispensed from introducing 
h itself, provided we use the natural units of energy of string theory, i.e. provided we replace 
E by a'E, the classical length of a string of energy E. For instance, the Regge trajectory 
relation between angular momentum and mass, J = a' M"^ + a(0)?i (c = 1 throughout), is 
rewritten in string units as J = + a(0)Ag, where fi has neatly disappeared. 

One of the most celebrated virtues of string theory is its soft behaviour at short distances. 
This property, which is deeply related to the extended nature of fundamental particles in 
the theory, makes gravity and gauge interactions not just renormalizable, but finite, at least 



order by order in the loop expansion |524]. At the same time, the presence of an efi^ective 
short-distance cut-off in loop diagrams should have a counterpart in a modification of the 
theory, when the external momenta of the diagram approach the cut-off itself. 

An analogy with the standard electroweak theory may be of order here: the Glashow- 
Weinberg-Salam model makes Fermi's model softer at short distances, turning a non- 
renormalizable effective theory into a fully-fledged renormalizable gauge theory. At the same 
time, the naive predictions of Fermi's model of electroweak interactions become largely mod- 

— 1/2 

ified when the W / Z-m.ass region is approached. Note that this mass scale, and not Gp , 
is where new physics comes into play. 

In string theory, something similar is expected to occur, this time in the gravitational 
sector, where Einstein's effective theory should be recovered at low energy, as soon as the 

— 1/2 

string scale (and not Gj^ ~ Mp) is reached. At present, there are not so many available 
tests of this idea: one comes from the study of trans-Planckian energy collisions in string 



theory 23]. When one prepares the initial state in such a way as to expect the formation 
of tiny black holes, having radius (or curvature) respectively smaller (or larger) than the 
fundamental scale of string theory, one finds that such objects are simply not formed. 



Arguments based on entropy considerations ]98] also suggest that the late stage of black 



hole evaporation ends, in string theory, into a normal non-collapsed string state of radius 
equal to the string length, rather than into a singularity. Finally, we recall the arguments 
from T-duality for a minimal compactiflcation scale, given at the beginning of this section. 

This considerable amount of circumstantial evidence leads to the conclusion that As 
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plays, in string theory, the role of a minimal observable length, i.e. of an ultraviolet cut- 
off. Physical quantities are expected to be bounded (in natural units) by the appropriate 
powers of As, e.g. the curvature scale R ~ ~ Gp < X^^, the temperature T < X^^, 
the compactification radius Rc > Ag, and so on. It follows, in particular, that space-time 
singularities are expected to be avoided (or at least reinterpreted) in any geometric model 
of gravity which is compatible with string theory. 

In other words, in quantum string theory, relativistic quantum mechanics should solve 
the singularity problems in much the same way as non-relativistic quantum mechanics solves 
the singularity problem of the hydrogen atom, by keeping the electron and the proton a 
finite distance apart. By the same token, string theory gives us a rationale for asking 
daring questions such as: What was there before the big bang? Even if we do not know 
the answer to this question in string theory, in no other currently available framework can 
such a question be meaningfully asked. 

To answer it, we should keep in mind, however, that even at large distance (i.e. low 
energy, small curvatures), superstring theory does not automatically give Einstein's general 
relativity. Rather, it leads to a scalar-tensor theory (which in some limit reduces to a theory 
of the Jordan-Brans-Dicke variety). In fact, the conformal invariance of string theory (see 



for instance [346]) unavoidably requires a new scalar particle/field (/>, the dilaton, which, as 



already mentioned, gets reinterpreted as the radius of a new dimension of space in M-theory 



By supersymmetry, the dilaton is massless to all orders in perturbation theory (i.e. as 
long as supersymmetry remains unbroken) andean thus give rise to dangerous violations of 
the equivalence principle. This is just one example of the general problem with classical 
moduli space that we mentioned at the beginning of this section. Furthermore, (p controls 
the strength of all forces ]624|] , gravitational and gauge alike, by fixing the grand-unification 



coupling through the (tree-level) relation [403]: 



"GUT ^ {Xp/Xsf ~ exp(0) , (2.2) 

showing the basic unification of all forces in string theory and the fact that, in our conven- 
tions, the weak-coupling region coincides with <C — 1. 

The bottom line is that, in order not to contradict precision tests of the equivalence prin- 
ciple and of the constancy (today and in the "recent" past) of the gauge and gravitational 
couplings, we require [|577|[ the dilaton to have a mass and to be frozen at the bottom of its 



own potential today (see, however, [197, 198[ for an ingenious alternative, whose possible 



consequences will be discussed in Sections. ^ and |T^. This does not exclude, however, the 
possibility of the dilaton having evolved cosmologically in the past (after all, the metric 
did!), within the weak coupling region ((p —oo) where it was practically massless. The 



amazing (yet simple) observation [59S] is that, by so doing, the dilaton may have inflated 
the Universe. 
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A simplified argument, which, although not completely accurate, captures the essential 
physical point, consists in writing the Priedmann equation 3H^ = SnGp, and in noticing 
that a growing dilaton (meaning through Eq. ( |2.2|) a growing G) can drive the growth 
of H even if the energy density of standard matter decreases (as typically expected in an 
expanding Universe). This particular type of superinflation, characterized by growing H 
and 6, has been termed dilaton-driven inflation. 



The basic idea of pre-big bang cosmology | 599 , 31£ , 32C, 321 1 can then be illustrated 
as in Fig. 2.1, where the dilaton starts at very large negative values, rolling up a potential 
which, at the beginning, is practically zero (at weak coupling, the potential is known to be 
instantonically suppressed ||8^, F(0) ~ exp[— exp(— 0)]). The dilaton grows and inflates the 
Universe, until the potential develops some non-perturbative structure, which can eventually 
damp and trap the dilaton (possibly after some oscillations). The whole process may be 
seen as the slow, but eventually explosive, decay of the string perturbative vacuum (the 
flat and interaction- free asymptotic initial state of the pre-big bang scenario), into a final, 
radiation-dominated state typical of standard cosmology. Incidentally, as shown in Fig. 
2.1 , the dilaton of string theory can easily roll- up -rather than down- potential hills, as a 
consequence of its non-standard coupling to gravity. 

A phase of accelerated evolution, sustained by the kinetic energy of a growing dilaton 
[ |599| ] (and possibly by other antisymmetric tensor fields |30S, 177|, in more complicated 
backgrounds) is not just possible: it does necessarily occur in a class of (lowest-order) 
cosmological solutions based on a cosmological variant of the (previously mentioned) T- 

|, HI, m, |8l|, III, HI. In such a way duality 



duality symmetry |59£, 580, 477 



provides a strong motivation for (and becomes a basic ingredient of) the pre-big bang 
scenario first introduced in [^99|| and whose developments are the subject of this report. 

The importance of duality for a string-motivated cosmology was indeed pointed out 
already in some pioneer papers 425, 2C, 109] based on superstring thermodynamics; 
the fact that our standard Universe could emerge after a phase of inflation with "dual" 
cosmological properties was also independently suggested by the study of string motion 
in curved backgrounds ||315f| . For future applications (see Section ^ we wish to recall 
here, in particular, the T-duality approach to a superstring Universe discussed in [|109| 



(see also |378| ) , in which all nine spatial dimensions are compact (with similar radius), 
and the presence of winding strings wrapped around the tori prevents the expansion of the 
primordial Universe, unless such winding modes disappear by mutual annihilation. 

The probability of annihilation, however, depends on the number of dimensions. In 
d = 9 it is so small that strings prevent the nine dimensions from expanding. If n < 6 
dimensions contract to the string size, string annihilation in the other 9 — n is still so 
small that even they cannot expand. Only for n > 6 is the annihilation probability in the 
remaining dimensions large enough, and the expansion becomes possible: this would give 
3 as the maximal number of large space dimensions (such a mechanism has recently been 
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Figure 2.1: According to the pre-big bang scenario, the dilaton starts in the asymptotic past 
of our Universe at very large negative values, and grows through a Eat potential towards 
the strong-coupling regime. At present, it is either trapped at a minimum of the potential, 
or keeps growing monotonically towards +00 (see Section |I( 



extended also to a more general brane-gas context, see Subsection 

This as well as the other, early attempts were based on Einstein's cosmological equations, 
i.e. on gravitational equations at fixed dilaton. Taking into account the large-distance 
modifications of general relativity required by string theory, and including a dynamical 
dilaton, the target-space duality typical of closed strings moving in compact spaces can be 
extended (in a somewhat modified version) even to non-compact cosmological backgrounds 



^ 178| , |58[1| , 581, 582]. Consider in fact a generic solution of the field equations of string 

theory (hence a point in our moduli space), which possesses a certain number n of Abelian 
isometries (the generalization to non- Abelian isometrics is subtle, see |206| ] ) . Working in an 
adapted coordinate system, in which the fields appearing in the solution are independent 



of n-coordinates, it can then be argued [477] that there is an 0{n,n; R) group that, acting 
on the solution, generates new ones (in other words, this group has a representation in that 
part of moduli space that possesses the said isometries). 

Note that, unlike strict T-duality, this continuous 0{d,d;R) extension is not a true 
symmetry of the theory, but only a symmetry of the classical field equations. The corre- 
sponding transformations can be used to generate, from a given solution, other, generally 
inequivalent ones, and this is possible even in the absence of compactification. In the next 
subsections we will show in detail that such transformations, applied to a decelerated cos- 
mological solution (and combined with a time-reversal transformation) lead in general to 
inflation, and we shall present various (low-energy) exact inflationary solutions, with and 
without sources, which may represent possible models of pre-big bang evolution. We shall 



consider, in particular, both scale-factor |59S| , 58C, 582] and 0{d,d) [177, |47^ , 560 , 367 , 318 ] 
duality tranformations, and we will discuss some peculiar kinematic aspects of such pre-big 



22 



bang solutions. 



2.2 Scale- factor duality without and with sources 

We start by recalling that, in general relativity, the Einstein action is invariant under time 
reflections. It follows that, if we consider an isotropic, spatially flat metric parametrized by 
the scale factor a(t), 

ds^ = dt^ - a^{t)dxi, (2.3) 

and if a{t) is a solution of the Einstein equations, then a{—t) is also a solution. On the 
other hand, when t ^ —t the Hubble parameter flips sign; 

a{t) a{-t), H = d/a^ -H. (2.4) 

Thus, to any standard cosmological solution H{t), describing decelerated expansion and 
decreasing curvature {H > 0, H < 0), time reversal associates a "reflected" solution, 
H{—t), describing a contracting Universe. 

In string theory, the reparametrization and gauge invariance of conventional field theo- 
ries are expected to be only a tiny subset of a much larger symmetry group, which should 
characterize the effective action even at lowest order. The string effective action that we 
shall use in this section, in particular, is determined by the usual requirement that the 



string motion is conformally invariant at the quantum level |34f:]. The starting point is the 
(non-linear) sigma model describing the coupling of a closed string to external metric {gfj,u), 
scalar ((/)), and antisymmetric tensor (B^^) fields. In the bosonic sector the action reads: 

S = I d^i V/^l'^diX>'d,x''g^,{x) + e*^a,x^a,x^i?^,(x) + ^^i?(2)0(x) . 

(2.5) 

Here 27rQ:' = Ag, di = 9/9^*, and are the coordinates spanning the two-dimensional 
string world-sheet = 1,2), whose induced metric is ^ikiO- The coordinates = x^^{^) 
are the fields determining the embedding of the string world-sheet in the external (also 
called "target") space, eij is the two-dimensional Levi-Civita tensor density, and R^'^\'~f) 
is the scalar curvature for the world-sheet metric 7. We have included the interaction of 
the string with all three massless states (the graviton, the dilaton and the antisymmetric 
tensor) appearing in the lowest energy level of the spectrum of quantum string excitations 
(the unphysical tachyon is removed by supersymmetry [ |346| ). We note, for further use, 
that the antisymmetric field 5^,^ is often called the Neveu-Schwarz/Neveu-Schwarz (NS- 
NS) two-form. 

If we quantize the above action for the self-coupled fields x'^(^), we can expand the loop 
corrections of the corresponding non-linear quantum field theory in powers of the curvature 
(i.e. in higher derivatives of the metric and of the other background fields) p46[| . Such 
a higher derivative expansion is typical of an extended object like a string, and is indeed 
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controlled by the powers of a', i.e. of the string length parameter Ag. At each order in a', 
however, there is an additional higher genus expansion in the topology of the world-sheet 
metric, which corresponds, in the quantum field theory limit, to the usual loop expansion, 
controlled by the effective coupling parameter = exp((/)). 

The conformal invariance of the classical string motion in an external background can 
then be imposed, at the quantum level, at any loop order: we obtain, in this way, a set of 
differential conditions to be satisfied by the background fields for the absence of conformal 
anomalies, order by order. At tree level in g^^, and to lowest order in a', such differential 
equations (in a critical number of dimensions) are [346]: 
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where H, 



d^B^a-\- cyclic permutations. By introducing the Einstein tensor, G 
Rfiu ~ 9iJ.uiR/2), the first equation can be rewritten in a more "Einsteinian form" as 
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1 



can be derived by the (d-l- l)-dimensional 



S 



2A^l 



9\ e 



1 

12' 



-H, 



(2.9) 



This action (possibly supplemented by a non-perturbative dilaton potential, and/or by a 
cosmological term in non-critical dimensions p46| ]) is the starting point for the formulation 
of a string-theory-compatible cosmology in the small-curvature and weak-coupling regime, 
a'R <^ 1, <^ 1 (see Section ^ for higher-order corrections). 

For an illustration of scale factor duality it will now be sufficient to restrict our attention 
to the gravidilaton sector of the action ( |2.9| ) (setting e.g. H^^a = 0). We will consider an 
anisotropic Bianchi-I-type metric background, with homogeneous dilaton (p = (t){t), and we 
will parametrize the action in terms of the "shifted" scalar field 4> (see Section |l.4| for the 



notation). The field equations (2.7), (2.8) then provide a system of d-l- 2 equations for the 
d -t- 1 variables {oj, (/>}: 



Hi — Hn 
20-^ 



= 0, 



0. 



(2.11) 
(2.12) 



In the absence of sources only d + 1 equations are independent (see for instance |307| ; Eq. 
( |2.10| ), in particular, represents a constraint on the set of initial data, which is preserved by 
the evolution). 
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The above string cosmology equations are invariant not only under a time-reversal trans- 
formation, 

t^-t, H ^-H, (2.13) 

but also under a transformation that inverts any one of the scale factors, preserving the 
shifted dilaton, 

Oj ^ Oj = a~\ 0^0, (2-14) 

and which represents a so-called scale- factor duality transformation [|599|, 580 1. Note that 



the dilaton (f) is not invariant under this transformation: if we invert, for instance, the first 
k < d scale factors, the transformed dilaton (j) is determined by the condition 

(/) = (/)- ^Inoj = - ^Inoj - ^ Inaj. (2.15) 

i=l i=l i=k+l 



Thanks to scale-factor duality, given any exact solution of Eqs. ( p.l0[ )-( ^.12 ), represented 
by the set of variables 

{ai,...,Od, 4>], (2.16) 

the inversion of A; < d scale factors then defines a new exact solution, represented by the 
set of variables 



|ai\...,a;,\afc+i,...,arf, (/)-2^1nai|. (2.17) 

Consider in particular the isotropic case Oj = a, where all the scale factors get inverted, 
and the duality transformation takes the form: 

a^a = a"\ (j) ^ ^ = (j) - 2dh\a. (2.18) 

When a —> the Hubble parameter H = d(lna)/dt goes into —H so that, to each of the 
two solutions related by time reversal, H{t) and H{—t), is also associated a dual solution, 
H{t) and H{—t), respectively (see Fig. |2.2| ). The space of solutions, in a string cosmology 
context, is thus richer than in the standard Einstein cosmology, because of the combined 
invariance under duality and time-reversal transformations. In string cosmology, a solution 
has in general four branches: a(t) , a{—t) , {t) , a~^{—t). Two branches describe expansion 
{H > 0), the other two branches describe contraction {H < 0). Also, as illustrated in Fig. 
|2.2| , for two branches the curvature scale (~ H'^) grows in time, so that they describe a 
Universe that evolves towards a singularity, with a typical "pre-big bang" behaviour; for 
the other two branches the curvature scale decreases, so that the corresponding Universe 
emerges from a singularity, with a typical "post-big bang" behaviour. 

What is important, in our context, is that to any given decelerated, expanding solu- 
tion, H(t) > 0, with decreasing curvature, H{t) < (typical of the standard cosmological 
scenario), is always associated an inflationary "dual partner" describing accelerated expan- 
sion, H{—t) > 0, and growing curvature, H{—t) > 0. This pairing of solutions (which has 
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H 




Figure 2.2: The four branches of the low-energy string cosmology backgrounds. 

no analogue in the context of the Einstein cosmology, where there is no dilaton, and the 
duality symmetry cannot be implemented) naturally suggests a "self-dual" completion of 
standard cosmology, in which the Universe smoothly evolves from the inflationary pre-big 
bang branch H{—t) to the post-big bang branch H{t) (after an appropriate regularization 
of the curvature singularity appearing in the lowest-order solutions). 

As a simple example of the four cosmological branches, we may consider here the par- 
ticular isotropic solution defined in the positive range of the time coordinate, 

a = (t/to)'/^, = -ln(t/to), t>0, (2.19) 



which is singular at t = and satisfies identically the set of equations ( 2.10| ) - ( 2.12| ). 



By applying a duality and a time-reversal transformation we obtain the four inequivalent 
solutions 

a^{t) = i^^/^, 0(t) = - Int, t > 0, 

a±(-t) = (-t)±i/v^, 0(_t) = _ln(-t), t<0, (2.20) 



corresponding to the four branches illustrated in Fig. 2.2. These solutions are separated by 
a curvature singularity at t = 0; they describe decelerated expansion a+(t), decelerated con- 
traction a_(t), accelerated contraction a4.(— t), accelerated expansion a_(— t) (the solution 
is accelerated or decelerated according to whether a and a have the same or opposite signs, 
respectively). The curvature is growing for a±(— t), decreasing for a±{t). Note that the 
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transformation connecting two different branches represents in this case not really a sym- 
metry, but rather a group acting on the space of solutions, transforming non-equivalent con- 
formal backgrounds into each other, like in the case of the Narain transformations |498, 499 1. 



For further applications, it is also important to consider the dilaton evolution in the 
various branches of Eq. ( 2.2C| ). Using the definition ( |1.23| ), 



0±(±t) = (p{±t)+dlna±{±t) = (±Vd- l) ln(±t). (2.21) 

It follows that, in a phase of growing curvature (t < 0, t — > 0_), the dilaton is growing only 
for an expanding metric, a_(— t). This means that, in the isotropic case, the expanding 
inflationary solutions describe a cosmological evolution away from the string perturbative 
vacuum {H = 0,0 = — oo), i.e. are solutions characterized by a growing string coupling, 
Qs = (exp(/)/2)' > 0. The string perturbative vacuum thus naturally emerges as the initial 
state for a state of pre-big bang inflationary evolution. This is to be contrasted with the 
recently proposed "ekpyrotic" scenario ||412| ], where the "pre-big bang" configuration (i.e. 
the phase of growing curvature preceding the brane collision that simulates the big bang 
explosion) is contracting even in the S-frame [413] and indeed corresponds to a phase of 
decreasing dilaton. 

Note that in a more general, anisotropic case, and in the presence of contracting dimen- 
sions, a growing-curvature solution is associated to a growing dilaton only for a large enough 
number of expanding dimensions. To make this point more precise, consider the particular, 
exact solution of Eqs. ( |2.10| )-( 2.12| ), with d expanding and n contracting dimensions, and 



scale factors a{t) and b(t), respectively: 

a=(-t)-i/v^^ 5 = (_^)i/v^^ ^=_ln(-t), t^0_. (2.22) 

This gives 

(f)=^ + dlna + nlnb='^^^^^^£^ln{-t), (2.23) 

yd -I- n 

so that the dilaton is growing if 

d+ Vd + n> n. (2.24) 

We note, incidentally, that this result may have interesting implications for a possi- 
ble "hierarchy" of the present size of extra dimensions, if we assume that our Universe 
starts evolving from the string perturbative vacuum (i.e. with initial (p > 0). Indeed, in a 
superstring theory context {d + n = 10), it follows that the initial number of expanding di- 
mensions is d > 3, while only n < 6 may be contracting. A subsequent freezing, or late-time 
contraction (possibly induced by quantum effects |130|] ) , of d — 3 dimensions will eventually 
leave only three expanding dimensions, but with a possible huge asymmetry in the spatial 



sections of our Universe, even in the sector of the "internal" dimensions (see Refs. |109| , |T 



and the discussion of Section 3.5, for a possible mechanism selecting d = 3 as the maximal. 



final number of expanding dimensions in a string- or brane-dominated Universe). 
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The invariance of the gravidilaton equations ( |2.10| )-( p.l2|) is in general broken by a 
dilaton potential V{(j)), unless V is just a function of (j). The invariance, however, is still 
valid in the presence of matter sources, provided they transform in a way that is compatible 
with the string equations of motion in the given background |318| (see the next subsection). 
In the perfect-fluid approximation, in particular, a scale-factor duality transformation is 
associated to a "reflection" of the equation of state 599 |. 

Consider in fact the addition to the action ( p.S| ) of a matter action Sm , minimally coupled 
to the S-frame metric (but uncoupled to the dilaton), and describing an anisotropic fluid 
with diagonal stress tensor, 

T^iu = —i==j^, T^" = diag(/), -pi dj), pi/p = ji = const, p = p{t). (2.25) 



The field equations ( |2.8D are now completed by a source term 



-M^^pH,^^ = ]-e'f>T^, (2.26) 



(in units in which 2Af ^ = 1), and the cosmological equations ( |2.10|) - (|2.12D become 



^2 



E^' = e'^^' (2.27) 



- = ie<^p„ (2.28) 
2%-f -Y^H"^ = (2.29) 



where we have introduced the "shifted" density and pressure 



P = pV-9 = pY[ai. (2.30) 



They are a system of d -|- 2 independent equations for the d + 2 variables {aj, (j), p}. Their 
combination gives 

ij + Y,Hip^ = 0, (2.31) 

i 

which represents the usual covariant conservation of the source energy density. The above 
equations with sources are invariant under time reflection and under the duality transfor- 
mation [59S] 

«i ^ <\ P^P, Pi^-Pi, (2.32) 

which preserves p but changes p in a non-trivial way, and "reflects" the barotropic equation 
of state, 7i — > —ji. Thus, a cosmological solution is still characterized by four distinct 
branches. 

We will present here a simple isotropic example, corresponding to the power-law evolu- 
tion 

a~r, ^ pint, P = 1P (2.33) 
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(see the next subsection for more general solutions). We use ( ^ ), ([239D , (|23ll ) as inde- 
pendent equations. The integration of Eq. ( p.31 ) immediately gives 



P = Poa 



-d'j . 



Eq. (|2.27]) is then satisfied, provided 



d'ja + (3 = 2. 



Finally, Eq. (2.29) leads to the constraint 



2(3-13^ - da^ 



0. 



(2.34) 



(2.35) 



(2.36) 



We then have a (quadratic) system of two equations for the two parameters a, /3 (note that, 
if a is a solution for a given 7, then also —a is a solution, associated to —7). We have in 
general two solutions. The flat-space solution, /3 = 2, a = 0, corresponds to a non-trivial 
dilaton evolving in a frozen pseudo-Euclidean background, sustained by the energy density 
of dust matter (7 = 0), according to Eq. (p. 281). For 7 7^ we obtain instead 



a 
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1 + ^72 ' 

which fixes the time evolution of a and 6: 



P 



1 + 



27 



and also of the more conventional variables p, 



1 + ^72 



Int, 



pa 



Poa 



-|- din a 



2(rf7 - 1) 
1 + ^72 



Int. 



(2.37) 



(2.38) 



(2.39) 



This particular solution reproduces the small-curvature limit of the general solution 
with perfect fluid sources sufficiently far from the singularity, as we shall see in the next 
subsection. As in the vacuum solution ( p. 19 ), there are four branches, related by time- 
reversal and by the duality transformation ( p. 32 ), and characterized by the scale factors 



a±i±t) ~ i±t) 



±27/(1+^72) 



(2.40) 



For d = 3, 7 = 1/3 and t > we recover in particular the standard, radiation-dominated 
solution with constant dilaton: 

a ~ t"*^/^, p = 3p ~ a~^, = const, t ^ +00, (2-41) 

describing decelerated expansion and decreasing curvature: 

d > 0, a < 0, H <0, 4> = 0, (2.42) 
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Figure 2.3: Qualitative time evolution of the curvature scale and of the string coupling for 
a typical self-dual solution of the string-cosmology equations. 

typical of the post-big bang radiation era. Through a duahty and time-reversal transfor- 
mation we obtain the "dual" complement: 

a~(_t)-i/2^ ^ 31n(-t), p = -3p~a-^ t ^ -oo, (2.43) 

which is still an exact solution of the string cosmology equations, and describes accelerated 
(i.e. inflationary) expansion, with growing dilaton and growing curvature: 

d>0, a>0, H >0, 4>>0 (2.44) 

(the unconventional equation of state, 7 = —1/3, is typical of a gas of stretched strings, see 
[pl4|, |315|] and the next subsection). 



This confirms that, if we start with our present cosmological phase in which the dilaton is 
constant (in order to guarantee a constant strength of gravitational and gauge interactions), 
and we postulate for the early Universe a dual complement preceding the big bang explosion, 
then string theory requires for the pre-big bang phase not only growing curvature, but also 
growing dilaton. 

In other words, string theory naturally suggests to identify the initial configuration 
of our Universe with a state asymptotically approaching the flat, cold and empty string 
perturbative vacuum, exp((/>) — > 0. As a consequence, the initial cosmological 

evolution occurs in the small curvature {H'^ /M^ <C 1) and weak coupling (g^ <C 1) regime, 
and can be appropriately described by the lowest order effective action ( |2.9[ ) (see Fig. 2.3). 



The solutions ( 2.41| ) and ( ^.43 ) provide a particular, explicit representation of the scenario 



represented in Fig. |2.3| , for the two asymptotic regimes of t large and positive, Eq. ( 2.41| ), 
and t large and negative, Eq. ( |2.43| ). 

It should be mentioned, to conclude this subsection, that the invariance under the 
discrete symmetry group Z2, generated by the inversion of d scale factors, can be generalized 



so as to be extended to spatially flat solutions of more general scalar-tensor theories [142 



434], with the generic Brans-Dicke parameter co, described by the action 

■ J d'^+^x^ e-^ [r - uj{V(t>f - 2A] . (2.45) 



S 
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The case uj = —1 corresponds to the string effective action. For uj 7^ —{d + the 
equations of an isotropic and spatiahy flat background (with scale factor a{t)) are invariant 
under the transformation a ^ 5, — > where a = Ina, and |434] 



d-l + duj ^ 2(1 +w ~ ^ 2d ^ d-l + duj ~ ,^ 

a = — a - — 6, 6= — ; — a + — 6 (2.46) 

d+l + dio d+l + dio d+l + dio d+l + duj ^ ' 

(when a; = — 1 one recovers the transformation ( p.l8D ). Similar symmetries are also present 
in a restricted class of homogeneous, Bianchi-type models [ |169| (but the presence of spatial 
curvature tends to break the scale- factor duality symmetry); for the Bianchi-I-type met- 
rics, in addition, the discrete transformation ( 2.46| ) can be embedded in a continuous 0(3) 
symmetry group. 

It should be stressed, however, that when w 7^ — 1 such generalized transformations 
do not necessarily associate, to any decelerated solution of the standard scenario, an infla- 
tionary solution with growing dilaton. In this sense, a self-dual cosmological scenario in 
which inflation emerges naturally from the perturbative vacuum seems just to be a peculiar 
prediction of string theory, in its low energy limit. 

In the next subsection we will extend the discussion of this section to more general 
models of background and sources. 



2.3 0((i, (i)-covariance of the cosmological equations 

The target-space duality introduced in the previous subsection is not restricted to the gra- 
vidilaton sector and to cosmological backgrounds, but is expected to be a general property 



of the solutions of the string effective action (possibly valid at all orders |560| , |367[| , with 



the appropriate generalizations [476, 397|). 

Already at the lowest order, in fact, the inversion of the scale factor is only a special 
case of a more general transformation of the global 0{d^ d) group which leaves invariant the 
action ( |2.9| ) for all background characterized by d Abelian isometrics, and which mixes in 
a non-trivial way the components of the metric and of the antisymmetric tensor Bf^i, (see 
[ |340| ] for a general review). 

Such an invariance property of the action can also be extended to non- Abelian isometrics 



[|206[| , but then there are problems for "non-semisimple" isometry groups [313| . Here we shall 
restrict ourselves to the Abelian case, and we shall consider (for cosmological applications) a 
set of background fields {(j), g^^y, B^^^} which is isometric with respect to d spatial translations 
and for which there exists a synchronous frame where goo = 1, goi = 0, Bq^ = 0, and all the 
non-zero components of gij, Bij (as well as the dilaton itself) are only dependent on time. 

In order to illustrate the invariance properties of such a class of backgrounds under global 
0{d,d) transformations, we shall first rewrite the action ( |2.9D directly in the synchronous 
gauge (since, for the moment, we are not interested in the field equations, but only in the 



31 



symmetries of the action). We set gij = — jij and find, in this gauge, 



Rq 







-TV (7-I7) - (^"'t) - 2^1- (r '7) , 



4 

"2 IT ^Ti- 



^ . (7-^7) + ^ (7"'77"'7 . ^ (2.47) 



where 



TV (^7-17^ = (7-^j"^ 7,, = (2.48) 
and so on [note also that 7"^ means ^(7"^) /dt\. Similarly we find, for the antisymmetric 



tensor, 



2 



H^uaH^'"'' = 3Hoi,H^'^ = -3Tr (j-^B 



1 D.,-1 



(2.49) 

Let us introduce the shifted dilaton, by absorbing the spatial volume into 0, as in Section 

(2.50) 



1.4: 



det gij\e-'P = e-'P, 



from which 



Id,,, , 
2^1n(det7) 



ixr (7-I7 



(2.51) 



By collecting the various contributions from (p, R and H^^^, the action ( p.S| ) can be rewritten 



as: 



S = -^ I dte 



-2 1. 



+ -T¥(7-i7) -Tr(7-^7 



^Tr (7-I7) + </.Tr (7-^7) + ^Tr [r^ii) 



(2.52) 



We can now eliminate the second derivatives, and the mixed terms containing ^7, by noting 
that 

d 



dt 



<^Tr (7~H)] = e""^ [Xr (7-^7) + Tr (7^^) - c^Tr {-f~^^ 



(2.53) 



Finally, by using the identity (7 ^) ' = —7 ^77 ^, we can rewrite the action in quadratic 
form, modulo a total derivative, as 



S = -^ i dte 



-2 1. 



2 1. 



Tr(7~'7) +-Tr(7"^5 



(2.54) 



This action can be set into a more compact form by using the 2d x 2d matrix M, defined 
in terms of the spatial components of the metric and of the antisymmetric tensor, 

BG-^ G-BG-^BJ' 
G = gij = -j^„ G-'=g'^, B = Bi„ (2.55) 



M 
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and using also the matrix rj, representing the invariant metric of the 0{d, d) group in the 
off-diagonal representation: 

"=(° o) P-^"' 

(/ is the unit d-dimensional matrix). By computing MrjjMt] and [Mr])'^ we find, in fact, 



Tr 



(Mr/)' 



2Tr 



2Tr 



so that the action can be rewritten as |477, 475] 



S = -^ I dte 



-Tr (Mr/)' 



(2.57) 



(2.58) 



We may note, at this point, that M itself is a (symmetric) matrix element of the pseudo- 
orthogonal 0{d,d) group, since 



M^??M = r], M = M'^, 

for any B and G. Therefore: 

Mr] = r]M~'^, (^Mi]^ = r] (M""^) 'Mr], 

and the action can be finally rewritten in the form 

dte' 



6 + -Tr M (M-^ 



(2.59) 



(2.60) 



(2.61) 



which is explicitly invariant under global 0{d,d) transformations preserving the shifted 
dilaton (p: 

M ^ M = A^MA, A^r]A = r]. (2.62) 

When i? = 0, the matrix M is block-diagonal, and the special 0{d,d) transformation 
represented by A = r] corresponds to an inversion of the metric tensor: 



M = diag(G"\G), 



M = A^MA = r/Mr/ = diag(G, G 



-1^ 



(2.63) 



so that G = G~^. For a diagonal metric, in particular, G = a?I, and the invariance under 
the scale factor duality transformation ( |2.18| ) is recovered as a particular case of the global 
0{d,d) symmetry (as already anticipated). 

This 0{d, d) invariance holds even in the presence of sources representing bulk string 
matter ||318| ] , namely sources evolving consistently with the solutions of the string equations 
of motion in the background we are considering. A distribution of non-interacting strings, 
minimally coupled to the metric and the antisymmetric tensor of an 0{d, d)-covariant back- 
ground, is in fact characterized by a stress tensor (source of g^u) and by an antisymmetric 
current (source of B^y), which are automatically 0((i, (i)-covariant). 
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In order to illustrate this important point we add to Eq. ( |2.9| ) an action Sm describing 
matter sources coupled to g and to B, and we define 

The variation with respect to the dilaton, to gfj_y and B^^^ gives then, respectively, Eqs. 
(|2.7|) , Eq. ( 2.2£| ) and the additional equation 

fe^'^i/'^"^) = r'^. (2.65) 



For a background with d spatial isometries, and in the synchronous gauge, such field equa- 
tions can be written in matrix form using M, (p^ and a new set of "shifted" variables defined 
as follows: 

P=^ToO, e = ^T'\ j = ^j^J^ (2.66) 

where 6 and J are d x d matrices. In particular, the dilaton equation ( p. 7] ) takes the form 

- 2^ - Tr {Mr]f = 0, (2.67) 
8 

the (0, 0) component of Eq. ( |2.26| ) gives 

i Tr (Mr/)2 = pe^, (2.68) 
8 

while the spatial part of Eq. ( |2.26D , combined with Eq. ( 2.65| ), can be written in the form 

^ie-^Mr]M) = T, (2.69) 
where T is a 2d x 2d matrix composed with 9 and J: 

~\Ge- BJ, GJG + BJB - GOB - BOG ) 

(see [ pl8| for an explicit computation). By differentiating Eq. ( |2.68| ), using Eqs. ( 2.67] ), 
( |2.69| ), and the identity 

{MrjM'qf = -{Mr]f, (2.71) 
we obtain the generalized energy conservation equation, written in matrix form as 

^ + ^ Tr {Tr]Mr]Mr]) = 0. (2.72) 

The 0{d, d) covariance of the string cosmology equations is thus preserved even in the 
presence of matter sources, provided T transforms in the same way as M. In that case, the 
whole set of equations (2.67)-(2.69) is left invariant by the generalized transformation 

0^0, p^^, M^A^MA, T^A^TA, (2.73) 



34 



where A'^rjA = rj. This is indeed what happens if the sources are represented by a gas of 
non-self-interacting strings. 

Suppose in fact that the matter action is given by the sum over all components of the 
string distribution, Sm = j 'S'g^-j.jjjgg , where we use the action (|2.5| ), and we choose the 
conformally flat gauge for the world-sheet metric (i.e. ^ij = 0, R^"^^ = 0): 

^string = j df^+^X 5''+\x-X{<J,t)) dadT 

X [(X^'X^ - X'f'X'^) g^^ix) + (X^'X'" - X'^'X^) B^^{x)\ . {2.7 A) 

Here a and r are the world-sheet coordinates, X = dX/dr and X' = dX/da. The variation 
with respect to g and B gives the tensors ( |2.66|) , which depend on the world-sheet integral of 
a form bilinear in X^((t, r). The variation with respect to gives the string equations of 
motion, the variation with respect to 7jj (before imposing the gauge) gives the constraints. 
If we have a solution of the equations of motion, in a given background M{t), and we 
perform an 0{d,d) transormation M — > M = A"^MA, the new solution is found to 
correspond to transformed matrices and J, which combine to give T = hJ'TK The 



0{d,d) covariance is thus preserved, provided the matter sources transform according to 
the string equations of motion, which can themselves be written in a fully covariant form. 

Let us now exploit this 0{d, d) covariance to find more general solutions of the string cos- 
mology equations, and more general examples of duality-related backgrounds corresponding 
to possible models for the pre-big bang scenario. Let us introduce a convenient (dimension- 
less) time-coordinate x, such that 

dx = Lp dt (2.75) 

(L is a constant length). Assuming that the equation of state can be written in terms of a 
given 2d x 2d matrix r(x), such that 

-pdT = Tdx, (2.76) 



we can integrate a first time Eqs. (2.67)^(2.69), also with the help of the identity ( 2.71| ). 
The result is |2l| 

^ (x + xo), (2.77) 



D{x) 

4r 

Uix) ' 



MrjM' = (2.78) 



where 



D{x) = {x + xof - ^ TV {Tr]f = 4^^"'^ (2.79) 



(a prime denotes differentiation with respect to x, and xq is an integration constant). 
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By exploiting the fact that M is a symmetric 0{d, d) matrix, Mr]M = rj, and that 
M-qV = —Tr]M, because of the definition of T (see ]31^ ]), the above equations can be 
formally integrated to give 



0(X): 

M{x) 



dx , 

15 



(x + Xo) 



dx 

15 



Ma 



(2.80) 
(2.81) 



where (po is a constant, Mq a constant symmetric 0{d,d) matrix, and Px denotes the "x- 
ordering" of the exponential. For any given "equation of state" T = T{'p), providing an 
integrable relation for r(a;), according to Eq. ( |2.76| ), the general exact solution of the 
low-energy string cosmology equations (for space-independent fields and vanishing dilaton 
potential) is then represented by Eqs. ( |2.79|) - (|2.8lD . 

Such solutions contain in general singularities for the curvature and the string coupling, 
in correspondence with the zero of D{x). Near the singularity (i.e., for D{x) — > 0) the 
contribution of the matter sources becomes negligible with respect to the curvature terms 
in the field equations (as, in general relativity, for the Kasner anisotropic solutions ||43 ) , 

This can be shown 
32l||; for 



and one recovers the general vacuum solutions presented in | 477 ] 
in general for any background M(x), and any kind of matter distribution T{x) 
further applications, however, it will be sufficient to report here the case of anisotropic but 
torsionless [B = 0) backgrounds, with diagonal metric gij ■ 



afdij, and fluid sources with 



a barotropic equation of state, as in Eq. ( |2.25| ). 

In this case we obtain, from the previous definitions. 



Mr]M' 



r 





As-. 

E j Sij 



T 



D = {x + xof - ^{jix + Xi 





a{x — x+)(x 







(2.82) 



where 




2 2 
Xj Xo 



1/2- 



(2.83) 



x± are the zeros of D, and integration constants. The general solution ( p.79| )- 

( lISll ) reduces to 



ai = aoi|(x - X4.)(x - x_)p*/'* 



X — Xj 



X — x_ 



(2.84) 
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e<t> = e-^^Kx - x+){x - ^+ 1'", (2.85) 

X — X- 

P = TT^e<^°l(2; - - (2.86) 

where 

^ axi + 7i(X;i ^iXi - xo) , . 

'7 = 2^ai7i, Cti = TTg) (2.87) 

i " [(Ei 7ia;i - xo)2 + a(X;i - xg)] 

and Ojo, (/"o are additional integration constants. 

This solution has two curvature singularities at x± . Near the singularity the sources are 
negligible, and one recovers the anisotropic vacuum solution of string cosmology in critical 
dimensions |599, 48£]. Indeed, for x — > x-t, one finds from Eqs. ( p. 751 ) and ( p. 861 ) that 
|x| ~ |f|°/(i=t'^X^°^i7i)^ and the solution reduces to 

ai{t) \t - t±ff , 0~-ln|t-t±|, (2.88) 

where 

Pt = Y.(Ptf = 1- (2-89) 

Xq ~r X± ^ 

In the large-|x| (small-curvature) limit, on the contrary, the relation between x and cosmic 
time is |x| ~ and the solution (gj§)-(^]8|) behaves like (for |x| ±oo) 

a^{t) ~ |t|2W{i+E7?), 2 

^ ^ In \t\, p ~ (2.90) 

We may note, in general, that the relative importance of the matter sources with respect 
to the curvature is measured by the ratio (see Eq. ( p. 681) , 



^ ' (d-l)Tr(Mr?)2 " d-lTV(r7?)2 {d-l)E^Hf ^ '' > 

(normalized in such a way that one recovers the usual critical energy-density ratio, O = p/ Pc, 
when (j) is constant and the metric is isotropic). It follows that — > when x ^ x-t, while 
in the opposite limit |x| oo, dominated by the matter sources, O goes to a constant. 



2 



which is obviously Oqo = 1 for the isotropic, radiation-dominated background with 7^ = \/d 
and constant dilaton. 

Now it can easily be checked that, in the isotropic case Oj = a, 7j = 7, the vacuum 
solution ( 2.2C| ) and the matter-dominated solutions ( |2.38| ), ( |2.3g| ) presented in the previous 



37 



subsection can be directly recovered from Eqs. ( p.88|) and ( |2.9C| ), respectively. As before, 
we have invariance under time reflections and under the duality transformation — > a^^, 
'ji — > —ji. In addition, we can now perform more complicated 0{d,d) transformations 
to find anisotropic and non-diagonal pre-big bang backgrounds pO^ ] (the possibility of 
singularity- free solutions, in this context, will be discussed in Section It should be 
stressed, however, that the "0((i, complement" of a standard cosmological solution is in 
general associated to the introduction of an effective viscosity in the matter stress tensor. 



as pointed out in [|318|| . 



To conclude this subsection let us finally report the cosmic-time and conformal-time 
parametrization of the isotropic solutions, in the asymptotic limit of large and small curva- 
ture, both in the S-frame and in the E-frame. 

The small-curvature limit, dominated by a perfect fluid with p/p = 7, has been given 
in cosmic time in Eqs. ( ^.381) , ( |2.39| ). In the conformal time gauge, defined by dt = adrj, we 
obtain 

a(r?) ~ |r?|27/(i-27W), ^^^Zjzlina, p ^ a-''^^+^\ (2.93) 

7 



Instead, the vacuum, dilaton-dominated limit ( |2.20| ) becomes, in conformal time, 

o±(r?) ~ |r?|^^/^^^^^\ 0± ~ Vd(VdTl)lna±. (2.94) 

In the E-frame, the scale-factor and the curvature parameters are obtained through the 
transformation (1.8), (1.11) (the conformal time is obviously the same in both frames). The 



small-curvature limit ( p. 38) ), ( |2.39| ) becomes, in cosmic time. 



a(t)~|tT, ^-J^ ^'";^^i\"'^^ na, p^a'^l^ (2.95) 



where 



'~'VW\~' ' ^"(rf-l)(l + rf7^)- 2(^7-1)- ^ 

In conformal time, 

aE{ri) ~ |r,|-2(7"i)/('i-i)(i-27+^7^). (2.97) 
The vacuum, dilaton-dominated limit ( |2.20| ) becomes, in cosmic time, 



a±(t) ~ 0± ~ ±Y'2c?(d- l)lnS±, (2.98) 

and 

a±{ri) ~ |r/|i/('^-i) (2.99) 

in conformal time. 

The above solutions will be used to discuss the kinematics of the phase of pre-big bang 
inflation (in the next subsection), and to compute the corresponding amplification of the 
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quantum fluctuations (see Section ^ . For the discussion of more general homogeneous so- 
lutions (see for instance ||6^, |5^, we refer the reader to the existing literature, and 
in particular to the detailed phase-space analysis of the string cosmology equations per- 
formed including non-trivial two-form potentials {Bfj^i^ ^ 0), moduli fields, spatial curvature, 
anisotropy, and a cosmological constant in both the matter and the gravidilaton parts of 



the action 85 



2.4 Kinematics of pre-big bang inflation 

The symmetry properties of the string effective action suggest a "self-dual" cosmological 
scenario, in which the Universe evolves from an initial configuration approaching (asymp- 
totically) the string perturbative vacuum [H ^ 0, — > — oo). Such a state, on the other 
hand, is particularly appropriate to provide the initial conditions, because it is unstable 
with respect to the decay into an inflationary phase eventually driven by the dilaton kinetic 
energy. A small inhomogeneity of the perturbative vacuum is indeed sufficient to trigger 
inflation, as we shall discuss in Section ^. Or, keeping homogeneity, a small perturbation 
represented by a constant non-zero energy density is also sufficient. 



In the first models of pre-big bang evolution |l319| , 321 ], such a perturbation was gener- 
ated by a (sufficiently diluted) gas of fundamental strings, as its presence tends to enhance 
the instability of the full system (background fields plus mattere sources). Suppose in fact 
that we look for self-consistent, simultaneous solutions of the gravidilaton background equa- 
tions ( 2.27l )-( p.29| ) and of the string equations of motion (in the same background), obtained 



from Eq. ( ^ ) with fi^j, = 0: 

_ x"f' + r;^^ (x" + X'") (x^ - x'^) = 0, 

g^, (X^X'^ + X'^X"^) = 0, gf.uX'^X"' = 0. (2.100) 

Given a consistent embedding X'^((T, t), the sum over all the stress tensors of each individual 
string, 

^r'^^(x) = f dadrfx^X'^ - X'^X'^\ b'^^^{x - X(c7,r)) (2.101) 

27ra J V ' 

(after an appropriate averaging procedure) provides the effective sources to be inserted into 
the background equations. 

The above system of string and background equations can be solved in a perturbative 



way [ p02| , 303], by imposing the string perturbative vacuum as asymptotic initial conditions 
at t — > — oo. To zeroth order, the background manifold is flat, and the string solutions are 
characterized by |X^| ^ I-^'^'Ij I-'^N = \-X-'^\^ corresponding to a pressureless effective stress 
tensor, Tg = const, = (dust matter, in the perfect-fluid approximation). 

To first order, the background solution thus corresponds to the case 7i = and to the 
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negative branch (x < X-) of Eqs. ( 2.84 )-( 2.86 ), namely 



ai{t) = Oio 
-A = ^ 



t - 2tc 



t 



-ft 



it(t-2tc)r 



75 = ^ = const, 



1/2 



t < 



(2.102) 



{ti are integration constants). Note that t ^ x since p = const, and that we have performed 
a time translation to shift the singularity from x = x^ to the origin. Note also that, at 
t — > —00, the metric is flat and only the dilaton is rolling, cj) ~ — 21n(— t), sustained by a 
constant (pressureless) string energy density p = const, p = (consistently with the chosen 
initial conditions). 

The string equation of state keeps unchanged until a ~ const, namely for |t| ^ tc- 
When t approaches the critical scale —tc, however, the scale factors start rolling and evolve 
towards a final (expanding or contracting) accelerated configuration 



a,(t) ~ (-^)'3^ 



m < 1, 



(2.103) 



reached asymptotically for \t\ <^ tc- When t ~ —tc, therefore, the horizon \H\ ^ starts 



shrinking (see Section |l.3| ) and we know, in that regime, that extended objects become 
"unstable" §5^ |26|, |7|]. In the case of string matter, in particular, we know that the 
asymptotic solutions of the string equations of motion, outside the horizon |314| , |315(| , are 
characterized by \X^\ ^ <C for accelerated expansion (Pi < 0), and by 

^ \X^\ » \X'^\ for accelerated contraction (0 < /3i < 1). As a consequence, the 

string stress tensor ( p.l01| ) satisfies, respectively, the conditions 



rpO ^ rpi 



A <0, 

< A < 1, 



(2.104) 



corresponding to the radiation equation of state (7 = l/d) for accelerated contraction, 
and to its dual (7 = — 1/d) for accelerated expansion. In both cases, the string pressure 
triggers a regime of positive feedback, which enhances the instabilitys and pushes the system 
(background fields plus sources) even further away from the string perturbative vacuum 
}T5|, |3l|, |0|, |0|]. 



When \t\ <C tc, however, the contribution of the matter sources becomes negligible in 
the field equations: a first differentiation of Eq. (2.102) gives in fact 



2ti 



t{t - 2tc 



2{t - tc 
t{t - 2tc 



pe-* 



t{t - 2tc) 



pe-" 



(2.105) 



jJ2 



and then pe'^ <^ ~ (f for t ^ 0-. So, even if the string pressure tends to deviate 
from its initial vanishing value, its dynamical effects eventually become negligible when 
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the background enters the dilaton-dominated regime. The solution (2.102) thus represents 



a rehable description of the coupled system background plus string sources, both in the 
|t| ^ tc and \t\ <^ tc limits, namely in the initial and final regimes, suflaciently far from the 
critical time scale t = tr [p03|| . 



What is important, for the purpose of this section, is that the phase of pre-big bang 
inflation, at low energy, is in general characterized by two possible (connected) branches: an 
initial (model-dependent) phase in which matter (like string, or other sources) are possibly 
important, and a second "vacuum" phase dominated by the dilaton kinetic energy. The 
validity of the low energy solutions stops of course at the string scale, |t| ~ Ag. At that 
point the higher order (loop and a') quantum corrections come into play, but inflation 
can nonetheless continue during a phase of constant curvature and linearly growing dilaton 



[307], appearing as late-time attractor in the high-curvature regime (see Section 

So, in spite of the fact that the inflationary epoch of the pre-big bang scenario is often 
referred to as the vacuum, dilaton-driven phase appearing in the low energy solutions, it is 
important to stress that the total pre-big bang inflationary period possibly contains also a 
phase of "late inflation" at high curvature (as also stressed in [ |466| ]), and a phase of "early 
inflation" driven by matter sources (as also stressed in p24| ]). To discuss the main kinematic 
aspects of pre-big bang inflation, however, it will be sufficient to concentrate our attention 
on the dilaton-driven, isotropic vacuum solutions given by Eq. ( |2.20| ) (or by Eq. (2.94), in 
the conformal-time parametrization). 

For a quantitative estimate of the duration of the inflationary period we observe that 



the ratio r, determined by the flatness problem as in Eq. (1.2), also controls the solution 
of the horizon problem through the ratio 

proper size horizon scale H~^(t) /r,ir^^N 

* r[t), (2.106) 



proper size homogeneous region a{t) 

and that, for a power-law metric a ~ t^, such a ratio scales linearly with respect to the 
conformal time coordinate, 

r ~ t^-^ ~ [ a~^dt ~ T]. (2.107) 



Also, we shall assume that the standard radiation era can be extended back in time down to 
the Planck scale, and that it is immediately preceded by a phase of accelerated expansion. 
At the beginning of the radiation era the horizon size is then controlled by the Planck 
length Ap, while the proper size of the homogeneous and causally connected region inside 
our present Hubble radius, rescaled down according to the decelerated evolution of the 
standard scenario, is unnaturally larger than the horizon by the factor ~ 10^'^ Ap (as already 



remarked in Subsection 1.1). During the inflationary epoch the ratio r must thus increase 
by at least a factor 10'^'^, so as to push the homogeneous region outside the horizon, by he 
amount required by the subsequent decelerated evolution. This determines the condition 

\Vf\/W\ < 10-30, (2.108) 
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where rji and r]f mark, respectively, the beginning and the end of the inflationary period. 

Let us now suppose, for simphcity (and for a more direct comparison between the pre- 
big bang and the standard inflationary scenarios), that at the end of inflation the dilaton 
immediately freezes out, and that the string and Planck lengths have already comparable 
sizes at r] = rjf (which means exp((/)j) ~ 1, according to Eq. (|2.2| )). 

If we go back in time during a dilaton-dominated phase of isotropic superinflation, 

a ^ (-t)-i/v^ ^ ^2.109) 



starting from the string/Planck scale {tf ~ Ag), it follows from (2.108) that the scale factor 
is at most reduced by the factor ai/aj ~ io^'^'^/(^+^'^), corresponding to a homogeneous 
region, which, at the beginning of inflation, is still very large in string units, i.e. at least 

^030v^/(i+v^)^^ (2.110) 

(i.e. ~ 10^^ As for d = 3). This is to be contrasted with the case of standard (although not 
fully realistic) de Sitter inflation, a ~ (— r/)~^, where, going back in time, the scale factor 
during inflation is reduced by the factor 10"'^'^, so that the size of the initial homogeneous 
region is just Ap, like the horizon, which stays frozen during inflation. 

The contrast is even more striking if the initial size ( |2.110| ) is expressed in Planck units, 
since, at the beginning of inflation, the string coupling Qs = exp(0/2) -and thus the Planck 
length Ap~ is reduced with respect to its final value (Ap ~ Ag) by the factor 



9s[m) _ Mm) _ 

9s{rif) Ap(r/f) \rjiJ 



....... < 10-15-^, (2.111) 

9s{Vf) Ap(r//) \riiJ 

so that the lower bound ( |2.110D for the size of the initial region can be written as 

]^QV^{45+15v^)/(l+v^);^p (2.112) 

(i.e. ~ 10^5 Ap for d = 3). This, by the way, is exactly the initial size evalued in the E- 
frame where Ap is a constant, and the pre-big bang phase is represented as a contraction. 



according to Eq. (2.99). 



One might think that, in such a case, the situation is not much better than in the case 
of non-inflationary cosmology, where one finds that the initial size of the homogeneous part 



of our Universe is greater than 10 Ap [394|. It should be noted, however, that without 



inflation the initial homogeneous region has to be much bigger than the horizon. In the 
pre-big bang scenario, on the contrary, the initial homogeneous region is large in Planck or 



string units, but not larger than the horizon itself [286] . Indeed, during superinflation, the 
horizon scale shrinks linearly in cosmic time. As we go backwards in time, in the particular 
example that we are considering, the horizon increases by the factor Hr^/Hj^ = (ti/tf) = 
{r]i/rif)^/^^+^\ so that, at the beginning of inflation, ~ io30v^/(i+v^)Ap, i.e. the 
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initial horizon size is just the same as that of the homogeneous region (|2lT0D (as also 
illustrated in Fig. |1.3|). 



In this sense, the initial state of pre-big bang inflation is similar to the one of the standard 
inflationary scenario. In one case, however, the initial horizon is large in Planck units; in 
the other case it is of order 1, as an obvious consequence of the different curvature scales 
at the beginning of inflation. The question about the naturalness of the initial conditions 
(see the next section) thus seems to concern the initial unit of length used to measure the 
size of the initial homogeneous domain: Should we use the Planck (or string) length, or the 
classical radius of the causal horizon? 

The Planck length certainly provides natural units for the size of the initial homogeneous 
patches when initial conditions are imposed on a cosmological state approaching the high- 
curvature, quantum-gravity regime. In the pre-big bang scenario, however, initial conditions 
are to be imposed when the Universe is deeply inside the low-curvature, weak-coupling, 
classical regime. In that regime, the Universe does not know about the Planck length, and 
the causal horizon seems to provide a natural candidate for the initial homogeneity 
scale. It should be noted, to this purpose, that the formation of a large homogeneous 
domain is not prevented by the amplification of quantum fluctuations |343|. However, 



classical inhomogeneities, not normalized to a vacuum fluctuation spectrum, may require a 



constraint on the duration of inflation stronger than Eq. ( 2.108| ), as recently pointed out in 



Note also that a large (homogeneous) Hubble horizon, if we assume the saturation of 
the holographic bound [|375|] applied in a cosmological context |604], implies a large initial 



entropy S ~ (horizon area in Planck units) and corresponds, in a quantum context, to 
a small probability that such configuration be obtained through a process of quantum 
tunnelling (proportional to exp[— 5]). In the context of the pre-big bang scenario, however, 
quantum cosmology effects, such as tunnelling or reflection of the Wheeler-De Witt wave 
function, are expected to be important towards the end of inflation, and not the beginning, 
as they may be effective to exit, eventually, from the inflationary regime (see Section |9|), not 
to enter it, and to explain the origin of the initial state. A large entropy of the initial state, 
in the weakly coupled, highly classical regime, can only correspond to a large probability of 
such a configuration (proportional to exp[-|-S']), as expected for classical and macroscopic 
configurations. 

The naturalness of the initial conditions will be discussed in Section ^. Here we note, 
to conclude this subsection, that an initial state characterized by a set of large (or small) 
dimensionless parameters, determined by a large initial horizon scale H~^, is an unavoidable 
aspect of all models in which inflation starts at scales smaller than Planckian. In the 
standard scenario, where observational tracks of what happened before the Planck epoch 



are washed out, one may regard as unnatural |394] having an initial homogeneity scale of 



order H ^ whenever H is very small in Planck or string units. In the context of the pre-big 
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bang scenario, however, the phenomenological imprint of the Planck epoch is not necessarily 
washed out by a long and subsequent inflationary phase. The pre-Planckian history may 
become visible, and the sub-Planckian initial conditions are accessible, in principle, to 
observational tests, so that their naturalness can also be analysed with a Bayesan approach. 



in terms of "a posteriori" probabilities, as in |129| (see also jl70| , 171, 168| for a discussion 
of "generic" initial conditions in the pre-big bang scenario). 



2.5 Frame-independence: Which is the "right" metric? 



As already stressed in the previous discussion, and explicitly computed in Section 1.3, an 
S-frame inflationary solution of the string cosmology equations, when transformed to the 
E-frame, tends to describe a phase of accelerated contraction. This is strictly true only 
for isotropic backgrounds because, if the metric is anisotropic, and there is a large enough 
number of (S-frame) contracting dimensions, the other dimensions may keep expanding 
(and accelerated) in both frames. 

Consider, for instance, the S-frame vacuum solutions ( 2.22| ), corresponding to d expand- 
ing and n contracting dimensions. When expressed in terms of the E-frame metric g, and 
in the cosmic time gauge, through the transformation 



-20/(d+n-l)^ dt = dte~^l^''+^-^\ ^=<t>( ( 

\d + n — 1/ 



2.113) 



(which generalizes to the anisotropic case the transformations of Eqs. ( |l.8D , ( l.llp ), the 
solution becomes 



a{t) = [-t)' 



/d-\-n{d-\-n)-\~d — n 



d + n-l 



h{t) = (-t) ^ 

{n-d- ^/d + n){d + n-l) 
+ n{d + n) + d — n 



2d-l + \/d+n 



In(-t). 



(2.114) 



The expanding part of the solution thus remains expanding (and inflationary a > 0, a > 0) 
even in the E-frame, provided 2n > 1 -1- \/d + n. Note that, for d = 3, this condition is 
compatible with the condition of growing dilaton, n < d + \/d + n, only for n = 1. 

However, isotropic (n = 0) metrics in the E-frame are contracting. This does not 
represent a difficulty for the pre-big bang scenario because the contraction is accelerated, 
a < 0, a < 0, and thus corresponds to a phase in which the ratio r decreases in time, as 
required for the solution of the horizon/flatness problems (see Sections L3 and ^.4]) . In 



particular, if the phase of accelerated expansion is long enough to solve the problems in the 
S-frame, according to Eq. ( 2.1081) , then the problems are also solved in the E-frame |320|, 
since the conformal time is the same in both: 



dr] 



dt 



dt 



i{t) a{t) 



dr}. 



(2.115) 
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Furthermore, as we will see in Section 4.1, the spectral distribution of the metric fluctuations 
amplified by inflation is also the same in both frames [ |32[1| , 321]. 

Such a frame independence of the inflationary aspects of the pre-big bang solutions also 
extends to the string-driven (and, more generally, matter-dominated) solutions presented 
in the previous subsection. 

Suppose, in fact, that we start, at some initial time tj, with a distribution of strings 
characterized in the S-frame by a packing factor (average distance/average size) of the order 
of unity, and with sufficiently small interactions to represent a perfect fluid source for the 
super inflationary solution ( 2.38| ), ( p.39| ), with 7 = — l/d. In the S-frame, where the metric 
a is expanding, the perfect-fluid approximation is also valid at any subsequent time t > ti, 
as the number of strings per unit of string volume n{t) is diluted in time by the factor 
n/rii = {oi/aY < 1- In the E-frame the metric a is contracting, but the string's proper size 
L{t) shrinks with time as L = {a/a)Xs. As a consequence, the number of strings per unit of 
string volume scales as n{t) = (L/Ag)'^ a~'^ = a~'^, and it is again diluted as time goes on. 



exactly by the same amount as in the S-frame [321]. 

With similar arguments it can be shown that the heating up of the string gas with 
respect to the radiation, which is easy to understand in the S-frame where the metric is 
expanding and the radiation is redshifted, also occurs in the E-frame, in spite of the fact 



that the radiation is blueshifted because of the contraction 320 ]. 

Using the standard thermodynamical arguments (see for instance [318]) we find indeed, 
for the perfect-fluid sources with p/ p = 7, generating the solution ( 2.3^ ), that their tem- 



perature satisfies ~ a^'^'''. On the other hand, p-y ~ a^'^^'^^'~<\ In the S-frame the 
radiation (7 = l/d) is thus supercooled and diluted with respect to the (string) sources that 
drive infiation (7 < l/d), 

^ = ^ ~ a'-'^ (2.116) 

J J. Pj- 

since the metric is expanding. 

In the E-frame the fiuid sources satisfy a modified conservation equation. 



p + dH{p + p) 



1 



v/2(d-l 



--(j){p — dp) = 



(2.117) 



(the dots refer to the E-frame cosmic time t), obtained from Eq. ( 2.31 ), with p defined 
in Eq. ( ^.96 ). The radiation, which has a traceless stress tensor, still evolves adiabati- 
cally, but now its temperature is blueshifted because of the contraction: Tr ~ a~^. The 
effective temperature of the other matter sources is also blueshifted, however, and using 
thermodynamical arguments we obtain ]p20(] , from Eq. ( |2.117 ): 



Pj- ^ a'^('i-i)(«f7-i)/{7-i)_ 



(2.118) 
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For the sources of the inflationary S-frame expansion we have 7 < 0, so that even in the 
E-frame the above ratio is growing, with a corresponding cooling down and dilution of the 
radiation density (with respect to the density of the inflationary sources). 

There is thus a complete frame-independence for the physical eff'ects of the inflationary 
solutions of the pre-big bang scenario. This can also be understood as an invariance of 
physics under a local field redefinition. Different frames are just related by a local (field- 
dependent) conformal transformation of the metric. No physical observables should depend 
on it, and this is what we shall find whenever we push a calculation to its very end (see also 
[19| for a recent discussion of this point). Further help is provided by the fact that, at late 



times, when the dilaton is frozen, all frames actually coincide. 

Yet it is true that, in developing some physical intuition, there are important kinematical 
differences in different frames, as also stressed by the examples illustrated before. Inflation 
in the S-frame, for instance, can be represented as gravitational collapse in the E-frame 
(see the next section). We think that the S-frame (whose metric coincides with the sigma- 
model metric to which fundamental strings are directly coupled, see Section |2.2| ) is the one 
offering the simplest intuitive picture of how things evolve and work. The following three 
main points support this attitude. 

The first point concerns the ultraviolet cut-off. The string metric is the one in which 
the ultraviolet cut-off of string theory is kept fixed, i.e. does not depend on the dilaton (at 
least in perturbation theory). This can be easily seen from the form of the tree-level action 
in the S-frame, in d = 3, in which we include a typical higher-derivative correction, a' B?: 

= j <fx ^\e-^ (r + g^''d^^d,<P + a'R^) . (2.119) 

Obviously, higher-derivative corrections become relevant, in this frame, as soon as i? ~ Ag"^ 
and independently of (p. By contrast, the equivalent E-frame action would read: 



= / (fx ^\g\ ( R - -r''d^ct>d,cl) + a'e-'^R^ ) . (2.120) 



indicating that higher-derivative corrections become relevant at R ~ \~'^e^ , which is again 
the (dilaton-dependent) string scale expressed in Planck units. 

The second point concerns masses. Tree-level string masses are dilaton-independent in 
the S-frame, but depend on (/> in the E-frame since the S-frame relation g^'^Pf_iPu = w-^ 
becomes g^^p^Pv = m?e'^ in the E-frame. 

The third point concerns couplings. It is only an illusion that, by going to the E-frame, 
we make the Newton constant Gn dilaton-independent. The physical quantity is not so 
much Newton's constant but the gravitational force, say between two heavy strings. The 
force will be proportional to Gjs[mim2- In the S-frame, masses are dilaton-independent 
and Gat ~ e"^, while, in the E-frame, Gat is fixed but all masses scale like e*/^ The same 
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physical result is obtained for the gravitational force but, clearly, it is much more economical 
to attribute the dilaton dependence of Newton's force to Newton's constant rather than to 
a universal dilaton dependence of all masses. We think that this is a good example of how 
physics is frame- independent, while our own physical intuition may prefer one frame to the 
other. 

For all these reasons we shall interpret our results mainly in the string frame. Nonethe- 
less, we shall often use other frames at intermediate stages of the calculation, to make it as 
simple as possible. 



3 Initial conditions 

We have already mentioned that, in standard non-inflationary cosmology, initial conditions 
have to be fine-tuned to an incredible accuracy in the far past (i.e. at t ~ ip ~ 10~^^ s), 
or else it is impossible to explain some of the most striking properties of today's Universe, 
such as its homogeneity and flatness. 

In the pre-big bang scenario, having extended time to the past of the big bang event can 
certainly help solving the fine-tuning problems of standard cosmology: after all, most of 
these come from a "shortage of time" for things to happen early on after the big bang. Yet 
it is important to discuss the conditions under which a pre-big bang phase can naturally 
generate a patch that can evolve into the Universe we live in. In other words: What does 
the fine-tuning problem look like if, accepting hints from scale-factor duality, we assume 
perturbative, yet generic, initial conditions? 

In this section we shall address this kind of questions by considering, for simplicity, a class 
of space-times endowed with a regular (time-like and null) asymptotic past, and by imposing 



on these geometries a condition of asymptotic-past-triviality (APT) (see Subsection 3.2). 
We are aware of the fact that this is already a schematization of a more general set-up 
where one would simply assume that the Universe, almost everywhere and almost all the 
time, is in a chaotic, highly entropic perturbative state in which the arrow of time itself is 
ill-defined. Within such a more general set-up a mechanism for generating a low-entropy 
subsystem has to be found, so that, within this subsystem, a time arrow (the direction of 
increasing entropy) can possibly be identified, and the organized Universe we happen to be 
living in can develop. 



We shall argue in Subsection |3.3| that such a mechanism can be identified in the well- 
known phenomenon of gravitational collapse, and that the low-entropy region corresponding 
to our own Universe lies in the interior of the closed trapped surface that emerged from the 



collapse. We shall illustrate in Subsection 3.4 the particular cases of spherical and planar 



symmetry, comment on the problem of chaotic oscillations in Subsection |3.5|, and finally 



present our conclusion on the fine-tuning problem in Subsection 3.6 
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In our simplified approach we will treat one of these regions as representing, by itself, 
the full space-time manifold. Such a simplifying procedure is by no means new in general 
relativity: asymptotic flatness (asymptotic spatial triviality, in our terminology) is often 
assumed in order to prove rigorous theorems. Yet, causality guarantees that the collapse of 
a star within our galaxy can only depend on local conditions, and this allows for a simplified 
treatment of the problem. 

In a similar spirit we shall assume that the dynamics that gave rise to our Universe can 
be approximately described by a space-time with an asymptotically trivial past. Thanks 
to gravitational instability, this evolved towards the formation of a closed trapped surface 
and of a space-like singularity of the big bang type. Assuming that the actual singularity is 
avoided, thanks to string corrections to general relativity, this process may give rise, even- 
tually, to a (post-big bang) phase resembling the one of standard hot big bang cosmology. 

In the next subsection, to approach the question of whether our present Universe may 
arise from generic initial conditions, we will relax the homogeneity assumption adopted in 
Section |2| and consider more general solutions of the string cosmology equations. 



3.1 Quasi-homogeneous and inhomogeneous solutions 



If we want to explain the large-scale homogeneity and isotropy of our Universe out of a cos- 
mological phase preceding the big bang, we have to consider the case of non-homogeneous 
cosmologies with the hope to find homogeneity, isotropy, and flatness as asymptotic features 
of late-time attractors. The question, in particular, is how to obtain space-time manifolds 
where spatial gradients are subdominant with respect to time derivatives, starting from 
initial conditions in which they are of the same order. In a rather commonly used ter- 
minology, we would like to see "velocity-dominated" cosmologies emerge, at late times, 
from non-velocity-dominated initial conditions. This is what ordinary, slow-roll inflation 
supposedly does. 

If we start from very generic inhomogeneous conditions, it is conceivable that, as in the 
case of chaotic inflation | 439 |, only some spatial patches will end up exhibiting the required 
homogeneity and flatness to be consistent with our Universe, while inhomogeneity and 
anisotropy will prevail almost everywhere else. In the context of such a type of background 
evolution it is clear that, as a necessary preparatory exercise, we need to understand the 
nature of solutions that are not too inhomogeneous, leaving momentarily aside the problem 
of showing how patches of this kind may emerge at late times. 



Such a program was started in |602] and further extended in |134]. The analysis per- 
formed in 1 60S] was based on the general equations for the gravidilaton system in D = 4, 
together with the assumption of regularity at past infinity. It was shown that, on a constant- 
time hypersurface (defined in the synchronous gauge), sufficiently isotropic initial patches 
with Vg ~ g and with a growing dilaton would inevitably expand, in the S-frame, and evolve 
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towards homogeneity and strong coupling. Within those patches, a rehable expansion in 
spatial gradients |75| can be justified, the evolution quickly becomes velocity-dominated, 
and a Kasner-like singularity is approached according to the following generalization of the 
solution p:88D , ( p9| ): 



log(-t), 



l = 5]af(x), t<0. 



(3.1) 



If the above equations represented a general quasi-homogeneous solution, the Z2 gener- 
alization of scale-factor duality would be explicitly respected in the form ai{x) — > — aj(x) 
(for any subset of indices i), while keeping all ef{x) and (j) fixed. However, the momentum 
constraints still have to be imposed on Eq. (^]^): they are trivial in the homogeneous case, 
but quite non-trivial in the presence of spatial gradients. These constraints preserve the 
simplest scale-factor duality [ai{x) — > — aj(x) for all i], but explicitly break its Z2 general- 
ization ]134| . The full symmetry is expected to be recovered as the solution approaches the 
singularity. 

The (S-frame) local expansion rate, for the above metric, is given by the trace G of the 
volume expansion tensor Q^^, | 615 |, 

Ei aiix) 



h 



G = h^'^'Q 



t < 0, (3.2) 



where is the unit time-like vector normal to the (space-like) homogeneity hypersurfaces. 
Under the Kasner constraint of Eq. (^]^), it is clear that the maximal rate of expansion 



is reached where all are equal and negative |602]. Hence the most isotropic patches are 
infiated most during this Kasner-like phase, suggesting that most of the space becomes 
fairly homogeneous and isotropic. This is true in spite of the fact that, unlike in ordinary 



inflation, the modulus a of the shear tensor |615| 



1 

—a 



a 



G 



-Qh 



(3.3) 

(unless higher-order 



is not washed away as a Kasner-like singularity is approached 
corrections play an important role in this respect p33| ] ) . 

In a subsequent work [134| these arguments were generalized in several directions. First, 
the equations were extended to an arbitrary number of dimensions, showing that in D 7^ 4 
no qualitatively new results emerge: in particular there is no critical value of D below 
which the phenomenon of BKL oscillations (to be described in Subsection |3.5| ) takes place. 
Secondly, quasi-homogeneous solutions were constructed with the inclusion of the NS-NS 
two- form B^i^: again, they look very similar to the known homogeneous solutions, provided 
the exponents are allowed to depend on space. The only non-trivial point consists, again, 
in imposing the momentum constraints that explicitly break 0{d,d) symmetry. 
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The case of a quasi-homogeneous axion field in D = 4 was also considered in |134|. 
Since the axion and Bj^^i, are related by a (Poincare) duality transformation that mixes 
space and time, this case is genuinely different from the one discussed above. Actually, 
the case of a homogeneous axion shows interesting new features, such as the blowing up of 
the dilaton both at very late and at very early times. These results, however, have to be 
taken with much precaution since some of the approximations may break down before such 
strong-coupling regimes are entered. 



In [ |134| ] a conjecture was made that, as one approaches past infinity, there is a wide basin 
of attraction towards a trivial Milne geometry, which is nothing but a wedge of empty, 
flat Minkowski space in convenient coordinates. If this conjecture were true, we would 
conclude that the asymptotic past of pre-big bang cosmology is indeed trivial. However, 
the conjecture was proved not to be quite correct |167, 423], through the construction of 
exact inhomogeneous solutions of various kinds. Only some of them exhibit a Milne- like 
behaviour at very early times, while, more often than not, the asymptotic past consists of 
weakly interacting waves, endowed with the symmetries of the solutions, travelling on top 



of a trivial background | 167 , 423 , |629| . Examples of this kind were constructed by various 
techniques. 

In the case of cylindrical symmetry, exact, non-homogeneous and anisotropic solutions, 
containing both a dilaton and an axion fields, were already discussed in |61]. Up to a 
trivial time-reversal transformation, those solutions approach, near the late-time, a special 
case of the background while, at very early times, an oscillatory behaviour prevails. 

The authors of |61| have also discussed symmetry properties of the solutions under 0{d,d) 
duality transformations. 

Inhomogeneous, cylindrical backgrounds for the bosonic massless modes of heterotic and 
type-IIB superstrings have also been obtained [ |247| ] by applying T- and 5-duality transfor- 
mations (as well as the usual Geroch transformations) to vacuum solutions of the Einstein 
equations exhibiting a two-dimensional group (G2) of Abelian isometrics. The inhomoge- 
neous, string theory version of the Mixmaster (Bianchi-IX-type) cosmology, in particular. 



has been presented in |247| . Other inhomogeneous Einstein-Rosen string cosmologies were 
studied with a similar technique in [167|, by applying the global duality symmetries of 
the superstring effective action to homogeneous models of Bianchi-y//j-type. Again, in 
these solutions, the conjecture of an asymptotic-past Milne metric is not usually satisfied. 
New inhomogeneous string cosmologies were also obtained in [ [436(| by applying a discrete 
(mirror-like) symmetry of the string effective action to = 4 to vacuum solutions of general 
relativity. 

On a more phenomenological ground, an interesting model containing a spherically sym- 
metric inhomogeneity was studied at the non-perturbative level in [32|. Such a treatment 
allows the investigation of primordial black hole formation in string cosmology, an issue 
that we shall reconsider in the context of tensor perturbations in Section ^ (see also [|437|] ) . 
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The question of how robust the existence of inflationary solutions is, in the presence of 
various axion-like backgrounds, was addressed in |248|; it was shown that in some cases the 



parameter space leading to inflation shrinks down to the empty set. Such a phenomenon 
may well be related to the generic existence of chaos and BKL oscillations, which will be 
discussed later, in Subsection |37 



The question of the asymptotic-past behaviour of inhomogeneous string cosmology was 



addressed in general in [423] within G2 space-times, admitting two Abelian space-like Killing 
vectors. Once more, the asymptotic past, rather than empty and Milne-like, was found to 
contain weakly interacting waves. The inclusion of a Maxwell field was finally considered 
in ]629| ] : even in this case, while the behaviour near the singularity is Kasner-like, the 
asymptotic past is filled with weakly interacting gravitational, dilatonic, and electromag- 
netic waves. 

As a general remark all these special, exact, non-homogeneous solutions (and general, 
quasi-homogeneous solutions) can shed important light on the evolution of perturbations 
discussed in Sections ^-|^, in particular when perturbation theory becomes inadequate. We 
shall occasionally make use of this connection later in this report. The conclusion that we 
wish to draw, for the time being, is that a simple structure in the asymptotic past (although 
not necessarily as trivial as Milne's) can be consistently assumed for the generic solution. 
This suggests to replace the assumption of past regularity by a somewhat stronger postulate, 
that of asymptotic past triviality. Such a concept will be introduced and developed in the 
rest of this section. 



3.2 Asymptotic past triviality and symmetries 



We start from the general postulate that the pre-collapse, pre-big bang evolution of the 
Universe can be described in terms of the low-energy, tree-level action of string theory. 
Taking a generic closed superstring theory, this reads (see Section ^): 



S 



9\ e 



2 A 



(3.4) 



where dB is the (three- form) field strength associated with the antisymmetric tensor B^j^. 
A further simplification comes from assuming that we are dealing with so-called critical 
superstring theory, the case in which the tree-level (and actually the all-order-perturbative) 
cosmological constant A vanishes. This requires a total of Z? = 10 space-time dimensions 
[|346[| . If Z) 7^ 10 there will indeed be an effective cosmological constant 0(A~^) preventing 
the existence of any low-curvature solution of the field equations. 

Equation ( |3.4D receives corrections eit/ier when curvatures become 0(Ag~^), or when the 
coupling e*^ becomes 0(1). If such corrections are both negligible, it sometimes becomes 
useful to perform a change of variable by going to the E-frame, already introduced in the 
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previous sections. In general, this is done by defining |575, 615|: 



(3.5) 



Using the Einstein metric g (and dropping the tilde), the result for the action (p.4|) is simply: 



-A 



l-d 



R 



1 -^c 

p d-\ 

12 



\dBf 



where Ap ^ 



Q'i>o\d 1 jg ^]^g present value of the Planck length, if we take 
with the present (constant) value of the dilaton. 



(3.6) 



to coincide 



Although the use of the E-frame could simplify some calculations, and we shall see ex- 
amples of this below, it should be kept in mind that the form of the corrections is no longer 
so simple. For instance, as already stressed at the end of Section |2|, higher-derivative cor- 
rections become important when the E-frame curvature is 0(Ap^e^-i''^ = A~^), i.e. when it 
reaches a dilaton-dependent critical value. Similarly, having a constant Newton "constant" 
in this frame is a mere illusion, because (even tree-level) string masses now depend upon <p 
(as already illustrated in Subsection |2.5| ). For these reasons, although physical results are 
frame- independent, we shall always describe them with reference to the original S-frame 
metric in which the string length Ag is constant. 

Let us finally remark that the two frames coincide today if the dilaton is eventually 
fixed at its present value (j)Q. Similarly, as we shall see, the assumption of APT leads to 
a very large and negative value of the initial dilaton which, if finite, would also allow the 
identification of the two frames in the far past. However, the two E-frames that coincide 
with the S-frame at t = ±00 differ from each other by an enormous conformal factor, i.e. 
by a huge blowing-up of all physical scales. 

The classical equations that follow from varying (3.4) or ( |3.6| ), besides being generally 
covariant, are also invariant under a two-parameter group of (global) transformations acting 
as follows: 

^ + c, 9iJ.u ^ >?9tiv, (3.7) 

where A and c are constant parameters (using general covariance, the latter symmetry is 
also equivalent to an overall rescaling of all the coordinates). Indeed, both actions are 
simply rescaled by a constant factor under this group. Note that these two symmetries 
depend crucially on the validity of the tree-level, low-energy approximation, and on the 
absence of a cosmological constant. Loop corrections clearly spoil invariance under dilaton 
shifts, while lower-derivatives (a cosmological constant) or higher-derivatives (a') corrections 
spoil invariance under a rescaling of the metric. The importance of dealing with critical 
superstring theory now becomes evident: if wewould consider non-supersymmetric string 
theories, a cosmological constant would almost certainly be generated at some finite order 
of the loop expansion, which would change completely the large-distance properties and 
would spoil the symmetries of the field equations. 



52 



The immediate consequence of the above two symmetries is that solutions of the field 
equations depend on two free parameters, a dimensionless one related to the overall value 
of (j), and a dimensionful one corresponding to an overall length scale. As a consequence, 
neither the value of the fundamental string length nor that of the Planck length are of 
relevance to the classical solutions. The importance of this point on the issue of fine-tuning 
will become clear later in this section. 

Only if (and when) the solutions are driven into the high-curvature regime will higher- 
derivative corrections (involving the string length) will become relevant and break scale 
invariance. The analysis presented in this section can only be trusted up to this point, or 
until the strong coupling regime is reached. Which of the two limitations will be reached 
first depends, in turn, on the two above-mentioned classical moduli. For sufficiently small 
initial coupling the high-curvature regime is encountered first, while, for sufficiently small 
initial curvature, the opposite is true. Both possibilities will be discussed in the last part 
of this report (see Section P). 

As already mentioned, the way we now introduce (and exploit) the concept of APT 
in string cosmology parallels the familiar use of "asymptotic flatness" in general relativ- 
ity |9^, |545| , |513| ]. In both cases some assumption of asymptotic simplicity is made, the 
asymptotic past in our case, spatial infinity in the more familiar case. It seems indeed 
physically (and philosophically) satisfactory to identify the beginning with simplicity. How- 
ever, simplicity should not be confused with complete triviality: a rigorously empty and 
flat Universe, besides being uninteresting, is also very special, i.e. non-generic. By con- 
trast, asymptotically trivial Universes, though initially simple, are also generic in a precise 
mathematical sense that we shall now discuss. 

In the weak-coupling, small-curvature, low-energy regime under consideration, all heavy 
string modes can be integrated out, and one is left with an effective theory of the massless 
fields. Some of these fields, the graviton, the dilaton, and the NS-NS two-form, are always 
present. Others (e.g. gauge fields and higher-order forms) may vary, depending on the 
particular superstring theory under study or, in an M-theory perspective, on the particular 
M-theory vacuum around which the generic solution is looked for. 

For the moment, let us restrict our attention to those three universal massless fields 
whose low-energy small-coupling dynamics is controlled by the effective action ( |3.4[ ). The 
general solution of the field equations, in this regime, will consist of an arbitrary linear su- 
perposition of (long-wavelength) gravitational, dilatonic and axionic waves. From the point 
of view of target space (taken here, for the sake of illustration, to be (3 + l)-dimensional), 
the generic solution depends upon four arbitrary functions of three coordinates p:25(| related 
to the metric, plus two more each for the dilaton and for the axion field associated to B^j^. 
We will now see how these arbitrary functions appear in the asymptotic expansion of our 
fields. 

Let us assume, in accordance with APT, the existence, in the far past, of Bondi-Sachs- 
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like coordinates r,v,6,ip in which our fields, as r — > oo, take the asymptotic forms ||9^, 545 1 



Qfjiv = r]f,u + — — h ... , (3.8) 

and let us count the number of arbitrary functions needed to specify our initial data up to 
gauge transformations. This problem has been widely discussed in the general relativistic 
literature and the result (up to functions of less than three coordinates) is the one we have 
mentioned: a total of 4 + 2 + 2 = 8 functions of three coordinates are needed (see for instance 
PI). 



Interestingly, there is an exact correspondence between this "target-space" counting and 
a "world-sheet" counting. In the latter, those eight arbitrary functions correspond to eight 
arbitrary functions of three-momentum entering the most general physical (i.e. on shell) 
vertex operator describing gravitons, dilatons, and the antisymmetric tensor field (which, 
in four dimensions, is equivalent to a pseudoscalar, also called Kalb-Ramond axion). It 
is amusing to compare this number with that of marginal operators, able to deform the 
trivial conformal field theory on a fiat target space into another conformal theory. These 
are associated with physical vertex operators for the graviton, the dilaton and the NS-NS 
two- form (see for instance |346|). It is easy to verify that such (1,1) vertex operators depend 



on the same number of arbitrary functions as our APT data. 

For instance, a physical graviton is associated with a vertex operator depending on two 
physical-polarization vectors, each of which depends arbitrarily upon the three-momentum 
of the on-shell graviton |34(j| ] : 

^iav = e\k)^,dX^'dX''e"'-'', i = 1, 2. (3.9) 

Similar considerations apply to the dilaton and two-form vertex operators. They lead to a 
total number of eight functions of space, needed to define the most general deformation of 
the conformal field theory around its fiat space-time limit. 

From this point of view we see that APT conditions are generic, in a technical sense. 
Yet APT is not a general property of initial conditions. For instance, it looks as if, by 
choosing APT, we have eliminated the possibility of "white holes", objects that can emit 
but not absorb matter and that could possibly violate the second law of thermodynamics. 
In a sense, by our APT postulate, we are enforcing the second law, at least in that part of 
space-time that will give rise to our Universe. 



3.3 Pre-big bang inflation as gravitational coflapse 

For simplicity, we will only illustrate here the simplest case of gravidilaton system already 
compactified to four space-time dimensions. Through the field redefinition (|3.5| ), our prob- 
lem is reduced to the study of a massless scalar field minimally coupled to gravity. It is 
well known that such a form of matter cannot give infiation (since it has positive pressure). 
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Instead, it can easily lead to gravitational collapse. Thus, in the E-frame, the problem 
becomes that of finding out under which conditions gravitational collapse occurs, if asymp- 
totically trivial initial data are assigned. Gravitational collapse usually means that the 
(Einstein) metric (hence the volume of 3-space) shrinks to zero at a space-like singularity. 
However, typically, the dilaton blows up at that same singularity. Given the relation (3.5) 



between the Einstein and the (physical) string metric, we can easily imagine that the latter 
blows up near the singularity, as implied by the phase of dilaton-driven inflation illustrated 
in Section 

How generically does a gravitational collapse take place? Let us recall the singularity 
theorems of Hawking and Penrose [514, 372 1, which state that, under some general assump- 



tions, singularities are inescapable in general relativity. Looking at the validity of those 
assumptions in the case at hand, one finds that all but one are automatically satisfied. The 
only condition to be imposed is the existence of a closed trapped surface (a closed surface 



from which future-directed light rays converge). Rigorous results [163] show that this condi- 
tion cannot be waived: sufficiently weak initial data do not lead to closed trapped surfaces, 
to collapse, or to singularities. Sufficiently strong initial data do. But where is the border- 
line? This is not known in general, but precise criteria do exist for particularly symmetric 
space-times, e.g. for those endowed with spherical or plane symmetry (see Subsection |3.4D . 

However, no matter what the general collapse/singularity criterion will eventually turn 
out to be, we do know, from the classical symmetries described in the previous subsection, 
that such a criterion cannot depend either on an overall additive constant in (j), or on an 
overall multiplicative factor in g^j^. 



A characterization of APT initial data can be made [12£] following the pioneering work 
of Bondi, Sachs, Penrose, and others. Since our initial quanta are assumed to consist of 
massless gravitons and dilatons, their past infinity is null: it is the so-called I~ boundary of 



the Penrose diagram (see Fig. 3.1). APT means that dilaton and metric can be expanded 
near Z~ in inverse powers of r ^ oo, while advanced time v and two angular variables, 9 
and 93, are kept fixed. We shall thus write: 

<^(x^) = 0o + ^^^ + o(i), (3.10) 



= V,. + '"^ ■ (3.11) 

The null wave data on I~ are: the asymptotic dilatonic waveform f{v, 9, ip), and two polar- 
ization components, f+{v,9,if) and fx{v,9,ip), of the asymptotic gravitational waveform 
ffiu{v,9,ip), whose other components can be gauged away. The three functions /, /+, fx 
of V, 9, (f are equivalent to six functions of r, 9, ip with r > 0, because the advanced time v 
ranges over the full line (— oo,+cxd). This is how the six arbitrary functions of the generic 
solution to the gravidilaton system are recovered. 
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Figure 3.1: Penrose diagram for a possible model of complete string-cosmology scenario. 
Of particular interest here are the so-called News functions, simply given by 

N{v,e,ip) = d,f{v,e,ip), N+ = d,f+, Ny,=d^f^, (3.12) 

and the "Bondi mass" given by: 

M_ (^) = ^ / dF^M. {v,e,^), = - (1 - ^M^Mi^^ + ^ (7) • (^-^^^ 

The Bondi mass and the News are connected by the energy-momentum conservation equa- 
tion, which tells us that the advanced-time derivative of M_ (v) is positive-semidefinite, and 
related to incoming energy fluxes controlled by the News: 



dv 



J d^n (iV^ + Nl+ Nl'^ . (3.14) 



The physical meaning of M_ (v) is that it represents the energy brought into the system 
(by massless sources) by advanced time v. In the same spirit, one can define the Bondi 
mass M_|_(u) at future null infinity It represents the energy still present in the system 
at retarded time u. If only massless sources are present, the so-called ADM mass is given 
by 

M_(+oo) = M+{-oo) = Madm , (3.15) 

while M_(— 00) = 0, and Af+(-|-oo) = Mq represents the mass that has not been radiated 
away even after waiting an infinite time, i.e. the mass that underwent gravitational collapse 



[164]. Collapse (resp. no-collapse) criteria thus aim at establishing under which initial 



conditions one expects to find Mq > (resp. Mc = 0). 
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Since, as we shall see in the particular case of spherical and planar symmetry, collapse 
criteria i) do not involve any particularly large number, and ii) do not contain any intrinsic 
scale, but just dimensionless ratios of various classical scales, we expect: 



• Gravitational collapse to be quite a generic phenomenon. 

• Nothing to be there to fix either the size of the horizon or the value of (j) at the onset 
of collapse. 

Generically, randomly, chaotically, some regions of space at some moment in time will 
undergo gravitational collapse and will form horizons and singularities therein. When this 
is translated into the S-frame, regions of space-time within the horizon actually undergo a 
period of infiation in which the initial values of both the Hubble parameter and (p are left 



arbitrary. In Subsection 3.6 we shall see that such an arbitrariness provides an answer to 



the fine-tuning allegations that have been moved [588, 394 1 to the pre-big bang scenario. 
Before dealing with that issue, however, we shall discuss in the following two subsections 
cases endowed with special isometrics, for which much more is known than for the general 
case. 



3.4 The case of spherical and planar symmetry 

In the spherically symmetric case, many authors have studied the problem of gravitational 
collapse of a minimally coupled scalar field, both numerically and analytically. In the 



former case we should recall the existence of well-known results |161| pointing at mysterious 
universalities near critical collapse (i.e. at the borderline situation in which the collapse 
criteria are just barely met). In this case, a very small black hole forms. This is not the case 
we are really interested in, for the reasons we just explained. We shall thus turn, instead, 
to what happens when the collapse criteria are largely fulfilled. For this we make use of the 



classical results presented in |163| , 164 , 165 , 16£] 



In the case of spherical symmetry there are no gravitational waves, so that null wave 
data consist of just an angle-independent, asymptotic dilatonic waveform f{v), with the 
associated scalar News A^(i') = f'{v). A convenient system of coordinates is the double null 
system {u,v), such that 

(j) = (j){u,v), ds^ = —Vt^{u,v) dudv + r'^{u,v) duj"^ , (3.16) 

where du}'^ = dO"^ + s\v? 9 d^p^ . The field equations are conveniently re-expressed in terms 
of the three functions (j){u,v), r(u,v) and m(u,v), where the local mass function m{u,v) is 
defined by: 



r 
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One then gets the following set of evolution equations for m, r and 0: 

^dr dm / 2m\ / d(f)\'^ ^dr dm / 2m\ fd(j)\^ ^ 

du du V r J 4 \du J ^ dv dv \ r J A \dv J 

d'^r 2m dr dr d'^cb dr dch dr dS , ^ 

f = J- Z_ _| _L _| _L = 0. (3.19) 

dudv r — 2m du dv ' dudv du dv dv du 
The quantity 

Mn,.)^^^^ (3.20) 
r 

plays a crucial role in the problem. If /i stays everywhere below 1, the field configuration will 
not collapse but will finally disperse at infinity as outgoing waves. By contrast, if the mass 
ratio jJL can reach anywhere the value 1, this signals the formation of an apparent horizon 
A (a closed trapped surface), whose location is indeed defined by the equation ij,{u,v) = 1. 
The above statements are substantiated by some rigorous inequalities [|166[|, stating that: 



dr dm dr , , dm , , , , 

Thus, in weak-field regions {fi < 1), we have d^r > 0, while, as /U > 1, we have d^r < 0, 
meaning that the outgoing radial null rays ("photons") emitted by the sphere r = const be- 
come convergent, instead of having their usual behaviour. This is nothing but the signature 
of a closed trapped surface. 

The emergence of a closed trapped surface implies the existence of a future singular 



boundary B of space-time where a curvature singularity occurs |371, |165| ] . Furthermore, 
the behaviour of various fields near the singularity is just that of a quasi-homogeneous 
phase of dilaton-driven infiation as described by Eqs. (^]^). This highly non-trivial result 
strongly supports the idea that pre-big bang infiation in the S-frame is the counterpart of 
gravitational collapse in the E-frame. 



Reference |165| ] gives the following sufficient criterion on the strength of characteristic 
data, considered at some finite retarded time u 



2Am ^ 
Ar ~ 



ri f \ ^ 6ri ■ 

— log — — + 1 

r2 \2ArJ r2 



(3.22) 



where ri and r2 define two spheres, such that ri < r2 and r2 < 3ri/2, , Ar = r2 — ri 
is the width of the "annular" region between the two spheres, and Am = m2 — mi = 
m(u, r2) —m{u, ri) is the mass "contained" between the two spheres, i.e. more precisely the 
energy fiux through the outgoing null cone u = const, between ri and r2. Note the absence 
of any intrinsic scale (in particular of any short-distance cut-off) in the above criterion. 



The theorem proved in |165| is not exhausted in the above statement. It contains various 
bounds as well, in particular: i) an upper bound on the retarded time at which the closed 
trapped surgace (i.e. a horizon) is formed, ii) a lower bound on the mass, i.e. on the radius 
of the collapsing region. 
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The latter quantity is very important for the discussion of the previous subsection since 
it gives, in the equivalent S-frame problem, an upper limit on the Hubble parameter at the 
beginning of the phase of inflation. Such an upper limit depends only on the size of the 
advanced-time interval satisfying the collapse criterion; since the latter is determined by the 



scale-invariant condition (3.22), the initial scale of inflation will be classically undetermined. 



The above criterion is rigorous, but probably too conservative. It also has the short- 



coming that it cannot be used directly on T~, since u — > — oo on I~ . In Ref. |129| a less 
rigorous (or less general) but simpler criterion, directly expressible in terms of the News (i.e. 
on X^), was proposed on the basis of a perturbative study. It has the following attractive 
form: 

sup Var(7V(x)),e[,,,„,] >C = 0(l/4) , (3.23) 



where: 



Var (iV(x)),e[.i,.2] = {(Nix) - (iV)[.„.2])')xe[.„.2] • (3.24) 



Thus Var ((7)[^j ,^2] denotes the "variance" of the function g{x) over the interval [fi,f2], i.e. 
the average squared deviation from its mean value. 



According to this criterion the largest interval satisfying ( p. 23 ) determines the size of 



the collapsing region and thus, through the collapse inflation connection, the initial value of 
the Hubble parameter. It would be interesting to confirm the validity of the above criterion, 
and to determine more precisely the value of the constant appearing on its r.h.s., through 
more analytic or numerical work. This problem has been studied by two perturbative nu- 



merical analyses |468, 158 1 and also, more recently, by a numerical approach that takes into 



account the full non- linear evolution [46C], and stresses the possible role of non-linearities 
in triggering the collapse of a long train of low-amplitude waves, even though the criterion 
( |3.23| ) would suggest that they remain perturbative. 

Let us discuss now another toy model example of gravitational collapse, that of the 



collision of plane waves, following closely Refs. j245| and [101|. The advantage of this 
case is that it can often be solved analytically, thereby providing a useful laboratory for 
investigating properties that we would like to be shared by more realistic situations (see 
some comments at the end of this subsection). For this reason we shall treat this example 
in considerable detail. 

In order to include eventually the NS-NS two-form, we will start from the low-energy 
effective action in a form that already exhibits the 0{d, d) non-compact symmetry expected 
from the d = D — 2 Abelian isometrics of the problem^. This is achieved by working with a 
"reduced action" living in the non-trivial (two-dimensional) subspace spanned by time and 
by the common direction of propagation of the two waves. Following ||469|] we write: 

(3.25) 



S = J dx^dx^^/^e-^ R + + ^Tr {da,M~^d''M 



^In this subsection, for simplicity, we have denoted by d what in the rest of the report would be d — 1. 
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Here the metric g^jy is taken to be block-diagonal, with blocks gij and 5^/3 (the Roman 
indices (i, j, . . .) span the transverse directions, while the Greek indices take the values 
and 1). We arranged the components gij in a d-dimensional matrix G and the non- vanishing 
components Bij in another matrix i?. M is then the usual 2d-dimensional matrix containing 
G and B (see Eq. (|2.55|)), while 4> = (p — (l/2)logdetG + constant is the corresponding 



shifted dilaton (see Subsection |LJ) . The reduced action ( 3.25 ) is manifestly invariant under 
the global 0{d,d) transformations ( ^.621) . 

The corresponding equations of motion are written most conveniently by going to the 
conformal gauge for the 2- metric, ga/s = e^rjaiSj and by working with "light-cone" coor- 
dinates, \/2n = (x" — x^),\/2v = {x^ + x^). They take the explicitly 0((i, d)-invariant 
form 

dudvexp{-^) = 0, du (e-^M-^dvM^ + (^e'^M-^duM^ = 0; (3.26) 
dl'^ - duFdu'4> + ^Tr (duM'^duM^ = 0, and the same with u ^ v] (3.27) 

dudv'^ - dud^F + ^TV (duM-^d,M) = 0. (3.28) 

The two colliding waves are defined as having their fronts at u = and w = 0, and thus to 
collide at n = w = (i.e. at = = 0). The two waves are not assumed to be impulsive, 
i.e. their energy density can have any (finite) support at positive u and respectively. 

Space-time is naturally divided in four regions: Region I, defined by n, u < 0, is the 
space-time in front of the waves, before any interaction takes place. It is trivial Minkowski 
space-time with B = Q and a constant perturbative dilaton (exp(i;^o) ^1)- It will be 
convenient to fix the constant in the definition of (p so that, in region I, = 0. Region 
II, defined by u > 0, f < 0, represents the wave coming from the left before the collision. 
Metric and dilaton depend only on u: 

dsli = -2dudv + G]]{u)dx'dx^, Bij = Bjj{u), (p = (p^^{u), (3.29) 

and we can consistently set F = Q. Region III can be similarly described up to interchange 
of u and v. Note that we have not assumed any special shape for G, so that our results, 
so far, hold irrespectively of the polarization of the waves. Finally, in region IV {u > 0, 
V > 0), i.e. in the interaction region, we write 

ds^Y = -2e^dudv + G]Jdx'dx^, (3.30) 

and F, G^v, (p^^ and B^^ are all functions of both u and v. Of course, the metric must be 
continuous along with its derivative on the boundary lines between the four regions. The 
same must be true for the dilaton (p and the antisymmetric field B. 

Let us begin by solving the equations in region II. The only non-trivial equation is ( 3.27] ), 
which (dropping the subscripts II) reads 



6 = -Tr 



(3.31) 
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where the dot indicates the derivative with respect to u. It is now useful to change variables 
from u to u, with 



du 



-2(t>/d 



du 



After some algebra we can rewrite ( 3.31| ) as: 



Q-^G' 



Tr 



(3.32) 



(3.33) 



where [G ^Gj is the traceless part of [G ^Gj, and the prime denotes the derivative with 
respect to u. 

It can easily be shown that all terms on the r.h.s. of Eq. ( 3.33| ) are negative-definite. 
Hence, for any non trivial wave, e~'^l'^^ which is constant and identically equal to 1 in 
region I, must acquire a non- vanishing, negative, and never increasing derivative in region 

II. Thus, e~'^l'^ must vanish at some finite u = u* . Returning now to the coordinate u, we 
see that, if the dilaton is bounded (a necessary assumption if we want to use the tree-level 
effective action), there exists a finite u = u* where e~'^/'^ vanishes. Correspondingly, also 
det G vanishes, and the metric of the transverse space will collapse to zero proper volume, 
thereby producing a (coordinate) singularity. The same arguments can be repeated in region 

III, where detG has to vanish at some finite v = v* , with (j) —>■ +oo. These conclusions 
generalize a well-known result in = 4 general relativity |57£, 330 1 to any D and to non 
trivial antisymmetric fields, . 

Let us finally analyse region IV (where the interaction between the two waves occurs) 
dropping, for simplicity, the subscript IV from all functions. We begin by using Eq. ( 3.26| ), 
which tells us that e""^ is the sum of a function of u and a function of v. The unique function 
of this type that matches the boundary conditions with region I is 



{u,v) 



e-<^ii(«) + e 



1. 



(3.34) 



We see that e ^^'^''"^ must vanish on a hypersurface that joins the coordinate singularities 
in regions II and III and is contained in the region u < uq, v < vq within region IV. 

Let us now introduce two new sets of coordinates that simplify the analysis in region 
IV. One set is of the light-cone type: 



r = r{v) = 2e-'^"i('') - 1, s = s(n) = 2e-'^ii(") - 1, 



while the second set is of the t — x kind: 



1 



z=hs- r) 



-(f>{u,v) 



-t, 

-^IIIM 



(3.35) 

(3.36) 
(3.37) 



Note that the coordinates r, s run from -|-1 to — 1 in region IV, with their sum always positive 
except on the singular boundary where r -\- s = 0. Going from the original coordinates to 
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either of the new sets changes only the conformal factor of the 2-metric. We may thus write: 



ds 



IV 



-e-^d^^ + e^dz"^ + Gijdx'dx^ = -2e^drds + Gijdx'dx^ 



while the shifted dilaton is simply 



log.^ = - log(r + s)/2. 



(3.38) 
(3.39) 



Let us discuss in some detail the case of i? = and parallel polarized waves following 
[ |245|] . In each region, we take a diagonal G with Gu = e^~^^\ where X^V'j = and A = 
(l/d) log det G goes to — oo at u = u* in region II, and at v = v* in region III. In the new 
coordinates, Eq. ( 3.26|) becomes trivial, while the equations for the -04 and A are decoupled 
and can be solved separately. They are also formally the same, so the solutions have the 
same structure |576|] : 

(l-r){s'-s 



-{r + s)2i}ji{r,s) 



ds' 



P 



+ / dr' {l+r')2^i{r',l) 



(1 — s) (r' — r) 



1 + 2 



(1 + s') (r + s) 



P_i 

2 



1 + 2 



(l + r')(r + s) 



(3.40) 



where P-i/2ix) are Legendre functions written in standard notation, and the commas denote 
partial derivatives. The same expression holds for A, with the obvious replacements. At 
this point (j) can easily be recovered once A and (f) are known. 

We see that A and the tpi are singular on the hypersurface ^ = r + s = 0. So, in 
a very general way, we find that the collision of two plane waves leads to a (curvature) 
singularity in the space-time, whatever the number of dimensions. Although we do not 
have, at the moment, such an explicit solution for the general case, the discussion given in 
the previous section makes us believe that a curvature singularity will always emerge along 
the hypersurface ^ = 0. 

For the solutions ( 3.40| ), the asymptotic behaviour for ^ ^ is easily found by taking 
the large-argument limit of the Legendre function |576|] (see also [|630(] ): 

V^,(C,z) ~ei(z)loge, A(e,z) ~K(z)loge, /(C,^)~a(z)loge. (3.41) 

The coefficients multiplying the logarithm are functions of z, whose range, on the singular 
surface, goes from —1 to 1. One easily finds 



1 



+ - 



ds 



IT 



dr 



(1 + 5)2-0(1,5 

(l + r)^(r,l) 



s + 1 



r + 1 

r + z 



+ 



a{z) 



(3.42) 
(3.43) 
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with n (z) given by the same expression as ej, but with ij^i replaced by A. The sum of the ej 
must be zero according to the definition of the ^/^j. 

The asymptotic form of the metric is 



while 



l + ^K(z))loge. (3.45) 



Going over to cosmic time ^ = gives the metric in Kasner form with exponents 

a[zj + 2 a{z) + 2 

The following relations are immediately verified: 

/D-l \ D-l 

cP=ij2p^{z)-l] log t, Y.pI(^) = '^- (3-47) 

\a=l y a=l 

The behaviour of the fields near the singularity is thus of Kasner type, modified, as 
usual, by the presence of the dilaton. Note that, at the two tips of the singularity, ej and n 
diverge in such a way that the Kasner exponents near the tips are simply pi = 1, pi = 0. 
This corresponds to a (contracting) Milne-like metric, which, being non-singular, nicely 
matches the non-singular behaviour in regions II and III. Away from these two points, k, 
and ei can take any value: it is easy to verify that the whole Kasner sphere can be covered 
by appropriately choosing the initial data. 

It may be interesting to note that, in such a context, it is possible to estimate the 
entropy generated by the non-linear interaction of the incoming waves, before the Universe 
enters the phase of inflation, during the intermediate phase dominated by both the velocity 
and spatial gradients [|246(| . The total produced entropy is of the order of the product of the 
focal lengths of the two incoming waves (in Planck units), and satisfies the entropy bounds 
that will be discussed in Section I 



Let us finally perform 0{d, d) boosts on our solutions, in order to introduce a non-trivial 
B^,^ field. We will refer to |101| ] for a full discussion and only summarize here the final result. 
Cosmologies with non-trivial B^i, that can be obtained, by an 0{d, d) transformation, from 
a metric having Kasner behaviour near the singularity, generally contract in all dimensions. 
In even dimensions, at least one infiates when the original metric has just one infiating or just 
one contracting dimension. In odd dimensions, if the 0{d, d) transformation has det Q = 
and we start from a full infiating metric or from a metric with one infiating dimension, then 
we are left with one inflating dimension. If det P = 0, then one dimension infiates when we 
start from a full contracting metric or from a metric having just one contracting dimension. 
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We should also recall that none of the 0{d, d) transformations affects the gu component of 
the metric, which, therefore, can either inflate or contract. 

How do these results generalize to more realistic situations such as the head-on collision 
of two plane- fronted waves, with a transverse profile that extends only over a finite range? 
Unfortunately such cases cannot be dealt with analytically, and numerical results are not 



available either, as far as we know. There have been claims 630 |, however, that black holes 
(and singularities therein) are inevitably formed, provided certain conditions are met. 

Consider, an an example, two identical waves of transverse size L, moving head on 
against each other, and carrying, in the centre-of-mass frame, energy density (per unit 
area) p. The conjecture | 630 | is that a black hole of mass 0{pL?') will form, provided 



L > c{Gp)-^ , (3.48) 

where c is a number 0(1). 

This conjecture appears to be confirmed by applying a recently proposed method [228| 



for determining when black holes are formed in point-like particle collisions at finite impact 
parameter. A simple extension of that method [418] to two finite-size massless waves shows 



that Eq. (|1|) is indeed a good criterion for black-hole formation with c < l/47r. 



3.5 Adding p-forms and BKL chaotic behaviour 

We have already mentioned that adding a NS-NS two-form to the background strongly re- 
duces the parameter space available for inflating the Universe (in string units). However, 
very generally, a smooth Kasner-like behaviour is still generically valid near the singular- 
ity. Spatial gradients become small with respect to time derivatives, and solutions become 
velocity-dominated, thereby solving, at least in principle, the flatness/homogeneity prob- 
lems. 

This result appears to be in contrast with what is known to happen in a standard general 
relativity context. Indeed, Belinskii, Khalatnikov and Lifshitz (BKL) postulated a long time 
ago [^] that the approach to a big crunch singularity (the time-reversal of our situation) is 
typically chaotic, in contrast with the naive expectation that, near the singularity, kinetic 
terms should dominate over spatial gradients since ^^^R ~ ^ R ~ for a scale 
factor going to zero with a small power of t. This would certainly be true for an isotropic 
situation. However, because of the constraints on the exponents Oj = {din ai/ dint) of the 
(general relativistic) Kasner solution, 

Y^ai = Y,a^ = l, (3.49) 

the only non-trivial vacuum cosmologies are anisotropic. 

As a consequence, there are gradient terms that are subdominant and others that, 
instead, grow faster than the extrinsic curvature itself (the expansion contribution to cur- 



64 



vature), and start dominating at some point. When this happens the Kasner exponents 
suddenly change and a new Kasner epoch starts, until another spatial gradient dominates 
. . . , and so on indefinitely. One can visualize this behaviour as the motion of a particle in 
a billiard, where the Kasner-like phases are the straight motions while the sudden changes 
in the Kasner exponents correspond to reflections. Unless the "billiard" in question is par- 
ticularly simple, a chaotic behaviour then follows. This phenomenon goes under the name 
of BKL oscillations. 

It was known for some time that BKL oscillations occur in general relativity for any 
D < 11. However, the phenomenon was known to disappear if a massless, minimally coupled 
scalar field is added. The dilaton of string cosmology is just such a field, and therefore BKL 
oscillations do not appear in gravidilaton string cosmology, as explicitly shown in |^8[. One 
way to see this is to realize that, in the presence of a dilaton, an isotropic solution is perfectly 
allowed, and therefore all spatial gradients can be kept under control. Thus, possibly after a 
small number of oscillations, the Kasner exponents end up in a region (close to the isotropic 
point) where no more oscillations occur until the singularity. 

Adding the NS-NS two-form does not appear to change the situation with respect to 
BKL oscillations, as shown in many of the examples of inhomogeneous string cosmology 



discussed in Subsection 3.1. The same is true in the presence of various kinds of axion 
fields (see e.g. the case of the Type JIB string cosmology discussed in ]248| ) , or in the 
context of the gravidilaton-axion-Maxwell system giving rise to inhomogeneous Gowdy- 



type solutions 500 , 62£]. On the basis of these examples it was believed for some time that 



BKL oscillations were the exception, rather than the rule, for string cosmology. 



The surprise came when it was pointed out |19C, 191] that BKL oscillations reappear 
generically if all the massless bosonic background fields of superstring theory (or M-theory) 
are turned on. Note that, even under the assumption of asymptotic past triviality, there 
is no reason to artificially put to zero any of these massless backgrounds. According to 
APT, the generic initial state should be an arbitrary superposition of weakly interacting, 
low- frequency waves of all kinds. Setting arbitrarily to zero some of them would amount to 
fine-tuning the initial state, and could even be unstable under quantum effects. 



The emergence of chaos discovered in |190, 191] could have been anticipated, since 



we can view the gravidilaton system in Z) = 4 as coming from dimensional reduction 
of a pure gravity theory in more dimensions. Upon dimensional reduction, the higher 
dimensional graviton generates both the dilaton and additional gauge fields. The electric 
and/or magnetic components of these fields, unless artificially turned off, will grow and 
cause BKL behaviour. Let us now go in some length into this matter, nevertheless referring 
to the original articles for full details. 

The starting point is the low-energy tree-level bosonic action of a generic string theory 
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(or of M-theory) which, in the Einstein frame, can be written in the form: 



R{g) + .... + J2cpe^'"'{dA, 



(3.50) 



where the index p labels the various p-forms that are present in a given superstring model, 
and Cp, Xp are numerically coefficients. There are actually possible additional terms, e.g. 
Chern-Simons terms, but these are not relevant to this discussion. One then assumes the 



inhomogeneous-Kasner ansatz of Subsection 3.1, rewritten in the Einstein frame as: 



ds^ = dt^-Y, e1{x) e^jix) {-tfP^^'^'^dx'dx^, (t> = log(-i) , 



t < 



(3.51) 



In order to check whether such a non-chaotic, non-oscillatory ansatz is an asymptotic 
solution one has to check whether all neglected terms remain parametrically small as t ^ 0. 
Several terms are possibly dangerous. Dilaton gradients are always harmless, but metric 
gradients are "down" with respect to the time-derivative terms by a factor Itp^'J*, where 
gijk is the following combination of Kasner exponents, gijk = 1 + Pi — pj — pk- In order 
for these terms to be negligible, it is necessary that all gij^ be positive. Furthermore, the 
equations of motion for the various forms turn out to imply the constancy of both the 
"magnetic" components, -Fji...jp+i, and of the "electric" components, ^/^e'^^'^F'^*''' *'', of the 
field strength -Fp+i = dAp. When such a result is inserted back in the complete equations of 
motion one finds further constraints on the Kasner exponents and on the "dilaton couplings" 
Xp, which need to be satisfied in order for the solution ( p.51| ) to hold. 



The explicit analysis of | 190 , |191| shows that in any known D = 10 superstring theory, 
as well as in D = 11 supergravity (the low-energy limit of M-theory), the couplings Xp are 
just what is needed to reduce the parameter space for the validity of ( |3.51| ) to a set of zero 
measure. The generic case is instead chaotic, and can be described in terms of motion on a 
billiard in a 9-dimensional hyperbolic space |193|. The reflection rules in the billiard form a 
group that turns out to be the Weyl group of the hyperbolic Kac-Moody algebras of Eiq or 
BEiQ, depending on the particular superstring theory under consideration. Similar groups 
were also found to emerge in the case of Kaluza-Klein compactification of pure gravity in 
D = d + 1 > 4 1 194 1 . The Weyl group is now related to the Kac-Moody algebra AE^, 
and the disappearance of chaos for D > 11 gets related to the fact that these algebras are 
hyperbolic only for d < 10. 

Let us finally mention a connection between the BKL chaotic behaviour and the peculiar 
features of some homogeneous string cosmology models, in particular those with a non- 
trivial antisymmetric field B^^, . We have already seen that the presence of such a backgound 
tends to reduce drastically (if not completely) the phase space left for infiationary pre-big 
bang behaviour. In Ref. [192| it was shown that this can be understood again as motion in 
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a billiard. Whenever the initial Kasner exponents are such as to give inflation, some walls 
are hit a certain (finite) number of times until the ensuing reflections bring the S-frame 
Kasner exponents to be positive, thereby stopping the inflationary behaviour and turning 
it into a contraction. 

From the physical viewpoint the implications of all these results are not so obvious, 
also because the conditions for BKL behaviour are just met at the tree level and to lowest 
order in a'. It is possible that the inclusion of either oi or loop corrections will bring the 



oscillations to a stop (after a relatively small number of them |19C, |191| ). It is not clear, 
however, which kind of string-scale-curvature hypersurface will be generated by the whole 
process. It is unlikely that it will be very simple and homogeneous, but it is not obvious that 
it will not contain isotropic and homogeneous enough patches for our Universe to emerge 
from. 



3.6 Is pre-big bang cosmology fine-tuned? 

The two arbitrary parameters discussed in the previous subsection are very important, since 
they determine the range of validity of our description. In fact, since both curvature and 
coupling increase during the initial phase of dilaton-driven inflation, the low-energy and/or 
tree-level description is bound to break down at some point. The smaller the initial Hubble 
parameter (i.e. the larger the initial horizon size) and the smaller the initial coupling, the 
longer we can follow the phase of low-energy inflation through the effective action equations, 
and the larger the number of reliable e-folds we shall gain. 

This does answer, in our opinion, the objections raised [ ^88| to the pre-big bang scenario 
according to which it is fine-tuned. The situation here actually resembles that of chaotic 



inflation 439 |. Given some generic (though APT) initial data, we should ask which is 
the distribution of sizes of the collapsing regions and of couplings therein. Then, only the 
"tails" of these distributions, i.e. those corresponding to sufficiently large and sufficiently 
weakly coupled regions will produce Universes like ours, the rest will not. The question 
of how likely a "good" big bang is to take place is not very well posed and can be greatly 
affected by anthropic considerations |129| ]. Furthermore, asking for a long enough period of 
low-energy inflation amounts to setting upper limits on two arbitrary moduli of the classical 
solutions. 



Figure 3.2 is a (2 + l)-dimensional sketch of a possible pre-big bang Universe: an origi- 
nal "sea" of dilatonic and gravity waves leads to collapsing regions of different initial size, 
possibly to a scale-invariant distribution of them. Each one of these collapses is reinter- 
preted, in the S-frame, as the process by which a baby Universe is born after a period of 
pre-big bang inflationary "pregnancy" , the size of each baby Universe being determined by 
the duration of the corresponding pregnancy, i.e. by the initial size of (and coupling in) 
the corresponding collapsing region. By using, in particular, the result of Eq. ( p.llO| ) one 
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Figure 3.2: Qualitative space-time illustration of the possible birth of pre-big bang Universes 
from a chaotic sea of gravidilaton waves. Each baby Universe is simultaneously represented 
in the S-frame (like an expanding cone) and in the E- frame (like a shrinking hole), and it 
is followed for an increasing time interval as we move upward in the figure. 



finds that, in d = 3, regions initially larger than 10^^ Ag (namely, larger than 10 cm if 
As ~ Ap ~ lO"'^'^ cm) can generate Universes like ours, while smaller ones cannot. 

A basic difference between the large numbers needed in (non-inflationary) FRW cosmol- 
ogy and the large numbers needed in pre-big bang cosmology, should be stressed. In the 
former, the ratio of two classical scales, e.g. of total curvature to its spatial component, 
which is expected to be 0(1), has to be taken as large as lO^'^. In the latter, the above 
ratio is initially 0(1) in the collapsing/inflating region, and ends up being very large in 
that same region, thanks to the inflation. However, the (common) order of magnitude of 
these two classical quantities is a free parameter, and it is taken to be much larger than the 
classically irrelevant quantum scale. Indeed, the smallness of quantum corrections (which 
would introduce a scale in the problem) was explicitly checked in [343]. 

An example of what we have just said is the case of the collision of two finite-front 
plane waves. It is clear from Eq. (|3.4^) that all that matters is the ratio of two geometrical 



classical quantities, the transverse size L and the focal distance {Gp)~^. Neither the Planck 
nor the string lengths appear in the collapse criterion. Even the appearance of the Newton 
constant in ( 3.4^ ) is somewhat misleading: as always in the context of classical general 
relativity, the Newton constant can be removed by a convenient choice of units of energy, 
and then everything reduces to geometrical quantities. 

We can visualize analogies and differences between standard and pre-big bang inflation 
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by looking again at the two cases of Figs. 1.2 and 1.3. The common feature in the two 
pictures is that the fixed comoving scale corresponding to the present horizon was "inside 
the horizon" for some time during inflation, possibly very deeply inside at its onset. The 
difference between the two scenarios is just in the behaviour of the Hubble radius during 
inflation: increasing in standard inflation, decreasing in string cosmology. Thus, while 
standard inflation is still facing the initial-singularity question, and needs a non-adiabatic 
phenomenon to reheat the Universe (a kind of small bang), pre-big bang cosmology faces 
the singularity problem later, combining it with the exit and heating problems (see Section 

I). 

A much more relevant objection to this approach to initial conditions is the one raised 
in 1 190, 192]. If the initial conditions are to be really generic (although satisfying APT), 
then all massless waves should be allowed. Already with antisymmetric tensor waves the 
phase of dilaton-driven inflation is becoming non-generic, while, when all massless forms are 
included, BKL behaviour seems to be the generic situation, at least before strong curvature 
and/or strong coupling is reached. Understanding the fate of such evolutions calls for 
a deeper understanding of how string effects may resolve the singularity problem (to be 
discussed in Section Isl). 



4 Amplification of quantum fiuctuations 

If we accept, at least as a working hypothesis, the idea that the pre-big bang scenario illus- 
trated in the previous sections might represent a possible candidate for a self-consistent rep- 
resentation of the primordial cosmological evolution, we are eventually led to the following 
fundamental questions: Is it possible to find phenomenological effects that can differentiate 
the pre-big bang scenario from other, more conventional inflationary scenarios, and Are 
such differences observable today, at least in principle? 

In order to answer this question we may note that the accelerated evolution of the 
Universe is a process accompanied by the production of an enormous amount of radiation. 
Almost all types of fields are excited, and particles are copiously produced, with an effi- 
ciency that reaches its maximum during the explosive "big bang" regime. By studying the 
properties of the relic cosmic backgrounds we may obtain information about the very early 
state of the Universe, just as by studying the quantum numbers of the particles produced 
in a decay process we can get information on the quantum state of the system before the 
decay. 

From the various mechanisms of radiation production, active on a cosmological scale, we 
will consider here the parametric amplification of the quantum fluctuations of the vacuum, 
because it is typical of all backgrounds with accelerated kinematics, and it is effective in all 
inflationary scenarios. It thus represents a good "indicator" of the dynamics of the early 



Universe [349, 35C, 356] and an appropriate starting point to discriminate among different 
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inflationary models. 

Although in this section we will mainly concentrate on the study of the metric fluc- 
tuations, our discussion can be easily applied to the evolution of the fluctuations of any 
background fleld. The convenient formalism to be adopted for the study of this process is 
the theory of cosmological perturbations (see [ [492| , [433| ] for two excellent and comprehen- 
sive reviews), which provides a straightforward and (in principle) simple approach to the 
problem. According to this approach, given a set of background fleld equations 

G^. = V, (4.1) 

the standard procedure is to perturb (to flrst order) the metric and the matter sources: 

g^.. = + 5''^^9^.u, T^u = TjS) + 5(^)r^„ (4.2) 

expanding around a given cosmological solution. By using the unperturbed equations for 
the bakground flelds, G^S = T^?, one easily obtains a system of linear equations describing 
the evolution of the flrst-order fluctuations of the metric and of the matter flelds, 

,5(i)G^, = <5(i)r^„ (4.3) 

and can then discuss, on the basis of these equations, the amount of radiation production. 

This perturbative approach is the same for all cosmological scenarios. There are two 
important differences, however, that characterize pre-big bang models with respect to other 
inflationary models. 

The first difference concerns the higher-dimensional and scalar-tensor (i.e. gravidilaton) 
nature of the string cosmology backgrounds. As a consequence, there are possible contri- 
butions to the amplification of the fiuctuations not only from the inflation of the three- 
dimensional space, but also from the dynamics of the extra-dimensions [ p64| , 25, 207| , p96| . 



and from the time evolution of the coupling constants (i.e. of the dilaton), as flrst pointed 
out in |29S| ] . The ampliflcation of the perturbations thus becomes possible also for flelds con- 
formally coupled to the 3-dimensional metric, unlike in the standard cosmological scenario 



The second difference concerns the growing character of the background curvature and 
of the couplings. In such a background the quantum fluctuations start evolving from an 
asymptotically flat, zero-coupling state, so that they can be naturally normalized to an 
initial vacuum fluctuation spectrum. After the ampliflcation their flnal conflguration thus 
corresponds to a "squeezed vacuum" state [|354| , |355| , |35l[l , and not to a "squeezed-thermal 
vacuum" [0O4|| , or to other, more complicated states. In addition, since the flnal energy 
distribution tends to follow (in frequency) the behaviour (in time) of the curvature scale, one 
typically obtains in such a context a growing (or "blue") spectrum |57C| , |3|, t349| , 12, 548 , 356|. 



As a consequence, the peak amplitude of the produced radiation may be high enough to 
support a picture in which all the radiation fllling our present Universe was directly produced 
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from the quantum fluctuations of the vacuum [301, 275]. This effect may facihtate the 
detection of a cosmic background of relic gravitational waves [295, |272| ], as will be discussed 
in Section |5[ but it complicates the generation of a scale-invariant spectrum of curvature 
perturbations, eventually producing the observed CMB anisotropy (see Section |7|). 

A further consequence of the growth of the curvature scale, however, is that the comoving 
amplitude of the perturbations may even grow outside the horizon, instead of being frozen 
as in standard inflationary models. This effect, implicitly contained in the earlier pioneering 
studies of cosmological perturbations [ ^70[ , was first explicitly pointed out in [|2|, and only 
later independently rediscovered in a string cosmology context [ p20| and in the context 
of scalar-tensor gravity [S4[. Such a growth of the amplitude may require an appropriate 



and non-conventional choice of the gauge [115[ in order to restore the validity of the linear 



approximation, and to allow the application of the standard perturbative formalism. 

In the following subsections we will discuss in some detail the above effects, typical of 
the evolution of perturbations in the context of the pre-big bang scenario. 



4.1 "Frame" independence 

The computation of the spectrum according to the theory of cosmological perturbations 
[}492([ requires a series of formal steps, the first of which is the choice of the "frame", i.e. of 
the basic set of fields (metric included) used to parametrize the action. Any theory is in 
general characterized by a preferred set of fields, but one might wonder what happens when 
there are more than one preferred choices (this is a typical situation of all scalar-tensor 
models of gravity, as in the case of the gravidilaton string effective action) . 

In string theory there is a preferred frame (the so-called S-frame) , in which the coupling 
to a constant dilaton is unambiguously fixed (at the tree level) for all fields and to all orders 
in the higher-derivative a' expansion. Also, the metric of this frame is the one to which 



fundamental strings are minimally coupled [551, 314[ (in other words, the world-paths of 



strings freely evolving in a curved background are geodesic surfaces of this metric). In the 
S-frame, and in (i -|- 1 dimensions, the gravidilaton effective action takes the form 

s = T^ir / <^''^^^ \^\^"*' \-R + ^ (v^'A)'l (4.4) 



2Af . 

(for the sake of generality we have included here the Brans-Dicke coefficient lo, which in our 
context could represent a dilaton self-coupling possibly arising from higher-loop corrections 
[|346[[ ; in particular, uj = —1 for the lowest-order string effective action). 

For any u;, however, this action can always be rewritten in the (more conventional) 
E-frame, in which the graviton and dilaton kinetic terms are diagonalized in the standard 
canonical form, and the dilaton is minimally coupled to the metric. Consider, in fact, the 
field redefinition g ^ g performed with the help of a new scalar variable ^/J^. 

gt^u = dt^ue^- (4.5) 
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By expressing the scalar curvature R in terms of g [|615| , |575| ], the action (4.4) becomes 

4 (v^V')' + ^(v^<A)'^ 



2Xt^ J V 



~ ~2 , d(d - 1) 



(4.6) 

where the tilde denotes geometrical quantities computed with respect to g. By setting (w = 
const, oj > —dj (d — 1)): 

"2d + 2a;(d- 1)1^/^ 
_ d-2 _ 

and neglecting a total derivative, we are led eventually to the E-frame action of general 
relativity for the new variables ^, (/>: 



{d-\)i) = 2(/>, 



(4.7) 



S 



1 



2Af-i 



(4.8) 



Please note the "right" canonical coefficient in front of the dilaton kinetic term (we 
remember that we are using the signature 500 > 0) and the possible change of sign from the 
S-frame action ( |4.4| ) (where u; = —1, to lowest order). The E-frame is thus preferred for 
performing canonical quantization, for identifying the particle content of the theory, and 
for defining the effective low-energy masses and couplings (see also Section |^ . 

However, the field equations for g^ 0, obtained by varying the action (|4.4|), are different 



from the equations for ^, obtained by varying the action (4^). As a consequence, also the 
perturbation equations (|4.3| ), in the S-frame, are different from the E-frame perturbation 
equations, and one might wonder which is the "right" frame to be used, when computing 
cosmological effects to be compared with present observations. 

This is a false problem, however, because the (final) observable variables, such as the 
spectral amplitude, the spectral energy density (see Subsection 14.4] ), are exactly the same in 
both frames ||320| ] (an obvious consequence of the fact that physical measurable quantities 



cannot be changed by field redefinitions such as the transformation ( [4.5]) ; see also [19| for a 
recent discussion of the equivalence between the String and Einstein frames). The formal 
reason of this frame-independence is that the perturbation equations are indeed different 
in the two frames, but the classical solutions around which the expansion is performed are 
also different, and the two differences exactly compensate each other. This result can be 
generally proved by perturbing the action, better than the equations of motion (see Section 
4.3). It is instructive, however, to give also a particular example, as will be done here 
by considering tensor metric perturbations propagating in a (d + l)-dimensional external 
background. 



We will start the computation in the S-frame, where the background equations obtained 
from the action (^^) can be written explicitly as 

+ v^v^4> + (c^ + 1) [bl (v,(/>)' 

\2 



0, 



i2 + u;(Vq(; 



2ujU< 



0. 



(4.9) 
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We shall consider the transverse, traceless part of the metric perturbations, 



(4.10) 



propagating in a higher-dimensional, spatially flat, factorizable background with d "exter- 
nal" and n "internal" dimensions, with scale factors a{t) and b{t), respectively. Also, we 
shall assume that the translations along the internal dimensions are isometrics of the full, 
perturbed metric (see |j27| for a more general situation in which also the internal gradients 
of the fluctuations are non-zero, and see the comment after Eq. ( 4. 251) for backgrounds with 
non- factorizable geometry) . The fluctuations of the external space hij {xi , t) are then conve- 
niently described in the synchronous gauge |425|, where («, j = 1, d; m,n = d+1, d+n): 

900 = 1) gOi = Oi dij = —a'^^ij, Qmn = —b'^^mn, 



(4.11) 



In this gauge 



Oi 



h ■' 



(4.12) 



to first order in h, the perturbation of the dilaton equation is found to be trivially satisfied, 
and there are no contributions from the terms inside the square brackets in ( |4.9| ). The 
perturbation equations are thus (remarkably) w-independent |29£]: 



0. 



(4.13) 



For /U, 7^ they are trivially satisfied. The components of the Ricci tensor, on the 
other hand, lead to the higher-dimensional covariant d'Alembert operator [296, 208, ^99|| 

72 \ 



2 \ a 2 



0, 



(4.14) 



where = df and the indices of h are raised and lowered with the unperturbed metric. 
Using the identities (see also | |277] ]) 

l^^hk = hi^ + 2Hhi^ + AHhi^ + AH^hi^ , (4.15) 



9' 



we are finally led to the S-frame tensor perturbation equation [299] 

nhi^ - ^hi^ = 0. 



(4.16) 



In terms of the conformal time coordinate rj, such that dt = adr], this wave equation can 
also be rewritten (for each polarization mode h) as follows. 



h" + (d-l)-h' + n^h' -(l)'h' 
a b 



0. 



(4.17) 
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Let us now repeat the computation in the E-frame, where the background equations 
foUowing from the action (|4.8|) can be written as 



R^J.v = ^df,(t)du(t>, 



Perturbing to first order, and using Eqs. ( pO|) : 

(^Wii,/ = 



(4.18) 



(4.19) 



(the perturbation of the scalar Klein-Gordon equation is triviahy satisfied). In the syn- 
chronous gauge, we can stih apply Eq. (4.14) (for the "tilded" variables), and we are finally 
led to the E-frame perturbation equation 



nhi^ =0. 

In conformal time, and for each polarization component h 

I' 



h" + 



(d-l)-+n- 
a b 



h' - V^h = 0. 



(4.20) 



(4.21) 



This last equation seems to be different from the S-frame equation ( [4.171 ). We have to 
recall, however, that the conformal time is the same in both frames, drj = dt / a = dt /a = d/q 
(see Section 2.4), and that, according to Eq. (|4.5|), 



a = ae 



-4>/(d+n-l) 



We thus have the same equation for h and h, the same solution and, as a consequence, the 
same spectrum when the solution is expanded in Fourier modes. 

In other words, the observable results of the perturbative analysis are "frame-independent" 
and, when computing the spectrum, we are allowed to use the frame that is most convenient 
for practical purposes. 



4.2 Choice of the "gauge" for scalar perturbations 

Within each frame, we have a possible additional ambiguity due to the choice of the gauge, 
i.e. the choice of the parametrization of the given metric manifold. The step corresponding 
to this choice is more delicate than the choice of the frame: in spite of the fact that the final 
observable spectrum has to be certainly independent of the given coordinate system, the 
perturbative analysis is, on the contrary, "gauge-dependent". It is possible, for instance, 
that a linearized description of the perturbations is valid in a given system of coordinates, 
and yet that the linear approximation is broken in a different system. This problem ob- 
viously disappears in the context of a fully covariant and gauge-invariant (to all orders) 
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description of perturbations [234, 112|. For the perturbative approach usually adopted in 
a cosmological context |492], however, gauge invariance holds in the linear approximation 
only, and breaks down at higher orders. 

An important example of this effect is provided, in string cosmology, by the time evo- 
lution of the scalar (metric and dilaton) perturbations. We will discuss this effect in the 
E-frame (dropping the "tilde", for simplicity), starting from the unperturbed equations 
( 4.1g| ), and using, as in the previous subsection, a homogeneous, Bianchi-I-type, higher- 
dimensional background, with d + n factorized structure: 



gf,u = diag(a^, -a^d, 



4> = Hv)- 



(4.23) 



We shall consider, in particular, the exact background solution parametrized by 



a 



i\v\r, 



b={\v\f, 
n + 1 — 2n 



n 



d - ^/dT 



n 



{l + VdT^){d- 



n 



d + n 

/3 



1 1 + VdTn 
Vd + n -l + 2d 



H\v\), 



{1 + Vd + n){d + n- 1) 



(4.24) 



and corresponding to the conformal-time parametrization of the vacuum solution already 
introduced in Eq. (2.114). For ry < 0, r/ — > 0_ , this unperturbed solution describes a phase of 
accelerated evolution, growing curvature and growing dilaton, in which the horizon expands 
more slowly (to be more precise, shrinks faster) than the scale factor. It is thus a good 
background candidate to amplify metric fluctuations. In the S-frame it describes a phase of 
super inflation and dynamical dimensional reduction, in which d dimensions are expanding 
and n dimensions are contracting, with scale factors related by the duality transformation 
b = a-\ 

Let us perturb the metric and the dilaton around this solution, by using the isometrics 
of the factorizable geometry ( [4.23 ) and assuming that all dynamical variables depend only 
on the "external" coordinates Xi, i = l,...,d (so that the translations along the internal 
dimensions are also isometrics of the full, perturbed background) [ ^00|| . In this case, modes 
with different rotational transformation properties are decoupled, and the scalar component 
of the background perturbations can be written in general as ||492|, |30C 



a'^{l + 2(p) drf 



ds^ 



gtMu + S'^^^gfiu) dx^dx 



[I - 2il}) dxl + 2didjEdx'dx^ + 2diBdx'dr] 



^Odxl, 
(4.25) 



where all variables depend only on r/ and x*. It should be noted that this approach is ap- 
propriate to the standard Kaluza-Klein scenario, but it cannot be applied to non-factorized 
geometrical structures such as those appearing in the context of the Randall-Sundrum sce- 



nario [p30|| . In this last case, the study of scalar metric and dilaton fluctuations (see for 
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instance |p9| , p36|| ) requires a more general metric decomposition [596]. In this report, how- 
ever, we will restrict our discussion to the perturbations of higher-dimensional Kaluza-Klein 
backgrounds of the standard, factorizable type. 

In our case, it is important to stress that the six functions 93, tp, E, B, ^, x si's not 
invariant under local infinitesimal transformations of coordinates, 

x^" ^ x^" + e^'{x), Qt^u^ gp^v-yp^eu-yue^,. (4.26) 

However, if we consider infinitesimal coordinate transformations depending on two scalar 
parameters e'' abd e, 

eA* = (gO^Qig^O), ?7^7? + e°, x'^x^ + d'e, (4.27) 

and thus preserving the scalar character of the perturbations (in other words, coordinate 
transformations that do not add vector or tensor components to the perturbed metric), 
then the scalar variables transform as 

a a b 

E^E-e, B^B + e^-e', X ^ X - (4.28) 

and it is always possible to define a set of variables that are gauge- invariant, in the linear 
approximation. For instance |30C]: 

^ = ^ + -[I^B-E')a]', ^ = iP--{B-E'), 

a a 

E = ^-^^{B-E'), X = x + ^'{B-E'). (4.29) 

The first two variables (also called Bardeen potentials |553| ]) are phenomenologically 
important, since their spectral amplitudes ^ky^k, at the recombination era are directly 
related (via the Sachs-Wolfe effect) to the large-scale CMB anisotropy {AT/T)^, currently 
observed by astrophysical experiments (see Section ^) . 

A natural and convenient choice of the gauge is thus the so-called longitudinal (or 
conformally Newtonian) gauge, in which E = = B, and the perturbed metric depends 
directly on the Bardeen potentials, according to Eqs. ( [4.29 ). In this gauge the coordinates 
are totally fixed because, according to the variation of the metric under the transformation 
( 4.28| ), the choice E = = B completely fixes e*^ and e*, and leaves no residual degrees of 
freedom. 

In this gauge we can now write explicitly the set of perturbed field equations 

<5(i)5^-V^V,</) + V^x - g^'S^'^T^, "a„</) = 0, (4.30) 
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obtained from the unperturbed Einstein equations ([4.18| ). From the 7^ i) component of 
the perturbation equations we obtain a useful relation between three perturbation variables, 



ip= {d- 2)ijj + n^. 



(4.31) 



The (0,i) components give a constraint, while the and {m,m) components of the 

perturbed Einstein equations, combined with the (0, 0) component, provide the following 
interesting system of coupled equations for the "external" and "internal" perturbations tp 



and i |0^, |32^ ]: 

(d-l)|nV + ^' 
dln-^ + il:' 3(d- 



3{d 



,a' h' 
1 - + 3n- 
a b 



-n 



l)^ + ^(2(d-l)(n 
a bd 



1) + nd) 



3{d 



,a' b' 
1 - + 3n- 
a b 



-(n-1) D^+r 



{3dn — d — n + 1) +3n 



(4.32) 



_a(n — 1) b _ 

where □ = [d"^ /drf') — denotes here the usual (flat-space) d'Alembert operator. 

This system can easily be diagonalized to find the (time-dependent) linear combination 
of ifj and ^ that represents the true "propagation eigenstates" . For our purpose, however, 
the asymptotic behaviour of the modes ip^, can be simply obtained (modulo logarithmic 
corrections) by inserting into the previous system the power-law ansatz 



6 = B{-r^r 



(4.33) 



(4.34) 



For the background solution ( [4. 24] ) one then finds that there are, in the \krj\ limit, 
non-trivial solutions for the coefficients A and B only if2; = 0orx = — 2. This means that, 
asymptotically, 

, A2 . „ ^2 
H ?fc = -Di H T, 

and the amplitude is not frozen, unlike in the standard inflationary scenario. Because of the 
growing mode, V'fc ~ ??~^) the scalar perturbation amplitude blows up in the limit ry — > 0_. 
Otherwise stated, at any given time r] there is always a low enough frequency band for 
which the typical fluctuations have a dimensionless amplitude much larger than 1 |115| ] (see 
Eq. ( [4.75| ) in the next subsection). This breaks the validity of the linear approximation 
and is not consistent, in general, with the perturbative expansion around a homogeneous 
background. 

This conclusion cannot be avoided, be it by moving to a different frame (as discussed 
in the previous subsection), or by changing the number of dimensions, since the previous 
result is dimensionality-independent. For a d = 3 isotropic background, in particular, one 
flnds in the longitudinal gauge ip = ip, and the Fourier modes V'^ipk = ~k'^tpk satisfy the 
Bessel equation 

ij'l + -ij', + k^iJk = (4.35) 
V 
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(from Eq. ( |4.32| )). The exact solution, in the hmit \kr]\ — > 0, has the asymptotic expansion 

ipk = ciln\krj\ + ^ (4.36) 

(ci,C2 are integration constants), with the same growing mode ~ ry^^ as in higher dimen- 
sions. 

It is important to point out, however, that such a growing mode is absent for tensor 
metric perturbations. If we consider the tensor perturbation equation ( [4.2l| ), in the same 



background (4.24), we obtain indeed for each Fourier mode the Bessel equation 



K + -h'k + k^hk = 0, (4.37) 

with the asymptotic solution 

hk = ci + C2\ri.\kr]\, |A;r/| ^ 0_. (4.38) 

All modes tend to stay constant, asymptotically, modulo a logarithmic growth that can be 
easily kept under control if the phase of accelerated evolution is not infinitely extended in 
the high-curvature regime but is bounded, for instance, by the Planck (or string) scale (as 
expected). 

This is a first signal that the growing mode of scalar perturbations, appearing in the 
longitudinal gauge, might be a pure gauge effect, i.e. an artefact of the particular choice 
of coordinate system. This suspicion is confirmed by the application of the "fiuid flow" 



approach |368| , [433[| to the perturbations of a scalar-tensor background. In this approach, 
the evolution of density and curvature inhomogeneities can be described in terms of covariant 
scalar variables, which are gauge-invariant to all orders [112]. 



Let us consider, for simplicity, the isotropic case d = 3, n = 0. There are two covariant 
variables, A and C, defined in terms of the momentum density of the scalar field V(/>, of the 
spatial curvature ^^-'-R, and of their derivatives. By expanding around the dilaton-driven 
background ( 4.24| ), which in our case reduces to 



a=(-r?)^/^ (/> = -\/31n(-r/), - oo < < 0, (4.39) 

one finds for such variables, in the linear approximation, the asymptotic solution {\k'q\ <^ 1) 

Ak = const, Ck = const + Ak In \ kri\. (4.40) 

Such variables tend to stay constant outside the horizon, with at most a logarithmic vari- 
ation (as in the tensor case), which is not dangerous. Indeed, in terms of A and C, the 
amplitude of density and curvature fiuctuations can be consistently computed using the lin- 
ear approximation (for all modes), and their spectral distribution (normalized to an initial 
vacuum spectrum, see the next subsection) turns out to be exactly the same as the tensor 
spectral distribution ( [4.38 ), which is bounded. 
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The same result, on the other hand, can also be directly obtained in the longitudinal 
gauge simply by neglecting the growing mode of Eq. ( 4.36| ), as noted in [321|. This suggests 



that it should be possible to move to a more appropriate gauge, in which the growing mode 
is suppressed, to restore the validity of the linear approximation. 

This is exactly what happens in the off-diagonal gauge (also called "uniform-curvature" 
gauge [|8l|), defined by = = 

ds"^ = [(1 + Ilp) dr]'^ - dxf - 2diBdx'dr]\ , (4.41) 

which represents another complete choice of coordinates, with no residual degrees of free- 
dom (just as the longitudinal gauge). In this gauge there are two variables for scalar 
perturbations, if and B, and the perturbation equations are solved, asymptotically, by 

fk = ci + C2ln\kr]\, Bk = Cir]ln\kri\ -\ . (4.42) 

7] 

The growing mode is thus completely absent for homogeneous perturbations (since it is 
diB that contributes to the perturbed metric). The growing mode is still present in the 
off-diagonal part of the metric for non-homogeneous perturbations, but it is suppressed with 
respect to the longitudinal gauge, since d^^^g kB^ ~ kr/ipj^ ~ rj~~^, instead of ~ r?^^. 
The lower is k the stronger is the suppression, and this is enough for the linear approximation 



to be valid, as explicitly checked with a computation up to second-order corrections 115 |. 
This off-diagonal gauge is in general useful for the study of scalar perturbations also in the 
context of generalized scalar-tensor models of gravity and of the higher-loop string effective 



action, as discussed for instance in [383| 



Even better, one may choose a gauge in which ip = {) = B. In this gauge, E is related 
to the Bardeen potential ^' by ~ rf"^ , according to Eq. (4.29|). On the other hand, the 



gauge-invariant Bardeen potential evolves asymptotically (in all gauges) like the longitu- 
dinal variable ip, i.e. like r/~^. Since E enters the metric perturbations with two spatial 
derivatives, it follows that, in this gauge, S^^^gij ~ (kiff"^].! which is asymptotically frozen, 
and sufficiently small (at small \krj\) for the linear approximation to be valid. 

To conclude this subsection, let us stress that the asymptotic growth of perturbations is 
a typical problem of string cosmology, with no counterpart in the standard inflationary sce- 
nario. Consider, for instance, a d = 3, conformally flat and accelerated background, which 
can be conveniently parametrized in the negative range of the conformal time coordinate 
by a generic power-law scale factor, as follows: 

a = (-r/)°, ry < 0. (4.43) 

For a ranging over the whole real axis we can represent in this way all classes of inflationary 



backgrounds introduced in Section 1.3, and reported in Table 1. Consider then the E-frame 



perturbation equation (4.21), which in this case reduces to the Bessel equation 



K + —h'k + k^hk = 0, (4.44) 
ri 
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a = —1 


de Sitter 


h> 0,d> 0,H = 


a < -1 


power- inflation 


h> 0,d> 0,H <0 


-1 < a <0 


superinflation 


h> 0,d> 0,H > 


a> 


accelerated contraction 


ii<0,d <0,H <0 



Table 1: Four classes of accelerated backgrounds, parametrized by a = (— r/)". 



with asymptotic solution (for \krj\ 0): 

h, = A + BfJ^^=A + B |r?r-2" . (4.45) 

The amplitude tends to stay constant for a < 1/2, while it tends to grow for a > 1/2 (for 
a = 1/2 the growth is simply logarithmic). In the E- frame the growing mode thus appears 
only for a phase of accelerated contraction (see Table 1), and it is absent in the standard 
inflationary context where the background is always expanding (even in the E- frame). 

In the pre-big bang scenario, on the contrary, the comoving amplitude of metric fluctu- 
ations may be growing, in the standard gauges, even in the case of tensor perturbations. In 
some cases the validity of the linear approximation may be restored in an appropriate gauge, 
as for the scalar case discussed in this subsection. If this is impossible, the growth of per- 
turbations is a physical effect, signalling a (quantum) instability of the given background 
[t406| , 408 1 . In any case, however, the energy spectrum of the perturbations can always 



be consistently estimated by truncating the comoving amplitude to the frozen part of the 



asymptotic solution [|118|| . This is a consequence of a duality property of the perturbation 



equations that will be discussed in Subsection 4.5. 



4.3 Canonical variables and normalization 

The linearized equations for the classical evolution of the perturbations have been obtained, 
in the previous subsection, by perturbing directly (to first order) the equations of motion of 
the background fields. The same equations, however, can also be obtained with a different 
approach, by expanding the action up to terms quadratic in the first-order fluctuations: 



5W< 



(4.46) 
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The variation of the perturbed action with respect to S^^^g gives in fact a set of hnearized 
equations, identical to Eqs. (p^). 

This second method is longer, in general, but has an advantage: the diagonalization of 
the quadratic perturbed action 5^'^^ S defines the "normal modes" of oscillation for the total 
system formed by the metric plus the matter sources. The so-called normal modes are the 
variables that diagonalize the kinetic part of the action and that, once quantized, satisfy 



canonical commutation relations |492|. They are required to normalize the initial amplitude 
of the perturbations to a quantum spectrum of zero-point (vacuum) fluctuations, and to 
study their amplification in the course of the cosmological evolution. 

Let us illustrate this point starting with the case of tensor metric perturbations. The 
second-order action for tensor perturbations in a cosmological background was first written 
in [|260(| , in the E- frame and in d = 3 dimensions (see also [492, |l^). Such a result can be 
easily generalized to the S-frame |277| ] and to the (d+ l)-dimensional, Bianchi-I-type metric 



background used in the previous subsections, starting from the unperturbed, low-energy 
gravidilaton string effective action (in units 2As~^ = 1): 



S 



-ge 



(4.47) 



and considering the transverse, trace- free variable h^^, defined by the first-order perturba- 
tion ( 4.101 ). As already discussed, the fluctuations of the d-dimensional external space are 
conveniently described in the synchronous gauge of Eq. ( [4.11|) . In this gauge, we expand 
to order /i^ the controvariant components of the metric, 



(4.48) 



the volume density, 

<5(i)^ = 0, <5(2)^ = (4.49) 

and so on for 5'^^'> R^^, 5^'^^R^i, (see [ p77| for the details of the explicit computation). The 
second-order perturbed action has then contributions from y/—g, R and g' 



d' 



d+n+l 



xe 



5(2) (^i?) + 5(2) (^5M-9^</,9,0) 



(4.50) 



Integrating by parts, using the unperturbed equations of motion, and neglecting total deriva- 
tive terms, we finally arrive at the quadratic action: 



5(2)5 = - / d'^+^'+^xa'^b'^e-^i Uhh + /i^'^/i, 
47 \ * * a2 



(4.51) 



Decomposing the fluctuations of the d-dimensional spatial metric into the two physical 
polarization modes /ix, 

(4.52) 



^h] = 2(h\ + h 



X I ) 
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and introducing the conformal time coordinate dr] = adt, we eventually obtain, for each 
mode, the effective scalar action 



5(^)Sh = \j dm^~H^e~^ (^'^ + hV'h 



(4.53) 



where h is now a scalar variable standing for either of the polarization amplitudes hx- 
The variation with respect to h now gives exactly Eqs. ( 4.17| ), i.e. the S-frame tensor 
perturbation equation (the sameas was obtained by direct perturbation of the equations of 
motion). 

The above action describes a scalar field non-minimally coupled to a time-dependent 
external field (also called "pump field"), represented in this case by the dilaton and by the 
internal and external scale factors (the so-called "moduli"). In order to impose the correct 
normalization to a quantum spectrum of vacuum fluctuations we need, however, the canon- 
ical variable that diagonalizes the kinetic part of the action and describes asymptotically a 
freely oscillating field |212, 352, 492]. In our case such a variable u is defined by [ 299 | 

u = zh, z = a('^-^)/26«/2g-0/2_ (4_54) 

In fact, for each Fourier mode u^, we get from Eq. ( 4.53| ), after integration by parts, an 
effective action in which the kinetic term appears in the standard canonical form: 



S'^'^Su{k) = ydrj(^\u', 



k \uk\ H \uk\ 

z 



and which leads to the canonical evolution equation: 



- 1/(7?) 



Uk = 0, 



z 



(4.55) 



(4.56) 



with an effective potential V{'q) depending only on the external pump field. An accelerated 
background, in particular, has an effective potential that goes to zero as r/ ^ — oo. We thus 
obtain, asymptotically, the free-field equation 

u'l. + k^Uk = 0, T] ^ — oo, (4-57) 

and the variable Uk can be normalized to an initial-vacuum fluctuation spectrum, 

-^^^ " - -oo, (4.58) 



1 



Uk 



rj 



so as to satisfy canonical commutation relations [uki,Uk2] — i^kik2- The normalization of 
the canonical variable Uk automatically fixes the normalization of the metric fluctuations, 
hk = Uk/z. 

It is important to stress that the procedure used to introduce the diagonalized action 
( 4.55| ) can be exactly repeated in the E- frame. The only difference in this new frame is that 
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there is no dilaton coupling e~'^ in front of the Lagrangian density, and the pump field is 
simply determined by the E-frame scale factors, z = ip/h = a^'^~^y^b''^/'^. But, according to 
the transformation rule ( [4.22| ), z = z. The effective potential z" /z is thus the same in the 
two frames, the time evolution of V' and -0 is the same and, as a consequence, we find the 



same spectrum in both frames, as anticipated in Subsection 4.1 



In the case of scalar metric perturbations, the computations are more complicated, in 
practice, but the procedure is exactly the same in principle. The scalar canonical variable 
has been computed for a d = 3 isotropic background coupled to various types of sources: 
a perfect fluid [ |455| , |159|] , one scalar field |554, 49C, 571 1, two scalar fields [ pl3| , N scalar 
fields [^]. Working in the E-frame (and omitting the "tilde", for simplicity) the scalar per- 
turbation of the gravidilaton action ( [4.^ ) can be easily performed in the longitudinal gauge, 
where S^^^cp = X) ^^^^doo = 2a^99, 6^^^gij = 2a?^l)6ij. One then obtains the diagonalized 



second-order action | 492 |: 




where the canonical variable v is defined by 

V = ax + zip, 



,2| |2 , I |2 

k \vk\ H \vk\ 



(4.59) 



(4.60) 



and is gauge- invariant, as can be explicitly checked by using the infinitesimal transforma- 
tions (|]2|). 

This result can be easily generalized to the scalar fluctuations of the higher-dimensional, 
anisotropic background considered in the previous subsections, and parametrized as in Eq. 



( [4.25| ). After the diagonalization, the higher-dimensional action for the Fourier modes of 
scalar perturbations can be written as [pOO|] 



, 1 \Vk\ H l^^fel + Wk 



I |2 



\wk\ H \wk\ 

z 



(4.61) 



(modulo a total derivative that does not contribute to the equations of motion). There are 
two gauge-invariant canonical variables, v and which in the longitudinal gauge (.E = = 
B) are defined by 



V = a 



w = z 



n(n + d — 1) 



1/2 



with the generalized pump field 



(d-l) 

^(d-l)/2^n/2^/ 
— 4- 

a (d-l)b 



(4.62) 



(4.63) 
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The definition of the canonical variable and the correct normalization of the pertur- 
bations are necessary ingredients to study the growth of the quantum fluctuations, and 
to determine whether they backreaction may become eventually so large as to destroy the 
initial homogeneity of a pre-big bang solution (see also Section It is the canonical 
normalization, in particular, that leads to the standard relation between the amplitude of 
quantum fluctuations and the curvature scale of the background geometry. 

In order to illustate this important point let us consider tensor perturbations in a d = 3, 
isotropic, E-frame metric, evolving in time aymptotically according to Eq. ( 4.45| ). The 



classical perturbation equation (4.44) only determines the time dependence of the fluctu- 
ations. The canonical action, however, determines not only the A;-dependence through the 
normalization of n/j, but also the correct canonical dimensions of the fluctuations, [u] = M. 
By inserting in fact the required dimensional factors in the (E-frame) perturbed action, 

S'^^^Sh = ^ J drja^ (^h'^ + hV^h^ , (4.64) 



we obtain the scalar field action ( 4.55 ) with canonical dimensions by setting, for each Fourier 
mode, 

(recall that SttG = Mp^ with our conventions). 

The typical fluctuation amplitude over a comoving length scale r, on the other hand, is 
determined by the two-point correlation function 

(,{f) = {h{x)h{x + f)), (4.66) 

where the brackets denote either a quantum expectation value, if we work in the formal- 
ism in which the perturbations are quantized and expanded into annihilation and creation 
operators (see Subsection |4.4| ), or a macroscopic ensemble averaged over a spatial volume, 
if we work in the classical limit. In any case we consider real perturbations (/i^ = h*_^), 
satisfying the isotropy condition (i.e. \hk\ is a function oi k = \k\ only) and the stochastic 
condition 

{h{k)h{-k')) = {2Trf 6^{k - k')\h{k)\^ (4.67) 
(which is a consequence of their quantum origin). An explicit computation then gives 

- I f ^l^^(^)^ (4-68) 

where |5/i(A:)| represents the typical, dimensionless amplitude of tensor fluctuations over a 
comoving length scale r = k~^: 

\6H{k)\^k'/^\hk\^\e^'{r)] ^ ^. (4.69) 

L J r=k ^ 
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The amphtude of the quantum fluctuations of the metric is now fixed by Eq. ( |4.65| ) 
and by the normalization of the canonical variable, Eq. ( [1.58 ). Initially, for rj — > — oo, all 
fluctuations oscillate inside the horizon, and 

i.e. the amplitude of a mode is proportional to its proper frequency uj = k/a (and then it 
is adiabatically decreasing, in an expanding background). In the opposite regime rj ^ 
where the fluctuations are well outside the horizon of an inflationary background with 
a ~ |r/|", we have to use the asymptotic solution ( [4.45| ), and we may distinguish three 
possibilities. 

• If a < 1/2, then h is frozen, while the canonical variable grows adiabatically, following 
the growth of the pump field z = a (see Eq. ([4.45|) ): Uk ~ a(?ifc/a)hc, where "he" 
denotes the time of horizon crossing, \krj\ ~ 1). The final amplitude can thus be 
expressed in terms of the background curvature scale at the crossing time |r/| ~ 1/k: 

where Hi is some reference scale (a convenient choice is the final curvature scale at 
the end of the inflationary phase), and a is the conformal power of the scale factor. 
The spectral amplitude 6h is frozen in time, and it is then clear from the above 
equation why pre-big bang models, characterized by a growing (in time) curvature 
scale (a + 1 > 0, see Table 1), are associated to a growing (in frequency) tensor 
perturbation spectrum. 



If a > 1/2, then h is growing according to Eq. (|4.45D and, as a consequence, the 



spectral amplitude 5^ grows not only in frequency but also in time: 

Mk)\c^(^] |A;r/|i-2". (4.72) 



VMp J 



he 



The low-energy, dilaton-driven pre-big bang solution of Eq. (4.39) corresponds to 



the limiting case a = 1/2. In that case the amplitude of tensor perturbations only 



acquires a mild, logarithmic dependence [115, ^ 



14(^)1 ^ (^)^Jln|fcr?|| = \km\'^'\ln\kv\l (4.73) 

which is under control for inflation scales smaller than Planckian, Hi < Mp. 

It is important to stress that the behaviour of scalar fluctuations, in the background 
with a = 1/2, is apparently very different from the tensor one, as already discussed in 
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the previous subsection. By eliminating the dilaton fluctuation x, and using the scalar 
perturbation equations, one finds indeed that the scalar longitudinal variable V is related 
to the canonical variable v of Eq. ([4.60|) by |492|: 



Vk 



The normalized amplitude of scalar quantum fluctuations, 



(4.74) 



(hi 



\kr]i 



-1/2 



(4.75) 



is thus unbounded since, for any | 
for which \6^\ is arbitrarily large. 



> |r/i|, we can always find a frequency band \kr]i\ <^ 1 



By using the correct quantum normalization, however, it is now easy to check that this 
difficulty disappears in the off-diagonal gauge [ |115| |, where the ofF-diagonal perturbation 
variable B satisfies ~ ^^/V'fc the amplitude of the corresponding quantum fluctuations 
is controlled by 



\SB{k)\ \kr,\\64k)\ 



(-) 


m 


\MpJ 


V 



1 1/2 



(4.76) 



For the typical inflation scale of string cosmology. Hi ~ Ms < Mp, this amplitude stays 
smaller than 1 for the whole duration of the pre-big bang phase, |t/| > |r/i|, and for all modes 
with k < ki = |l/?7i| (higher-frequency modes are not amplified, see the next subsection). It 
should be mentioned, however, that this conclusion does not apply to classical fluctuations, 
whose initial amplitude is not constrained by the quantum normalization ( [4.58| ), and can 



be fixed to much higher values (see a recent discussion in [|128| ). 

To conclude this subsection we note that the above procedure used to define the canon- 
ical variables can also be applied to more complicated models, and in particular to the 
actions including the higher-derivative corrections typical of the "stringy" , high-curvature 
regime [|482|, |140|], appearing towards the end of the phase of pre-big bang evolution. To 



first-order in a' , and in the S-frame, such an action can be parametrized as |307] 
d'^x , — _^ f „ a' r 



S 



2A2 



-ge 



-R - d, 



+ 



R: 



GB 



(4.77) 



where Rq^ 



p2 



4i??,„ + R? is the Gauss-Bonnet invariant (see Section [sl^ for further 



details). Starting with Eq. ( [4.77 ), the second-order perturbed action for each polarization 
mode of tensor fluctuations becomes |277|, in conformal time. 



(4.78) 
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where 



a 



a 



4) +—4> 



(4.79) 



(the inequahty of the two pumping fields z and y, which prevents factorization, is a conse- 
quence of the breaking of the scale- factor duahty symmetry, to this order in a'; see |476| for 



an action with a' corrections, which preserves scale-factor duality). By setting u = zh/\/^Xs 
we get the action in canonical form. 



drj I H + ^uV^u 



y 



(4.80) 



and the corresponding perturbation equation 



< + 



z 
z 



-iy' 



(4.81) 



looks the same as Eq. ( 4.56 ), with the only difference that the effective potential is now, 
in general, /c-dependent. The above equation takes into account (to first order) higher- 



curvatures effects on the perturbation spectrum [277|, and provides the starting point for 
studying the evolution of tensor perturbations in the high-curvature regime typical of the 



pre-big bang scenario [148|. A similar approach has been developed for the study of scalar 



and vector fluctuations including a' corrections |150 



4.4 Spectral distribution of the energy density 

For all types of perturbations the evolution in time of the canonical modes is described by 
the Schrodinger-like equation ( 4.56| ), with an effective potential that depends on the pump 



field, and thus on the peculiar kinematics of the given background. For all inflationary 
backgrounds, however, such a potential tends to vanish, asymptotically, at large positive 
and negative values of the conformal time. 

Consider, for instance, the evolution of tensor perturbations in the E-frame: the pump 
field is the scale factor, z = a, and V = a" /a. For a typical inflationary scenario the 
background is initially accelerated, parametrized by a power-law scale factor, a ~ |r/|", so 
that \V\ ~ ry^^ for rj — > — cxd; at large times the background eventually evolves into the 
standard radiation-dominated era, a ^ rj, so that V = for r] — > -|-cxd. The analysis of 
perturbations thus reduces to a problem of scattering of the "wave function" Uk, induced 



by a potential V{r]), which is asymptotically vanishing (see Fig. 4J. 



The important difference between the present problem and an ordinary scattering prob- 



lem, however, is that the differential variable of Eq. (4.56) is time, not space. As a con 
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sequence, the oscillation frequencies represent energies, not momenta. With an initial nor- 
malization to a state of positive energy, 

Uin^^^, 77^-00, (4.82) 

the final state is thus in general a superposition of positive and negative energy modes, 

uout ^ c+e"''"'^ + c_e+''=^ T] ^ +00. (4.83) 

In the context of quantum field theory, it is well known that such a mixing represents a 
process of pair creation from the vacuum |^0[. The so-called Bogoliubov coefficients c± 
parametrize the unitary transformation connecting the set of |in) and |out) annihilation 
and creation operators: 

{uin,bk,bl} =^ {■Uout,afc,4}' 

ak = c+bk + c*_bl^^, a}_^ = c-bk + c\b^_k. (4.84) 
and define the expectation number of pairs produced from the vacuum in the mode k: 

nUk) = (0|6l6fc|0) = 0, n,^,{k) = (0|4afc|0) = |c_(A:)|2 ^ 0. (4.85) 

In a second quantization language, the amplification of perturbations can thus be de- 
scribed as a process of particle production or, equivalently, as the evolution of the initial 
vacuum into a final "squeezed" vacuum state 

|0) =^ \Su) = SfciO), (4.86) 

generated by the two-mode squeezing operator |565| 

Sfc = exp (^slbkb_k - Skblb^_k) ■ (4.87) 

Here Sk = r^e^*^'-' is the so-called squeezing parameter, whose modulus and phase are related 
to the Bogoliubov coefficients c± (k) by [ p65| 

c+{k) = coshrfc, c^{k) = f?^'^^ sinhrfc. (4.88) 
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354, 



Itshould be noted that the squeezed-state formalism is particularly convenient for the 
analysis of the statistical properties of the produced radiation, and for the study of the 
entropy growth associated to particle production. Representing the effective decoherence of 
the squeezed density matrix through a suitable "coarse-graining" procedure, which accounts 
for the loss of information associated to (averaged) macroscopic observations, one finds 
indeed that the entropy growth associated to particle production, for each mode /c, is given 



by ASfc = 2rfc [297, 298 1. In the large squeezing limit, summing over all modes, the total 
entropy inside a proper volume V = (aL)'^ can then be estimated as 



S^V I dujuj'^ \n\c^{uj)\^ = V i dujuj'^\xin{uj), (4.89) 
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IRe ui,(h)|2 




Figure 4.1: Parametric amplification of tlie vacuum Euctuations, illustrated by the quali- 
tative evolution of the canonical variable. The plot of the real part of (thin curve) has 
been obtained through a numerical integration of the canonical perturbation equation for a 
step-like effective potential (bold curve), exponentially damped in the inflationary region. 



in agreement with different approaches to the same problem ||106| , 107], and with different 



definitions of quantum (von Neumann) and informatic (Shannon- Wehrl) entropy [301]. For 
a growing, power-law spectral distribution n{Lo), typical of pre-big bang models, one obtains 
a constant entropy per comoving volume, S ~ (awi)^, where uJi is the maximal amplified 
frequency inside the given volume. This result has useful applications to the problem of the 
graceful exit, as will be discussed in Section 

In a semiclassical language, the amplification of perturbations can be represented instead 
as a parametric amplification |348| , ^70| of the wave function Uk , i.e. as an "antitunnelling" 
process [278] in which the positive frequency part of the ]out) mode ( [4.83 ) plays the role 



of the wave incident (from the right) on the barrier and its negative part the role of the 
reflected wave, while the ]in) mode ( [4.82| ) plays the role of the transmitted wave (see Fig. 
4.1). The Bogoliubov coefficient c_, which controls the number of produced particles, can 
then be written as the ratio of the reffection and transmission coefficients, \c-\^ = R/T . In 
the parametric amplification regime, characterized by a large number of produced particles 
(rik ^ 1), one finds ]c_] ~ ]c+], so that i? ~ 1, and then 



|2 



~ T-^. (4.90) 



Hence the term antitunnelling. 



Quite independently of the adopted language, the energy density of the produced par- 
ticles, for each mode k (summing over two polarization states), is given by 

dpk = 2knk^^^, rik = \c-{k)\'^ . (4.91) 
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The computation of the spectral energy distribution per logarithmic interval of frequency, 

"^P' -fc^ = 4|c_(fc)|^ (4.92) 



dln/c dk vr^ 



thus requires the computation of the Bogoliubov coefficient C-{k). By recalling Eqs. ( 4.82| ), 



), this amounts to solving the perturbation equation in the limit of large positive times, 
with the initial normalization imposed at r/ = — oo. 

We will consider, as a simple example, a model of background characterized by two 
phases: an initial accelerated evolution up to the time r/i, and a subsequent radiation- 
dominated evolution for rj > 

a ~ {-vT, V < Vi, 

a rj, rj > 7]i. (4.93) 

In the first phase the canonical equation ( fl.56 ) for tensor perturbations reduces to a Bessel 
equation, 

rvl r\j — 111 

Uk = 0, (4.94) 



^2 _ a{a - 1) 



with general solution 

Uk = \v\'^^[AHP{\k7]\) + BHl^\M)], u = \a-l/2\, (4.95) 

where Hi, ' are the first- and second-kind Hankel functions, of index u = \a — l/2\ deter- 
mined by the kinematics of the background (in this case, by the time evolution of the scale 
factor; more generally, however, a parametrizes the evolution of the pump field in conformal 
time). By using the large argument limit ||5| for rj ^ —oo, 



we normalize the solution to a vacuum fluctuation spectrum, 

A = ^^4, B = 0. (4.97) 
In the second phase V = 0, and we have the simple oscillating solution, 

Uk = (c+e-''''^ + c_e+^'='') . (4.98) 



2k 

The coefficients c± are now determined by the continuity of u and u' at rj = rji. More 
precisely, assuming a non-singular and continuous background, the matching would require 
the continuity of the perturbed metric projected on a space-like hypersurface containing 
rji, and the continuity of the extrinsic curvature of that hypersurface |385| , pl4|| ; but in 
many cases these conditions are equivalent to the continuity of the canonical variable u. 
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and of its first time derivative (see however [|135|] ). Such a matching prescription might 
require modifications, however, in the case of bouncing backgrounds |518] evolving from 
contraction to expansion). 



When matching the solutions ( 4.95| ), ( [4.98| ), it is convenient to distinguish the two 



regimes in which the comoving frequency k is much higher or much lower than the frequency 
associated to the top of the effective potential barrier, — In the first case, 

S> = /ci, we can use the large-argument limit of the Hankel functions to find that 

there is no significant particle production, i.e. 

|c+|~l, |c_|~0. (4.99) 



Actually, c_ is not exactly zero, but it is exponentially suppressed |l2| , 264] as a function of 
frequency, just like the quantum- mechanical reflection probability for a wave function with 
a total energy well above the top of a potential barrier. Such an effect is, however, negligible 
for the purpose of a first-approximation estimate in a cosmological context, and in any case 
it only affects the shape of the very high-frequency tail of the spectrum. A sharp cut-off, 
in that region, is a good enough approximation. 

In the second case. A; <C = /ci, we can use the small-argument limit of the Hankel 

functions 

^ a{kriiY - ihikruY", H^^^ ~ a*{k7]iY + i6(A;r/l)"^ (4.100) 

where a and b are dimensionless numbers of order 1, and we find 

|c+| ~ |c_| ~ (4.101) 
corresponding to a spectral distribution: 

For a comparison with present observations it is convenient to use proper frequencies, 
u{t) = k/a{t), and to express the spectrum in units of critical energy density, pdt) = 
3MpH'^{t). We thus obtain the dimensionless spectral distribution 

^ ^ Pc{t) duj Stt^M^H^ \loiJ ' ^ ^ 

where 

ki 1 Hiai 

wi = — ~ ~ — ^ 4.104) 

a arji a 

is the maximal amplified frequency (approximately, the frequency "hitting" the top of 
the potential barrier |1^(^/)|). Such a distribution can also be rewritten (modulo model- 
dependent numerical factors) in the final useful form 



n{oj,t) ^ gln^it) i^—j , (4.105) 



91 



Curvature scale 


Metric 

a = |7?|" 


Bessel index 

v=\a- 1/2| 


Spectrum 


de Sitter, constant 


a = —1 


3 - 2z^ = 


flat 


power-inflation, decreasing 


a < -1 


3 - 2z^ < 


decreasing 


pre-big bang inflation, growing 


a > -1 


3 - 2z^ > 


increasing 



Table 2: Accelerated backgrounds and the slope of the spectrum. 



where gi = Hi/Mp is the curvature scale at the transition epoch ti (a fundamental param- 
eter of the given cosmological model), and 



Pc 



Hi 
H 



a J 



(4.106) 



is the energy density (in critical units) of the radiation which becomes dominant at t = ti, 
rescaled down to a generic time t. 

It is important to stress that the spectral slope 3 — 2i/ is directly related to the kinematic 
behaviour of the background during the phase of accelerated evolution, as illustrated in 
Table 2. In particular, the spectrum tends to follow the behaviour of the curvature scale. 
In the standard inflationary scenario, represented by a phase of de Sitter-like evolution, 
Q does not depend on uj, and one obtains the so-called scale-invariant Harrison-Zeldovich 



spectrum 1 364 , |631| | . For the low-energy, dilaton-driven phase typical of string cosmology 
(the solution ( |4.39D ) one has a = 1/2, and the corresponding spectrum 17 ~ simulates 
the low-energy (Rayleigh- Jeans) tail of a thermal black-body distribution (see Subsection 
5.2). Note, however, that a flat, scale-invariant spectrum with v = 3/2 can also obtained 
for a = 2, corresponding to a phase of contraction dominated by a cold "dust" source with 



effective equation of state p = 0. This possibility, first pointed out in [273], was recently 
discussed in |251] for the pre-big bang and ekpyrotic ||412| , |413| ] scenarios. 



It is also to be remarked that the above results for the spectrum have been obtained 
by matching, as usual, the (perturbed) induced metric and the extrinsic curvature across 
the hypersurface of constant total energy density, p + 8p = const. In the case of scalar 
metric perturbations, this implies the continuity of the Bardeen potential $ and of the 
variable Q = v/z (representing curvature perturbations), even for bouncing backgrounds 



[384]. Performing the matching across different hypersurfaces may lead, however, to a dif- 
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ferent spectrum of scalar perturbations (without changing the tensor spectrum), especially 
in the case of transitions from a collapsing to an expanding phase, and in the case of non- 
continuous backgrounds, as shown for a special case in [51S] and discussed in general in [227| 
(see Section ^ for possible applications of this effect to the scalar perturbation spectrum of 
the pre-big bang scenario). 

It should be noted, finally, that the above procedure for an approximate determination 
of the spectrum can be applied to any type of perturbation described by the canonical 
equation ( 4.56| ). Also, it can be easily generalized to the case of n transition scales ?/i,r/2, 
...7/„, for a background characterized by n phases, each of them approximated by a power- 
law evolution with parameters 01,02, ••• , On- In each of these phases we have a general 
solution with Bessel index vi = \ai — 1/2|, i = l,2,...,n. By matching u and u\ using 
the large-argument limit of the Hankel functions for modes above the potential barrier, 
and the small- argument limit for modes below the barrier, we obtain a spectrum with n 
different frequency bands. In each band, the slope of the spectrum is only determined by 
the background kinematics of the two phases in which a given mode "hits" the barrier 
and "re-enters" the horizon, respectively. The amplitude of the spectrum, on the contrary, 
keeps track of the relative duration and kinematics of all phases during which the mode 
stays "under the barrier" p78(|. 



By expanding the coefficients of the exact Bessel solutions (determined by the matching 
conditions) at each transition scale |r/j| = A;^^, and including the next-to- leading terms 
when the leading ones are zero |l35f| , we can also formulate a set of synthetic prescriptions 
for a diagrammatic computation of the spectrum [ plO|| . The method requires the drawing 
of a simple plot in which we insert a vertical line corresponding to each transition, the 
height of the line being proportional to the associated transition frequency, = |r/j|~^. It 
is thus possible to identify at a glance the various frequency bands of the spectrum, and the 
knowledge of the various Bessel indices Vi turns out to be sufficient to write down a quick 
estimate of the various amplitudes and spectral distributions [210|. Such a computation can 
also be made exact by including the full numerical coefficients in the asymptotic expansion 
of the Hankel functions. 



4.5 Duality of the perturbation equations 

In the previous subsections we have applied the usual Lagrangian formalism to describe the 
evolution in time of the perturbations, and their cosmological amplification. The Hamil- 
tonian formalism, however, is more appropriate for the study of an interesting duality 
symmetry which connects the amplitude of quantum fluctuations to their conjugate mo- 



mentum, and which may be useful for estimating their energy-density spectrum [I18| (see 
also [l6]l 



We shall assume, as discussed in Subsection 4.3, that the perturbations of the effective 
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action leads to a quadratic Lagrangian density which, in the conformal-time gauge, can be 
parametrized as 



2 



(V" + V'V^) , (4.107) 



where z{ri) is the pump field and ■0 the comoving amplitude of the given fluctuations (see 
for instance Eq. ( 4.53| )). This Lagrangian may describe not only the (scalar and tensor) 



metric perturbations, but also the quantum fiuctuations of gauge fields and antisymmetric 
tensors (see Section 0). By introducing the conjugate momentum 

vr = ^ = zV, (4.108) 

we can define the corresponding Hamiltonian density, written in Fourier space as 

^ = ^E(^"'l^'«l' + ^'^VfcP), (4.109) 

k 

where ip-k = ipl and iT-k = vr^. The first-order perturbation equations then read, for each 
mode, 

V'l. = z'\.k, < = -^^fcV-fc, (4.110) 

and lead to the decoupled equations 

V'fc + 2^i;'^ + /cVfc = , < - 2^7r^ + k\k = 0. (4.111) 

It is now easy to check that the transformation 

TTfc ^ vffc = ktpk , i'k^ ^k = -A;" Vfc , z ^z = z''^ (4.112) 
leaves the Hamiltonian, Poisson brackets, and equations of motion unchanged. It is a duality 



transformation that reduces to the usual strong-weak coupling duality [ p61| , 523 , 556 1 in the 
special case in which z = e-'t'/^ = (as for the perturbations of heterotic, four-dimensional 
gauge bosons [305, 306 , ^430(| , see Section 0), and to scale- factor duality [^99| , 58C, 560 1 in the 



special case in which z = a (as for tensor metric perturbations). In addition, in the case of 
electromagnetic perturbations, the contribution of kipi^. to the Hamiltonian can be identified 
with that of the magnetic field, whereas vr^ is proportional to the electric field: hence, in 
that case, the transformation ( 4.112| ) exactly represents the well-known electric-magnetic 



duality transformation. 

As a consequence of this duality property, the energy-density spectrum of the quantum 
fluctuations can be consistently estimated by truncating the solution (outside the horizon) 
to the frozen part of the fluctuations, even in backgrounds where the comoving amplitude 
grows with time and the growing modes dominate the spectrum. Only in a duality- 
invariant context is such a truncation consistent, as the contribution to the Hamiltonian 
of the growing mode of ■0 is simply replaced by the contribution of the frozen part of its 
duality-related conjugate momentum |118[|. 
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In order to illustrate this important effect, it is convenient to introduce the new variables 



ip = zip, 



TT = z vr. 



(4.113) 



which are canonically normalized and which transform as ipjir under the duality transfor- 
mation (4.112). Our Hamiltonian density ( [4.109| ) can then be written, formally^, in a free 
canonical form. 



n 



where the variables ip, vf satisfy the Schrodinger-like equations of motion: 



k^-iz)"z 



^k" + 



{z-rz 



T^k = 0, 



(4.114) 



(4.115) 



characterized by two duality-related "effective potentials", V^{z) = z" / z and K-(-z) = 
z{z-y = V^{z). 

The initial evolution of perturbations, for all modes with k"^ > {\Vq,\, |Vn|}, can now be 
described by the WKB-like approximate solutions of Eqs. ( [4.115| ): 

r V 

^1/4 



Mv) = {k^-v^y 



exp 



exp 



i j dr,' (k^-V^f'^ 

V 

-i [ dr,' {k'-V^y^ 



(4.116) 



which we have normalized to zero-point vacuum fluctuations, and where the extra factor of k 
in the solution for vf^ is inserted for consistency with the first-order Hamiltonian equations. 
We have ignored a possible relative phase in the solutions. Asymptotically, at ^ — oo, we 
have V^, K- — > 0, and the solutions ( 4.1161) reduce to the canonically normalized vacuum 
fluctuations 

^ -ikr]+iifik ^ 

M^) = ^ , ^kiv) = -*^'?+''^., (4.117) 

where (pk, ip'^ are random phases, originating from the random initial conditions. The initial 
state thus satisfies 

(z-V) = {z\Vi^f), (4.118) 

where (• • •) denotes ensemble average, or expectation value if perturbations are quantized. 
Note that, because of the random phases, the initial state is duality-invariant only on the 
average, in the sense of the above equation. 



^ Equivalent ly, we can introduce t/;,?? via a time-dependent canonical transformation and work with a 
corrected Hamiltonian H. 
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In the opposite regime, fe^ < |K-|}, it is possible to write "exact" solutions to Eq. 

CTTD as follows PI], 



Ak Tcos(z ^,z) + Bk Tsin(z ^,z) 



-Bfc Tcos(z, z ^) — Tsin(z, z ^) 



(4.119) 



where Ak,Bk are arbitrary integration constants, and the functions Tcos(A;,ry), Tsin(A;,r/) 
satisfy 



k 



Tcos(2; ^,2:) = — ^Tsin(2;,z ^ 



Tsin(z ^,z) =-^Tcos(z, z ^] 



(4.120) 



They are defined through the following "ordered" expansions (see also ||492|] ) : 



'7ex Ve^ 

V VI m m 

+ k driiz~'^{7]i) k / dr]2Z^{r]2) k / d'n3Z~'^{r]3) k / dr]iZ^{ri/C) + 



»7ex 



»7ex 



Tsin(z ^,z;k,rj)=k / dr]iz ^(r/i) 



??ex 



- k J dT]iz-Hm) k J dr,2z\r]2) k J dr]3Z-\7]3) + ■■■, (4.121) 

^ex 'yex ^cx 

where, for matching purposes, a convenient choice of the time ??exi appearing as an arbitrary 
lower limit of integration, is the horizon-exit time, such that \krjcx\ — 1- 

Suppose now that the background, during the accelerated period, can be parametrized 
by a power-law evolution of the pump field, i.e. z ~ \r]\°' for r/ — > 0_. From the general 



solution (4.121) we obtain, in the limit Ikrjl <C 1, 



k\r]\ 
1 - 2a 



TTfc = fe Bk\r) 



k\v\ 
1 + 2a 



(4.122) 



with logarithmic corrections for a = ±1/2. The corresponding expansion for the comoving 
amplitudes ipk, vr^, is then 



l-2a 



TTk = k {^Bk - Ak\r]\^^ 



■2a 



(4.123) 



They may contain a growing mode, which leads in general to a growing Hamiltonian, and 
then to a growing energy-density spectrum. The Hamiltonian, however, is always dominated 
by a joint contribution of the frozen modes of ipk and vr^. We may consider, in fact, three 
possibilities. 
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a > 1/2. The growing mode dominates 'i/'A;, while vr^ is frozen, as the constant mode 
is dominant (see Eq. ( 4.123| )). Asymptotically, however, the Hamiltonian (4.114) is 
momentum-dominated, vr'^ ^ A;^^^, according to Eq. (4.122). 



a < —1/2. The comoving amplitude is frozen, while the growing mode dominates 
vTfc (see Eq. ( [4.123D ). Asymptotically, however, the Hamiltonian (4.114) is dominated 
by V'fc, i-e. vr^ < k^-^P' , according to Eq. ( [4.122| ). 

— 1/2 < a < 1/2. The comoving amplitude and the conjugate momentum are both 
frozen, so that 



kipk = kzipk = k{—] V/c ~ Vk\kvi\°', 



and 



(4.124) 



(4.125) 



Thus, for super-horizon wavelengths, the Hamiltonian density is always growing but, irre- 
spectively of the value and sign of a, the joint contribution of the constant modes ^lJk ~ Ak 
and TTk ~ kBk always provides an accurate estimate of the leading contribution to the 
canonical energy density, which can be written as 



1 



\Ak\^\v\^'' + \Bk\^\v\- 



2a 



(4.126) 



This estimate, based on the low-energy effective Lagrangian (4.107), could no longer 
be appropriate when including a' and loop corrections, typical of the high-curvature string 
phase of pre-big bang models. Such corrections could indeed break the low-energy duality 
symmetry. In that case, we cannot exclude that other modes in ^ and vr will dominate the 
Hamiltonian over the constant modes. In that case, however, the above estimate can be 
applied as a lower bound on the total energy spectrum, provided the perturbation equations 
still contain a frozen part in their asymptotic solutions, as shown, for instance, in the 



example discussed in detail in |277]. 



5 Relic gravitons 



One of the most firm predictions of all inflationary models is the amplification of the trace- 
less, transverse part of the quantum fluctuations of the metric tensor, and the formation 



of a stochastic background of relic gravitational waves |345, 57C, 13, 585], distributed over 
quite a large range of frequencies (see ||l^, ^] for a detailed discussion of the stochastic 
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properties of such a background, and [353, |T5| for a possible detection of the associated 
"squeezing" ) . 

In this section we wih apply the formalism and the results established in the previous 
section to compute the possible spectral distributions of relic gravitons in the context of 
the pre-big bang scenario. We will then estimate the maximal expected intensity (allowed 
by phenomenological bounds and by model-dependent constraints) of such backgrounds 
and discuss their possible detection by present (or near- future) gravitational antennas. For 
additional studies of this aspect of the pre-big bang scenario we also refer the reader to 
recent review papers, especially devoted to the primordial graviton background in string 

m 



cosmology 602 



113, ^6 



5.1 Phenomenological bounds on the graviton spectrum 

As discussed in the previous section, the spectrum of the tensor perturbations of the metric, 
amplified by inflation, contains various important parameters: the inflation scale Hi, the 
slope 3 — 2u, the end-point frequency wi. Such parameters are (partially) constrained by 
the direct (or indirect) observational bounds existing at present on the energy density of 
a primordial stochastic background of gravitational waves. To discuss the effects of such 
bounds, let us recall, first of all, the gravitational spectrum expected in the context of the 
standard inflationary scenario. 

In that context, the overall cosmological evolution can be approximated by a three- 
phase model of background, in which the accelerated de Sitter (or quasi-de Sitter) epoch is 
followed by the standard radiation-dominated and matter-dominated eras: 

de Sitter inflation, a ~ {—rj)~^, t] < rji, 

radiation domination, a ^ r], rji < r] < rj^q, 

matter domination, a ~ 77^, ryeq < 77 < (5-1) 



The effective potential appearing in the perturbation equation ( [4.56| ) is then characterized 
by two transition scales, inflation radiation at 77 ~ r/i, and radiation — > matter at ~ ?7eq. 
As a consequence, there are two different branches of the spectrum, corresponding to high- 
frequency modes, |fc7?eq| > li that are affected by the first background transition only, 
and low- frequency modes, \kr]eq\ < 1, that are affected by both transitions. Following the 



procedure described in Section we can easily compute the corresponding Bogoliubov 
coefficients, and the resulting spectral energy distribution ( 4.105| ), evaluated at the present 
time to, is |54|, |24|, g: 



nG{uJ,to) ~ VMpj ^'r^^o)' UJeq < UJ < UJl, 



2 / U 



^7(^0) , LVo <U} < LUeq- (5.2) 



\MpJ ^' ""^ \u;, 
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Here Hi is the curvature scale corresponding to the inflation radiation transition, 
uji is the maximal amplified frequency, corresponding today to ui ~ ^ Hi /Mp 10^^ Hz; 
Wo is the minimal amplified frequency, corresponding to a mode crossing today the Hubble 
horizon, loq ~ 10""^*^ Hz; LU^q ~ IO^Wq is the frequency of a mode crossing the horizon at 
the epoch of the radiation — > matter transition (the maximal frequency affected by the 
potential due to the matter era); finally, r2^(io) ~ 10~^ is the present fraction of critical 
energy density in radiation. 

The expected distribution decreases like w"^ between ujq and ujcq', it is fiat (i.e. scale- 
invariant) between uj^q and ivi and then dies off exponentially for uj > uJi. The position of 
the spectrum in the ($7, iv) plane is completely controlled by Hi, which is the only unknown 
parameter in this simple example of infiationary model. The existing phenomenological 
bounds able to constrain the position of the spectrum in the (fi, uj) plane can thus constrain, 
indirectly, the infiation scale Hi. At present, there are three main experimental bounds. 

A first bound follows from the analysis of the pulsar-timing data: there is at present no 
detectable distortion of pulsar timing due to the influence of a cosmic graviton background, 
at the frequency scale ujp ~ 10~* Hz. The present level of experimental sensitivity provides 
the bound |0§ 

Og(wp) < 10-^ LOp ~ 10-*^ Hz. (5.3) 



A second bound comes from the standard nucleosynthesis analysis [ ^57|] : the total inte- 
grated energy density of the graviton background, at the epoch of nucleosynthesis, cannot 
exceed, roughly, the energy density of one massless degree of freedom in thermal equilibrium 



at that epoch. This gives a bound for the integrated spectrum [117], 



HIqq J din tone to) ^ 0.5 X 10"^ /i?oo = Ho/{WO km s^^Mpc^^), (5.4) 

which also applies to a possible peak of the spectrum, at all scales. Note, however, that the 
above bound can be relaxed by about an order of magnitude if signiflcant matter-antimatter 



domains are present at the onset of nucleosynthesis, as recently pointed out in [337|. 



A third bound (the most stringent one for flat or decreasing spectra) comes from the 



COBE measurements |567| , 77] of the large-scale CMB anisotropy. Those observations imply 
that the contribution of a graviton background to the CMB anisotropy, at the horizon scale 
Wo, cannot exceed the upper bound 



6h{u;o)\ < 10-^ (5.5) 



where ]5h('^)] is the typical fluctuation amplitude ( 4.69 ) of tensor perturbations over a 
proper length scale u>~^. The spectral energy distribution, on the other hand, can be 



expressed in terms of the amplitude 6h by noting that, from the E-frame action (4.64) of 



tensor perturbations, the average proper energy density of the background (summing over 
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polarizations) is given by 



Pa = §^ = M|(|Ap). (5.6) 



Using the Fourier expansion, the isotropy and the stochastic condition ( 4.67| ) for hj^, we 
finally obtain the relation [ p78| | 



The COBE bound can thus be rewritten as a condition on the graviton spectrum, 

QaiuJo) ^ 10~^°, cjo ~ 10-^^ Hz. (5.8) 

A further, model-dependent bound can be obtained by considering the production of 



primordial black holes [|180| , |181| , that could be in principle closely related to the process 
of graviton production. The process of black-hole evaporation, at the present epoch, is 
constrained in fact by a number of astrophysical observations: the absence of evaporation 
may thus impose an indirect upper limit on the graviton background. In a string cosmology 
context the best upper limit obtained from primordial black holes turns out to be roughly of 



the same order as the nucleosynthesis bound (5.4), namely ^ci^s) ^ 0.5 x 10 [180|, where 



uJs is the maximal frequency amplified at the end of the low-energy dilaton-driven phase 
(see the next subsection). It should be mentioned, finally, that another bound comparable 
with the nucleosynthesis one, ^ 10~^, and only valid however in the frequency range 
10~^ - 10~^^ Hz, is also obtained from present gravitational lensing experiments 



Taking into account all significant bounds, the maximal allowed spectrum for the stan- 



dard inflationary scenario is represented in Fig. 5.1 by the line labelled "de Sitter". The 
CMB isotropy bound ( [5. 11] ) is the most significant one and, when imposed on the spectrum 
(|53), it implies |2|, |2|] 

Hi < IQ-^Mp. (5.9) 

Also shown in Fig. are two possible spectra for the case in which the accelerated de 
Sitter phase of Eq. ( |5.1| ) is replaced by a phase of power-law infiation, with a ~ (—?/)", 
a < —1. In that case the spectrum is decreasing even for uj > Wcq (see Table 2), and the 
isotropy bound on Hi becomes more and more stringent as the negative slope becomes 



steeper and steeper [|295| , 29S] 



The bound ( |5.9| ) on the final infiation scale thus applies to all models characterized by a 
flat or decreasing energy spectrum. It may be evaded, however, if the spectrum is growing, 
as in the context of the pre-big bang models that will be considered in the next subsection. 

5.2 The graviton spectrum in minimal pre-big bang models 

According to the pre-big bang scenario, the very early cosmological evolution starts from a 
state approaching the string perturbative vacuum, goes through an initial low-energy phase 
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Figure 5.1: Expected graviton spectra in the standard inEationary scenario. 

driven by the dilaton kinetic energy, and then necessarily reaches a purely "stringy" and 
quantum regime of high curvatures and large couplings. In that regime, the perturbative 
expansion of the string effective action becomes inappropriate (see Section and the 
details of the background kinematics become (with present understanding) uncertain and 
strongly mo del- dependent; for the illustrative purposes of this subsection we shall assume 
that, in spite of these uncertainties, it is still possible to parametrize the kinematics of the 
string phase by a power-law evolution of the metric and of the dilaton field. 

Neglecting the final matter-dominated era, which only affects the low-energy tail of the 
spectrum (and which is not very relevant to spectra that are growing very rapidly with 
frequency), we are thus led to consider a simple class of pre-big bang models in which 
the phase of accelerated evolution preceding the standard radiation era is divided into two 
physically distinct regimes: an initial, low-energy, dilaton-dominated phase, and a late, 
high-energy, string phase where a' and loop corrections become important (see Section |8|). 
We shall denote by % the time scale marking the transition to the high-curvature string 
phase and by ryi the time scale marking the transition to the radiation-dominated cosmology 
(see Fig. ^.2]) , associated to a final curvature of order 1 in string units. In the E-frame we 
may thus parametrize the following class of backgrounds: 

dilaton phase, a ~ (— r/)^''^, (/> ~ — \/3 ln(— 77), rj < rjs, 

string phase, a ~ ~ ~2/31n(— r/), % < < r/i, 

radiation era, « ~ "^j = const, r] > rji. 

(5.10) 

The model seems to contain four parameters, a, /?, r/i, r]s or, equivalently, the curvature 
scales and coupling constants at the two transition epochs: 

Hi, H,, gi = e'f>^l\ 9s = e'^^'\ (5.11) 
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Figure 5.2: A "minimal" model of pre-big bang background. 

We may expect, however, that during the string phase the curvature scale stays controlled 
by the fundamental string mass Ms, 

^string phase- Ms = e'^/2^P, (5.12) 

SO that H keeps constant in the S-frame, while it grows (driven by the dilaton) in the 
E-frame, where Mp is a constant. This condition has two important consequences. 

The first is that the final curvature scale. Hi = giMp, turns out to be fixed by the 
present value of the fundamental ratio between the string and the Planck mass ||403|]: 



Ms/Mp ~ 0.3 - 0.03. (5.13) 

The second is that, in the E-frame, according to the parametrization ( ^.lOD , we have 
\Hs/Hi\ = Qs/gi, so that 

\Vi/%f = \Vi/r]s\'''\ (5.14) 

i.e. (3 = 1 + a. 

Since Hi is fixed, and a and (3 are related, we are thus left with a "minimal" class of 



pre-big bang models [116, p05| , characterized by a two-dimensional parameter space. As 
a convenient set of physical parameters we may choose, for instance, the duration of the 
string phase in conformal time, Zg = ??s/??i, and the value of the string coupling gs{%) at 
the beginning of the high-curvature string phase. 



For such a background, the effective potential V{ri) of Eq. ( |4.56 ) is characterized by 



two transition scales, and the corresponding spectrum by two frequency bands, separated 
by the limiting frequency uJs- we have in fact high-frequency modes with to > ojs hitting 
the barrier (or crossing the horizon) during the string phase, and low-frequency modes with 
LJ < LVs hitting the barrier during the dilaton phase. By applying the general procedure 
illustrated in the previous section one then finds the following spectral distribution |116(| : 

~ gfn^{to)(^^^ [^)\ ^<^s (5.15) 
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(modulo logarithmic corrections, see Section 4.2). Such a spectrum has three important 
properties. 



• The low- frequency band is characterized by a nearly thermal (i.e., Rayleigh-Jeans) 
behaviour, Q ~ lo^, that simulates the low-energy part of a black-body spectrum. 

• At high frequencies the slope is at most cubic, but in general flatter, as 17 ~ u;^"^'', 
with v > 0. 

• The end-point values of the spectrum are approximately known, and fixed in terms 
of the fundamental ratio gi = Hi/Mp ~ Mg/Mp: 

ioi ~ c/l^^lO" Hz, 0(wi) ~ IQ-^c/f. (5.16) 



The spectral behaviour of this class of backgrounds, computed by perturbing the lowest- 
order string effective action, is expected to remain valid even when the a' corrections are 
included (to first order) in the perturbed action [277|: the spectrum remains the same, 
only the amplitude is slightly modified, with no appreciable consequence for an order- 
of- magnitude estimate (as confirmed also by recent numerical simulations, |148|). What 
remains model-dependent, however, is the position of the break in the spectrum, determined 
by the coordinates lOs and 17 (ws)- For comparison with the standard predictions of the de 
Sitter inflationary scenario, we have thus plotted in Fig. 5.3 three possible spectra, for 
a graviton background of pre-big bang origin, corresponding to different durations of the 
string phase, and to different slopes of the string branch of the spectrum. 

It should be mentioned that the full spectrum of tensor metric perturbations has re- 
cently been computed for a regular class of minimal pre-big bang models, including in the 
linearized perturbation equations also the contributions from the higher-derivative and loop 
corrections needed for a smooth transition to the post-big bang regime |14S]. It has been 
checked, in such a context, that the spectrum of the low-frequency modes to < Wg, crossing 
the horizon in the low-curvature regime, is unaffected by the higher-order corrections. Also, 
it has been explicitly confirmed that the "string branch" of the spectrum (lu > lOs) is flatter 
than at low frequency, and that its amplitude can be reliably estimated also by means of 
the low-energy perturbation equation. It has been found, however, that if the transition 
to the post-big bang regime goes through a phase described by the fixed-point solutions of 
the (first order in a') truncated string effective action (see Subsection 3^), then the slope 
of the string branch of the spectrum is at least quadratic, i.e. still too steep for a possible 
detection by present gravitational antennas (see Subsection 5.4). 

In any case, the graviton spectrum of the minimal pre-big bang scenario is monotonically 
growing and, as a consequence, the most constraining bound is provided by nucleosynthesis, 
as is evident from Fig. 5.3. The string branch of the spectrum can be extended (at least 
in principle) to arbitrarily low frequencies, provided that the slope is not too flat, to avoid 
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Figure 5.3: Expected graviton spectra in minimal pre-big bang models, compared with the 
Eat (or decreasing) spectra of the standard inEationary scenario. 

a conflict with the pulsar bound. It should be stressed, however, that the nucleosynthesis 
bound applies to the total integrated energy density, and thus becomes more and more 
stringent as the spectrum is flatter and the string phase is longer. 

Given our present ignorance of the dynamical details of the string phase, where high- 
curvature and quantum-loop effects are expected to play a signiflcant role, the precise shape 
of the spectrum turns out to be (at present) strongly model-dependent (as also stressed by 
the examples analysed in [ [148| ). It is remarkable that, in spite of this uncertainty, it may be 
possible to provide an accurate (and rather model-independent) estimate of the theoretically 
allowed region for the expected spectrum, in the plane of Fig. 



5.3 Allowed region in the a; — f2 plane 

The determination of the allowed region requires a precise estimate of the coordinates of 



the end-point of the spectrum |117], loi and f2(a;i). The flrst one is the maximal amplifled 
frequency, corresponding approximately to the production of one graviton per polarization 
mode and per unit of phase-space volume. The present value of this frequency is: 

-i(*o) = ^. (5.17) 

The second one is the associated peak value. 



nioji) = (5.18) 



(from Eq. ( 4.92| )). The present value of oJi contains two elements of intrinsic uncertainty. 



104 



A first uncertainty corresponds to the identification Hi = Mg. It is true that the final 
transition scale should be controlled by the string mass scale, but the exact value of Hi 
might be slightly different from Ms- This uncertainty is expected to be small, however, and 
can be neglected in a first approximation. 

A second (and just moreimportant) uncertainty is associated to the rescaling of uJi 
from the transition time ti down to Iq. There are in fact two possibilities. If the CMB 
radiation that we observe today was all produced by the transition ai t = ti, together with 
the gravitons, then the ratio ^Ic/^-y remains fixed throughout the subsequent cosmological 
evolution from ti down to tQ, the redshift of ivi is known and can be computed exactly. 
If, on the contrary, there was some process of radiation production due to some reheating 
phase occurring at time scales much later than ti, then the present value of the ratio $7^/0^ 
can be arbitrarily diluted with respect to its original value at ti, corresponding to a redshift 
of iOi which is in principle unknown and arbitrarily large. 

To take this last possibility into account, we may introduce the phenomenological param- 
eter 6s, representing the fraction of the present CMB entropy density due to all reheating 
processes following the end of the string phase at t = ti. This parameter is defined by 

<5, = £o^, (5.19) 
So 

where sq and si are the thermal entropy density of the CMB background at to and ti, 
defined in terms of the temperatures (To, Ti) and of the numbers (no, ni) of particle species 
contributing (with their own statistical weight) to the entropy: 

So = —noiaoTof, si = —miaiTif. (5.20) 



By using ni/ng ~ 10 , and assuming thermal equilibrium at t = ti, we then obtain [117]: 



u.i{to):.n[^y\l-6sf\ 

ndu^uto) 7 X lo-^'Kol (^)' (1 - ' (5.21) 

where To = 2.7 K ~ 3.6 x 10^^ Hz is the present CMB temperature. 

At fixed 5s, the main uncertainty on the end-point values is thus controlled by the 



fundamental ratio M^/M-p, as illustrated in Fig. 5.4, where the boxes around the end 
point display an uncertainty corresponding to the allowed range 0.01 < (Mg/Mp) < 0.1. 
By varying 5s, the end point moves along the thin line with slope w^. The present peak 
intensity is thus depressed for large values of 5s; however, as we can see from the picture, 
even if 99% of the present entropy had been produced during the latest stage of evolution, 
the intensity of the relic graviton background would stay well above the full line labelled 
"de Sitter", which represents the most optimistic prediction of the standard infiationary 
scenario in this frequency range. 
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We note, finally, that the same numerical value of the ratio Mg/Mp also controls the 
amplitude of the bulk graviton spectrum possibly produced in the context of a pre-big bang 
scenario with large extra-dimensions |]35| , Indeed, even if the D-dimensional Planck 
scale is smaller (for larger volumes of the internal space) , the string scale is correspondingly 
lowered, so as to keep the grand-unified gauge coupling in the above allowed range. 

The above discussion refers to the minimal models illustrated in the previous subsection, 
where the end point and the peak of the spectrum are strongly correlated, according to Eq. 
(5.21). Actually, what is really fixed in the pre-big bang scenario is the maximal height of 



the peak, but not necessarily the position in frequency, and it is not impossible, in more 
complicated, non-minimal models, to shift the peak to lower frequencies. 

In the minimal models, in fact, the end of the string phase coincides with the freezing 
of the coupling parameter g = e*^/^, and with the beginning of the standard radiation era. 
In non- minimal models |27^ ] (see also ||4^ ) the coupling is still very small at the end of the 
string phase, g{ti) <C 1, the dilaton keeps growing in a decelerated way while the curvature 
starts decreasing, and the produced radiation becomes dominant only much later (such 
models are also important in the context of reheating, see |132|). 



The main difference between the two classes of models is that in the non-minimal case the 
effective potential V{r]) appearing in the canonical perturbation equation is non-monotonic, 
so that the highest frequency modes re-enter the horizon during the intermediate dilaton- 
driven phase that follows the string phase and preceds the beginning of the radiation era. 
This modifies the slope of the spectrum in the high-frequency sector, with the possible 
appearance of a negative power [p78|] (see also [|262|] ) . The gravity- wave spectrum may 
thus become non-monotonic, and the peak may no longer coincide with the end point, as 



illustrated in Fig. 5.4. A similar behaviour for the spectrum is also obtained in the context 
of non-minimal pre-big bang models that include a phase of "thermal inflation" , or a period 
of early matter domination pSO]. A phase of matter-dominated pre-big bang evolution 



can also produce a flat graviton spectrum |251], but in that case the intensity of the relic 



background is much smaller than the peak values reported in Fig. |5 

These are good news from an experimental point of view, because they suggest the pos- 
sibility of a large detectable signal, even at frequencies much lower than the gigahertz band. 
However, they also provide a warning against too naive an interpretation and extrapola- 
tion of possible future experimental data, because of the complexity of the parameter space 
of the string cosmology models. It should be noted, for this purpose, that the spectrum 
associated to the string phase could be monotonic only on the average, and could locally 



oscillate even in minimal models [133], as illustrated by the wavy line appearing in the 



high-frequency branch of the spectrum of Fig. 5.4 



Given the present theoretical uncertainties, it seems appropriate to deflne the maximal 
allowed region for the expected graviton background, i.e. the region spanned by the spec- 
trum in the {w, S7} plane when all its parameters are varied. Such a region is illustrated 
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Figure 5.4: Peak and end point of the graviton spectrum in minimal and non-minimal 
models, as a function of 5s. The boxes at the end of each strip represent the uncertainty 
due to the unknown value of the ratio M^/Mp. 



in Fig. ^.5| , for the (phenomenologically interesting) high-frequency range uj > 1 Hz. The 
figure emphasizes the possible, large enhancement (of about eight orders of magnitude) of 
the expected graviton background in pre-big bang models, with respect to the standard 
inflationary scenario. The maximal allowed intensity of the graviton background coincides 
with the upper border of the strip with 5s = in Fig. 5^, i.e. from Eq. ( |5.21| ): 



^max ^ 10-6/i-(2 . (5.22) 

Note that this upper limit is automatically compatible with the nucleosynthesis bound, Eq. 
( |5.4| ), even if the spectrum is nearly flat from the end point down to the hertz scale. 

This maximal amplitude can be conveniently expressed in terms of a useful experimental 
parameter, the strain density Sh, defined by p55|] 

{h{u)h*{iy')) = h{u-i.')SUiy), (5.23) 



and related to the energy density ( |5.7| ) (using the stochastic condition ( [4.67 )) by [ |278| , [463| : 



Shii^) = ndu), V = (5.24) 

The minimal experimental sensitivity required for a direct detection (by a single gravita- 
tional antenna) of the maximal background ( 5.22| ) of pre-big bang gravitons is thus given 



by H] 

[ST^f^ ^ 3 X 10-26 (J^)'^' Hz-i/2. (5.25) 

This shows that the minimal sensitivity needed to reach the border of the allowed region 
grows with the frequency band to which the detector is tuned, even if such a border is the 
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Figure 5.5: Allowed region for the vacuum-Euctuation spectrum in string cosmology and 
in the standard inflationary scenario, compared with other possible tensor perturbation 
spectra of primordial origin. 



same at all frequency scales (see Eq. ( ^.22 ) and Fig. |5.5| ). This effect may favour -from an 



experimental point of view- detectors working at lower frequencies. Unfortunately -from a 
theoretical point of view- the probability of a large background intensity seems to be larger 
at higher frequencies, since the typical spectrum of pre-big bang models is growing. It is 
important to stress, however, that the minimal required sensitivity ( ^.25| ) may be somewhat 
relaxed, for realistic detection strategies in which the search for a stochastic background 
proceeds through the cross-correlation of the outputs of two independent detectors (see the 
next subsection). 

The relic background associated with the parametric amplification of the vacuum fluc- 



tuations is compared, in Fig. 5.5, with other possible backgrounds of primordial origin. 



obtained with different mechanisms: graviton radiation from cosmic strings [ [L37| , 68] and 



other topological defects ||473| , from axion seeds [|608|| , from bubble collision at the end of a 
first-order phase transition ||590| ] , and from parametric resonance of the inflaton oscillations 
p:ll| , |66| . The spectrum obtained from a phase transition, plotted in the figure, refers to a 
typical reheating temperature Tj. ~ 10^ - 10^ GeV, but higher peak values are possible for 
higher T, pC|]. 



Also shown in the figure is the linearly growing spectrum obtained in recently proposed 



models of "quintessential" inflation 510 , |334f| and of "brane- world" inflation |550| , and 
a thermal black-body spectrum corresponding to a present temperature Tq ~ 1 K. In 
the standard inflationary scenario, a thermal background might originate at the Planck 
scale, when the temperature is high enough to maintain gravitons in thermal equilibrium. 
Such a background, however, should be strongly diluted (with respect to the present CMB 
radiation) by the action of the subsequent inflationary phase, occurring at curvature scales 
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lower than Planckian. As a consequence, the surviving spectrum should correspond today 
to an effective temperature so depressed as to be practically invisible. In the context of the 
pre-big bang models, on the contrary, a thermal spectrum like that of Fig. could be 
simulated by the sudden transition of the low-energy dilaton-driven phase to the standard 
radiation-dominated era - corresponding, for instance, to a minimal model of Section 5.2 
with r?s ~ ^1- 



It may be noted that all the primordial backgrounds of Fig. 5.5 are higher (in intensity) 
than the background obtained from the amplification of the vacuum fluctuations in the 
standard inflationary scenario, but not higher than the analogous background expected in 
the context of the pre-big bang scenario. In any case, given the rich phenomenology of 
possible spectra, it seems appropriate to report at this point the experimental sensitivities 



of present gravitational antennas, referred in particular to the frequency range of Fig. 5.5 
This will be the subject of the next subsection. 



5.4 Experimental sensitivities 



The limiting sensitivity ( 5.251) (corresponding to the upper border of the allowed region in 
Fig. ^.5]) is unfortunately too high for the detectors that are at present in operation: the 



cryogenic, resonant-mass, gravitational antennas (see |52C] for a review). In fact, if we take 



for instance the resonant bar NAUTILUS |173| , the resonance frequencies are at 907 and 
922 Hz and, at these frequencies, the strain sensitivity is approximately 



(5.26) 



With some improvements, the sensitivity is expected to reach in a few years the target value 
8 X 10^23 Similar resonance frequencies (around 900 Hz) and similar sensitivities 



are also typical of the other resonant detectors such as ALLEGRO p61[|, AURIGA |528| 



and EXPLORER [^06| . The resonant bar NIOBE | 374 |, however, is working at a smaller 
frequency 700 Hz) and could reach, in principle, a slightly better sensitivity. 

Interferometric detectors, such as LIGO Q, VIRGO [[4|, GEO600 [|48| and TAMA300 
p:05| ], are already basically built and will soon become operative. The best planned sensi- 
tivity, for the first-generation instruments, is around 



10~22 Hz 



-1/2 



(5.27) 



very similar to the present bar sensitivities. This sensitivity, however, is available at a 
smaller frequency band, = 100 Hz, and thus corresponds to a smaller limit in terms of the 



energy density of the graviton background (see Eq. ( 5.24 )). In practice, the interferometers 



of first generation will be directly sensitive to Og^ioo ~ 10~^ - 10"^, better than resonant 
bars, which can at most reach the critical density, but still well above the border of the 
allowed region. 
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In order to approach the border sensitivity i^ch^QQ ~ 10~^, we must wait for the second 
(and higher) generation of interferometers. The Advanced LIGO project ]444| ] , for instance, 
might lead to a two orders of magnitude improvement of the sensitivity ( ^.271 ), at u = 100 
Hz, thus reaching the borderline ( |5.22| ). An even better result is expected for the space 
interferometer LISA [379], whose goal is to reach the strain sensitivity |362| y/Sh ~ 4 x 10~^^ 



Hz in the frequency band from 3 to 10 mHz, corresponding (in this band) to the 



remarkable limit Qg^Iqq ~ 10 



Another interesting possibility concerns resonant detectors with spherical (or truncated 



icosahedron) geometry, such as the TIG A |387 , 481 1 or SFERA [^] projects. Hollow spheres 



|172|] are particularly promising: a large copper-aluminium detector (4 - 5 m in diameter) , 
pushed to its extreme quantum limit may reach a strain sensitivity]^ \'^Sh — 3 x 10"^"^ 
Hz~^/^, with resonant frequencies of 600 and 2500 Hz (the resonance frequency can be 
tuned, in principle, by varying the geometrical radius of the sphere). Such a limiting 
sensitivity can be approached by the recently proposed wide-band "dual-sphere" detector 
[|156[| , which consists of a massive solid sphere suspended inside a larger hollow one. In 
that case, a sapphire detector of an overall size of 2.6 m could reach a strain sensitivity 
\'^Sh — 10^^'^Hz^^/^, for frequencies between 1 and 4 kHz. 

Concerning higher frequencies (well above the kilohertz), the only possibility at present 



seems to be the use of resonant electromagnetic cavities pl2| , [534| or waveguides |187]. There 
are also recent experimental studies for detecting small displacements based on two coupled 
microwave cavities : such a detector reaches the maximum sensitivity when the frequency 
of the incident gravitational wave is equal to the frequency-difference of the two cavity- 
modes. In this way, it seems possible at present to reach the strain sensitivity -y/Sft^ ~ lO^^'' 
Hz~^/^ for frequencies around the kilohertz range [ [L60(| . Unfortunately, however, this value 
is well above the minimal required sensitivity ( 5.25| ). 



As shown explicitly by the above examples, the limiting sensitivity (5.25) seems not to 
be within easy reach of present technology, for the case of a single detector. In addition, an 
unambiguous detection of a stochastic gravity-wave background with a single experimental 
apparatus would require a complete and exact knowledge of all the intrinsic instrumental 
noises, and of all the backgrounds of different origins that could interact with the gravita- 
tional antenna. Fortunately, an efficient answer to both difficulties is known: it is provided 
by the cross-correlation of the outputs of two (or more) detectors [|6|, |55], ||, ]l^. 



Suppose that the outputs of two detectors, Si{t), i = 1,2, are correlated over an inte- 
gration time T, to define a signal: 



rT/2 

S= dt dt'si{t)s2{t')Q{t-t'). (5.28) 

J-TI2 



rT/2 

-T/2 

Here Q{t) is a real "filter" function, determined so as to optimize the signal-to- noise ratio 



^M. Cerdonio and L. Conti, private communication. 
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(SNR), defined by an ensemble average as: 

SNR = {S) /AS = {S) ((^2) - (5)2) . (5.29) 

The outputs Si{t) = hi{t) + ni{t) contain the physical strain induced by the cosmic back- 
ground, hi, and the intrinsic instrumental noise, nj. The two noises are supposed to be 
uncorrelated (i.e. statistically independent), (f^l(^)n2(^')) = 0) much larger in magni- 
tude than the physical strains, |nj| ^ Also, the cosmic background is assumed to be 
isotropic, stationary and Gaussian, with (hi) = 0. It follows that 

l-T/2 

{S) = dt dt'{hi{t)h2{t'))Q{t-t'). (5.30) 

J-T/2 

The physical strain is given by the projection of the metric fluctuation hab{xi,t) (com- 
puted at the detector position x = Xi) over the detector response tensor -D"*, which charac- 
terizes the spatial orientation of the arms of the i-th detector. If n is a unit vector specifying 
a direction on the two-sphere, and Cabin) is the gravity- wave polarization along n, we can 
expands the strain in momentum space as 

hi{t) = JdpJ d^n /iA(p,n)i^-^(n)e2"^P("-^>-*), 

Ft{h) = e^,ih)Df, (5.31) 

where d'^h denotes the angular integral over the unit two-sphere, and the index A labels the 
two polarization modes of the wave; F^{h) is the so-called "pattern function", depending 
on the geometry of the detector. Note that in the above equation we have used the proper 
momentum p = k/a, even if the cosmological variation induced by the expansion of the 
scale factor is negligible over a typical experimental time scale T. Note also that, for a 
better comparison with experimental variables, we have used units in which /i = 1, so that, 
for a gravity wave, p = u = u;/27r (but not in general for massive waves, see Section 6.4). 



For an isotropic, unpolarized and stationary background we can then use the stochastic 



condition to define [|l^, |463 | 



{h*A{p,n),hA'{p,n)) = -^dAA'^ip - p)S^{n,n)^Sh (5.32) 



(the integration over the angular variables d^n, d'^h' then reproduces Eq. ( 5.23D ). By insert- 



ing the momentum expansion into Eq. (5.30), and assuming, as usual, that the observation 



time T is much larger than the typical time intervals t ~ t' for which Q ^ 0, we finally 
obtain, using Eqs. ( |5.23| ) and ( ^.24| ): 

{S) = NT^ J ^jip)Qip)m, (5.33) 
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where Q{p) is the filter function in momentum space, and j{p) is the so-cahed "overlap- 
reduction function" : 



1 



n 



= T7 / —Fi{h)F2{n)e 



^2niph-{x2—xi) 



N J A-K 



(5.34) 



Here is an overall normalization factor, depending on the type of the detectors (for two 
interferometers, a convenient choice is N = 2/5, see [17|; see |462] for the normalization of 
different antennas). 

We now need to compute the variance A5^, which, for uncorrelated noises much larger 
than the physical strains, can be expressed as [p!7|]: 



T/2 



dtdt' drdr' {ni{t)ni{T)){n2{t')n2{T'))Q{t - t')Q{T - t'). (5.35) 



Introducing the (one-sided) noise power spectrum in momentum space, Pi{p), defined by 



{ni{t)ni{T)) 



dpPi{p)e 



-2lTip{t—T) 



(5.36) 



and assuming as before that T is much larger than the typical correlation intervals t - t' , r 
- r', we obtain 



AS^ = - j dpPi{p)P2ip)Q\p). 
The optimal filtering is now determined by the choice (see []T7|| for details) 



Q{p) = A 



P^Pi{p)P2{p)' 



(5.37) 



(5.38) 



where A is an arbitrary normalization constant. With such a choice one finally arrives, from 
Eq. ( 5.33| ) and ( 5.38|) , to the optimized signal-to- noise ratio: 



SNR 



{SI 
AS 



4^2 



T 



dp 7^(p)f^^(p) 
P^Pi{p)P2{p) 



.1/2 



(5.39) 



The background can then be detected, with a detection rate 7, and a false-alarm rate a, if 

SNR > V2 (erfc"^2a - erfc-^27) . (5.40) 



0: 



Armed with the above results, it is now possible to estimate the minimum detectable 
background at a given confidence level, for any pair of gravitational antennas of given noise 
power spectrum Pj and overlap 7. The correlation of all existing pairs of interferometers has 
been studied in [44| and [17|. With the sensitivities of the first-generation interferometers, 
for an observation time T = 4 months, a detection rate of 0.95, a false-alarme rate of 0.05, 
and a flat graviton spectrum = const, the minimum detectable value is 



Och 



100 



5 X 10~^. 



(5.41) 
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This value can be improved only slightly by increasing the number of correlated detectors. 
With the planned sensitivity of Advanced LIGO, however, one obtains the much better 
limit 0]: 

Qchfoo - 5 X 10"^^ (5.42) 
The correlation between two resonant bars, and between a bar and an interferometer, has 



been studied in [||, ^Ij, |4[. The minimum detectable values for the VIRGO- AURIGA 



or VIRGO-NAUTILUS or AURIGA-NAUTILUS pairs is at present |46| J^chioo ~ a few 
xlO~^ (depending on the bar orientation) for a flat spectrum, one year of observation, 
at the 90% confidence level. The correlation of two spherical detectors seems to be more 
promising, however. Two spheres (of 3 m diameter) located at the same site could reach 
a sensitivity [ |614| Qg^ioo ~ 4 x 10^^. Also, studies reported in [172] suggest that the 
correlation of hollow spheres could reach rj^h^QQ ~ 10~^. 

All the above results refer to a flat graviton spectrum. The signal-to-noise ratio, and 
therefore the sensitivity, depend, however, on 0,g{p), and then on the slope of the spectrum 
(see Eq. ( 5. 39] )), as also stressed in [463, 46 [. The sensitivity to a growing spectral distri- 



bution such as that predicted by pre-big bang models has been computed in particular in 
14, |593|] and [E^, 47[, for a pair of LIGO and a (virtual) pair of VIRGO interferometers. 



respectively. The minimum detectable intensity of the background, in that case, does not 
show any improvement with respect to a flat spectrum; on the contrary, the sensitivity 
could even suffer from a slight decrease, if the maximum of the signal is near the border of 
the accessible frequency band, where the noise of the interferometer is higher. 

Finally, the cross-correlation in the case of space interferometers such as LISA has re- 
cently been discussed in detail [p94| by taking into account that, at lower frequencies, the 
sensitivity to a stochastic graviton background of primordial inflationary origin is funda- 
mentally limited by the possible presence of other astrophysical backgrounds, generated at 
much later times, due for instance to binary systems of compact objects that cannot be 
resolved as individual sources. A detailed analysis, performed for the cross-correlation of 
two identical LISAs, leads to a minimum detectable signal Qg^Iqq ~ 10^^^, in the mHz 
range, for a flat spectrum. The three arms of LISA could also be combined in such a way 
as to simulate two inteferometers located in the same place; unfortunately, they would be 
rotated by an angle of 7r/4 with respect to one another, and the corrresponding overlap 
function would be identically zero over the whole frequency range. This is the reason why 
two space interferometers are needed, even in that case. 

To conclude this subsection, let us recall the best (direct) experimental upper bound 
existing at present on the energy density of a stochastic graviton background, which has been 
obtained from the cross-correlation of the two resonant bars NAUTILUS and EXPLORER 



13' 



^chfoo < 60, 1/ ~ 907 Hz. (5.43) 

This results corresponds to a very small observation time (T ~ 12 hours), and it is thus far 
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from the theoretical upper hmit ( ^.25| ), but the future perspectives seem to be promising, 
as reported in the above discussion. The cross-correlations of advanced (ground-based) 
interferometers, space interforemeters, spheres, hollow spheres, are all expected to cross the 
borderline sensitivity (5.25), and then to explore, in a very near future, the allowed region of 
the string cosmology spectrum. Thus, future data from gravitational antennas will directly 
constrain the parameter space of the minimal and non-minimal classes of pre-big bang 
models considered in this section. 

We should add, finally, that useful information and constraints on the relic graviton 
background will also be obtained from future measurements of the CMB polarization 
[|559|, 400, 432 1 . The presence of a gravitational- wave background should in fact induce 



a characteristic "curl component" in the large scale CMB polarization |401], which might 
be detectable by dedicated experiments (already at the sensitivity level of the Planck satel- 



lite 1 521]) for the gravitational spectra predicted by the standard inflationary models. No 
polarization signal is expected to be detectable, on the contrary, for the graviton spectra of 
pre-big bang models, whose amplitude is extremely suppressed at the large scales accessible 



to the polarization experiments (see, however, Ref. |251| for possible exceptions). 



6 Relic dilatons 

The effective action of string cosmology always contains at least two fundamental fields, 
the metric and the dilaton. The amplification of the dilaton fluctuations leads to dilaton 
production, just like the amplification of the transverse, traceless components of the metric 
fluctuations leads to graviton production. The possible formation of a stochastic background 



of relic dilatons [271, p21| , 276 1, with statistical and squeezing properties similar to those of 
the graviton background, is one of the most peculiar phenomenological aspects of pre-big 
bang models. 

The main physical difference with the graviton background, discussed in the previous sec- 
tion, concerns the possible contribution of the mass to the dilaton spectrum (see Subsection 



6.1). The dilaton should indeed be massive, according to conventional models of supersym- 



metry breaking |53]. Also, the dilaton must be massive if it is coupled non-universally to 



macroscopic matter with gravitational strength [p77| , 237], in order to avoid unacceptable 
violations of the equivalence principle. The value of the dilaton mass, however, is largely 
unknown from a theoretical point of view. There are phenomenological constraints on the 
mass, but they depend on the effective coupling of dilatons to macroscopic matter, which 
we shall discuss in Subsection |6.2|. The value of the coupling, in turn, is strongly model- 



dependent [ll97| , |l98f] , and phenomenologically constrained, at present, only by tests of the 



equivalence principle and of Newtonian gravity available on a macroscopic scale [253, 380 ]. 



As a consequence, the present amplitude of the relic dilaton background, controlled by 
the string and dilaton mass, is more uncertain than in the graviton case. This is disap- 
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pointing, on the one hand, as it prevents the existence of an unambiguous hnk between the 
spectral properties of the dilaton background and the parameters of pre-big bang models. 
On the other hand, however, it leaves open two interesting phenomenological possibilities: 
a relic background of non-relativistic dilatons could represent a significant fraction of the 
present dark matter density [p7T[ (see Subsection |6.3D and, if the mass is small enough, it 



could be detectable by the cross-correlation of gravitational antennas [287| already at the 
sensitivity level of enhanced interferometric detectors [ 31? ] , as will be discussed in Subsec- 
tion 6.4. 



6.1 Dilaton production 

In this subsection we will estimate the spectral distribution of the dilatons obtained from 
the amplification of the vacuum fluctuations, in the context of pre-big bang models. There 
are, of course, also other cosmological mechanisms of production, such as particle collisions 
at high (Planckian) temperature, coherent oscillations around the minimum of the scalar 
potential (and more exotic mechanisms, such as dilaton radiation from cosmic strings; see 
for instance [ pOO| ]). We will concentrate here on the parametric amplification because, even 
if the temperature remains too low to allow thermal production, and oscillations are avoided 
through a symmetry that ensures the coincidence of the minima of the potential at early 



and late times [199], quantum fluctuations cannot be eliminated; also, they may be expected 



to represent the dominant source |457] when the inflation scale is not smaller than about 
10^^ GeV, as in the context of the pre-big bang scenario. 

The production of dilatons through the amplification of the quantum fluctuations of 
the scalar background is very similar to the amplification of tensor perturbations, discussed 
in Section ^. Unlike the graviton case, however, the analysis of dilaton perturbations is 
complicated by their coupling to the scalar component of metric perturbations, and to the 
scalar perturbations of the matter sources. The matter sources may even be absent from the 
pre-big bang phase, but they are certainly not absent when dilatons re-enter the horizon, 
in the radiation- and matter-dominated epoch. 

In order to discuss this effect, we shall work in the E- frame, in the longitudinal gauge, 
and we shall assume that the d-dimensional, homogeneous and isotropic, unperturbed back- 
ground is driven by the dilaton and by a perfect-fluid model of matter sources. Our inde- 
pendent variables are the scalar metric, dilaton and fluid perturbation, respectively ip, 
X, Sp, 5p, 5ui, defined by: 



drf (1 + 2lp) - (1 - 2V') dx 



6T^ = 5p, 6T^ = -5p6{, = l±^5u,. (6.1) 

In the E-frame the fluid sources are non-trivially coupled to the dilaton, and the unper- 
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turbed equations take the form (in units IQirG = 1): 



dV 

VuV^,/. + — + cT = 0, 



(6.2) 



where the numerical factor c = ^j2/{d — 1) arises from the conformal transformation of 
the S-frame string cosmology equations (see for instance Eq. ( 2.113D ). The perturbation 
of these equations, for the i ^ j components, gives ip = ip, while the combination of the 
perturbed (0,0), (i,i) and dilaton equation leads to the vector-like equation for the doublet 
Zk, representing the Fourier components of the metric and of the dilaton fluctuations |321|: 



Z'l + 2-AZ'k + {k^B + C)Zk = 0, 



Zl = (V'fc,Xfc)- 



(6.3) 



Here A,B^C are 2x2, time-dependent mixing matrices, whose explicit form depends 
on the unperturbed solutions, on the equation of state 7(t) = p/ p, on the model of fluid 
perturbations e{t) = 5p/5p and, finally, on the possible presence of a dilaton potential V[(j)). 
In particular, for an unperturbed background in which the dilaton can be parametrized by 
(f) = /?lna, with (3 = const, the mixing matrices are given by 



A 

B- 



i(2ci_3 + de), 4( 
-{d - l)[f (1 - de) + /?], \{d - 1) - 1(1 - de)(3^ 

e, 0^ 
-c(l-de)(d-l), 1. 

2{d-2r^ + {d-2)[d-A + de + ^P^](^)' 

0" 



(6.4) 
(6.5) 



£+1 \ri„2 



cd{d - 2)(e - 7)[d(d - 1) - f ] j" + 2{d - 2)V'a^, [V" - §(1 - de)V'y 

(6.6) 

where the primes denote differentiation with respect to conformal time, except for the 
potential, where V = dV/d(l). Once Z is known, the density and velocity contrast are fixed 
in terms of -0 and x by two additional equations 5p = 6p{ip,x)j = 6u{ip,x)j following, 
respectively, from the perturbation of the (Oz) and (00) background equations: 



2{d-l) (^^(a!-2)V + V'') -X0' 



{p + p)a6ui 



(6.7) 



- d-^' 

a 



1 



did - 2) - 
* a 



d-2 



a'2 



2{d-l) 



2(d- 1) 



(6.^ 



An exact computation of the dilaton fluctuations thus requires an exact solution of the 
coupled equations (|6.3|). Also, the correct normalization of the dilaton spectrum to the 
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quantum fluctuations of the vacuum requires in general the diagonalization of the system 
metric + dilaton + Euid sources, to find the normal modes of oscillation satisfying canonical 



commutation relations, as discussed in Subsection 4.3 



This program can be easily performed if we limit ourselves to a dilaton-dominated 
pre-big bang phase with negligible matter sources {T^u = = 6T^u), and we consider 
the high-frequency part of the spectrum, i.e. those modes re-entering the horizon during 
the radiation-dominated phase, characterized by adiabatic fluid perturbations (7 = 6 = 
1/d) and by the dilaton frozen (/3 = 0) at the minimum of the non-perturbative potential 
{dV/d(j) = 0). In that case the canonical variables are known, and one flnds that the 
perturbation equations are decoupled in the radiation era, where the canonical variable for 
the dilaton fluctuation is simply (in d = 3) x = ^x, and satifies the (covariant) Klein- 
Gordon equation (from the system ( |6.3| )): 

X'fc + {k" + m\^)xk = 0. (6.9) 

For relativistic modes, of proper momentum p = k/a ^ m, the solution describes 
(in conformal time) free plane-wave oscillations, and we thus recover for the dilaton the 
same spectrum as in the graviton case |321]. Working in the framewok of minimal pre-big 



bang models (see Subsection 5.2) we flnd, in particular, that the dilaton modes amplified 



during the low-energy phase are characterized by the distribution ^^^{p) ~ p^ In^ p. In order 
to include the possible corrections due to the modified kinematics of the high-curvature 
string phase, we may thus parametrize the high-frequency, relativistic branch of the dilaton 
spectrum as 

Q^{p,t) = gl (^)' (^^y , ^ < p < p,, (6.10) 

Here < 5 < 3 is the slope parameter corresponding to a growing, but unknown, spectral 
index; gi = Hi/Mp andpi = fci/a ~ ffioi/a are the parameters associated to the transition 
scale Hi ~ Ms of minimal pre-big bang models. It should be noted that, unlike the graviton 
case, we no longer identify proper momentum p and proper frequency to, as we are dealing, 
in principle, with massive particles for which o;^ = + m^. 

The above spectral distribution cannot be extrapolated down to momentum scales re- 
entering the horizon after equilibrium, since in the matter era the perturbation equations 
( |6.3| ) are no longer decoupled, even if the dilaton background is frozen at the minimum 
of the potential (they remain coupled not only in the longitudinal gauge, but also in the 
uniform-curvature gauge, defined in Eq. (4.41)). In addition, for modes of low enough 



momentum p < m, we must take into account the non-relativistic correction to the above 
spectrum (indeed, even if the mass term is negligible at the infiation-radiation transition 
scale, i.e. k < mai, the proper momentum is redshifted with respect to the mass in the 
subsequent radiation era, and all modes tend to become non-relativistic). 

When including the mass term, the general solution of Eq. ( |6.9| ) in the radiation era 
can be written in terms of the parabolic cylinder functions S, and its matching to the 
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(massless) pre-big bang solution provides the correct inclusion of the mass contributions 
to the spectrum. The details of the computation are the same as in the case of massive 
axions |224], and will be reported in Section |^ Here we simply note that if a mode becomes 



non-relativistic well inside the horizon, i.e. when p{t) > H, then the number of produced 
dilatons is fixed after re-entry, when the mode is still relativistic, and the effect of the 
mass is a simple rescaling of the energy density: {m/p)Q^. If, on the contrary, a 

mode becomes non-relativistic outside the horizon, when p{t) < H, then the final energy 
distribution turns out to be determined by the background kinematics at the exit time, and 
the effective number of non-relativistic dilatons has to be adjusted by continuity, in such a 
way that ^ly. has the same spectral distribution as in the absence of mass. The two regimes 
are separated by the limiting momentum scale pm of a mode that becomes non-relativistic 
just at the time it re-enters the horizon [271, 321]: 



m 

Pm=Pi{jfJ ■ (6-11) 



Taking into account such mass corrections, we may thus add to the relativistic dilaton 
spectrum (|6.1Cl|) two lower- frequency, non-relativistic bands (see also [|292(] ): 

^xiP^t)=9f^^{jf) (^)'(^) ' Pm<P<m, (6.12) 

Note that these spectral distributions evolve in time like a~^, and thus keep constant during 
the matter-dominated era, for t > t^q- Note also that, for simplicity, the non-relativistic 
corrections have been referred to a single relativistic branch, with 6 = 3 for the low-energy 
pre-big bang phase, and with 5 < 3 for the string phase. However, the mass corrections can 
be extended without difficulty to a more general situation in which there are two (or more) 
branches in the relativistic spectrum, as in minimal pre-big bang models characterized by 
the two frequency bands p < ps and p > Ps (separated by the string scale ps = Hs). In 
such a case, the non-relativistic corrections will affect only the lower, or also the higher, 
frequency band of the spectrum, depending on whether m < ps or m > ps, respectively. 

If the dilaton mass is large enough, the present amplitude of a possible relic dilaton 
background is thus controlled by the (unknown) value of its mass. The cosmological bounds 
on the spectrum can thus be translated into phenomelogical bounds on the mass, depending 
(but only weakly) on the spectral index 5. Such bounds are to be combined with other, 
model-dependent bounds on the mass related to the strength of the effective dilaton coupling 
to macroscopic matter, which will be discussed in the next subsection. 
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6.2 Effective coupling to macroscopic matter 



The motion of macroscopic test bodies in an external, non-trivial, gravidilaton background 
is in general non-geodesic, if the body posseses a non-negligible dilatonic charge. Suppose in 
fact that the interaction of macroscopic matter with the external scalar-tensor background 



is described by the effective action of Subsection 



S 



R + uj{V^y +Sm{9, 



(6.14) 



(in units 2Ag = 1), where the Brans-Dicke parameter uj is equal to —1 for the lowest-order 
action of string theory, and we have added the action Sm for the matter fields describing a 
test body non-trivially coupled to the metric and to the dilaton. The variation with respect 
to Qf^u and (j) provides respectively the field equations (with 167rG = 1): 



Gf,u + V^V^0 -{uj + 1)V^,0V^0 - g^^V^^ + 

\2 



^ + 1 

2 



R + uj{V4>y -2ujV' 



0, 



(6.15) 



containing two source terms: the "gravitational charge density" T^jj (the dynamical stress 
tensor), and the dilatonic charge density a: 



-9T, 



-g a 



(6.16) 



The combination of the above equations, and the use of the contracted Bianchi identity 
^uG^^ = 0, then implies the covariant conservation of the stress tensor, 'V^T^'^ = 0, for 
any oj, provided (7 = 0. If the dilatonic charge is non-zero, however, the gravitational charge 
density is not separately conserved; for w = — 1, in particular, we obtain from Eqs. (|6.15| ): 



0. 



(6.17) 



To obtain the equation of motion of the test body we now integrate this equation over 
a space-like hypersurface, and perform a multipole expansion of the external metric and 
dilaton field around the world line x^{t) of the centre of mass of the body |l507[| . In the 
point-particle approximation, the gravitational and dilatonic charge densities are defined 
by 



a{x') = 



X(3) 



-gp^ 



m 



-gp 



-(^(3) (a;' _ x{t)) 



(where p^ 



mdx^ /dr), and we obtain the general equation of motion | 285 ] 



d^l^^ 



0, 



(6.18) 



(6.19) 
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where q is the dilatonic charge per unit of gravitational mass (representing the relative 
strength of scalar to tensor forces). 

It is now evident that a non-zero q induces deviations from pure geodesic motion, and 
that the experimental tests on the gravitational forces provide limits on the allowed values 
of the dilaton charge. Large values of q can only be allowed if the dilatonic interactions, on 
a macroscopical scale, are suppressed by a sufficiently small range. We may also note, for 
future reference, that the relative acceleration between two world lines satisfying Eq. ( 6.1S| ), 
with infinitesimal separation 77^, is given by a generalized equation of "geodesic deviation" 



(6.20) 



We shall come back to this point in Subsection pA . 

A precise estimate of g, in a string theory context, should start from the effective action 
describing the coupling of the dilaton to the fundamental quark and lepton fields building 
up ordinary macroscopic matter. Including all possible loop corrections, such an action can 
be written in the general form 



S 



1 



-Zn{cl>)R - z^{ci>) {y4,Y - v{4>) + -zii<i)) (w.)' + z^^im 



(6.21) 

where are the dilatonic "form factors", to all orders in the loop expansion, and where 
we have used, for simplicity, a scalar model of fundamental matter fields ipi. The effective 
masses (m,) and dilaton couplings (gi) of the fields ^pi can then be defined in terms of 
the canonical rescaled variables which diagonalize the kinetic term and have canonical 
dimensions. In the low-energy limit we may expand the (jy—tp interaction Lagrangian around 
the value (j)o of the dilaton, which extremizes the effective potential [577, 321]: 



+ 



(6.22) 



Performing the computation in both the String and Einstein frames [285|, we find that the 
dilatonic charges per unit of gravitational mass, respectively qi and qi in the two frames, 
are related by (in units lOvrG = 1): 



9i 
mf 




1. 



(6.23) 



J <j}=0 



Unless (ji is fine-tuned to 1 (corresponding to an exact Brans-Dicke theory for the field ■!/'«)> 
the dilatonic charge is non-vanishing in both frames and, in general, is non-universal, as the 
form factors Zi{(j)) are different for different fields. 



As originally stressed in 577 |, this suggests a large dilatonic charge {qi ~ 40 - 50) for 
the confinement-generated components of hadronic masses, and a smaller charge, but of 
gravitational intensity {qi ~ 1), for leptonic masses (see also |23^, Q). If this is the case, 
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the total charge of a macroscopic body is large (in gravitational units), and composition- 
dependent. 

Consider in fact a macroscopic body of mass M, composed of B baryons with mass and 
charge mh,qij, and Z electrons with mass and charge me,qe- The total dilatonic charge per 
unit mass, q = J2i iT^iQi/J2i for Z ^ B, rrie <^ mf,, q^ <^ is then 

Brubqb f B^ 



where /x = M/mfj is the mass of the body in units of baryonic masses. Since B/fi ~ 1, the 
total dilaton charge of a macroscopic body is controlled by the dilaton coupling to baryons, 
g ~ (7b ^ 1, it is of the same order of magnitude in the String and Einstein frames, q ^ q, 
and it is composition-dependent (as B / fj, depends on the internal nuclear structure), with 



variations, across different types of ordinary matter, which are typically of order |285| 

^^=.Af:^Ul0^3_ (625) 



Q \^J' 

The only way to escape the conclusion that the dilaton charge of macroscopic bodies 
is composition-dependent and large is to assume that the coupling of the dilaton to the 
fundamental matter fields is universal (the same for all fields, to all orders in the loop 
expansion) , and to choose appropriate values of the parameters in the resulting scalar-tensor 



effective action. This is not impossible, as illustrated by the model discussed in |197| , |198 |. 
In such a context, if the effective coupling is appropriately suppressed (g <C 1), the dilaton 
mass can be very small, or even vanishing. The precise measurements of the gravitational 
force over quite a wide range of distances provide in fact exclusion plots in the plane (g^, m^), 
which constrain the dilaton charge as a function of its mass (see for instance p53| ] for a 
comprehensive compilation of experimental bounds on possible "Yukawa" deviations from 
Newtonian gravity, both for universal and composition-dependent interactions). 

For later use, let us recall here the phenomenological bound on the dilaton mass for a 
large, composition-dependent dilaton charge [ p53|] : 

m > 10^^ eV. (6.26) 

In the opposite, small-coupling regime, and in the mass range appropriate to gravitational 
antennas, i.e. from 10"^'' to 10~^^ eV, corresponding to the frequency range from 10 to 
1000 Hz, the phenomenological bounds [ p53| ] can be parametrized as 

log g^ < - 7, 1 Hz < m < 10 Hz, 

log g2 < - 7 + log(m/10 Hz), 10 Hz < m < 1 kHz, (6.27) 

for universal dilaton interactions, and 

logg2 < -8, 1 Hz < m < 10 Hz, 

logg2 < - 8 + log(m/10 Hz), 10 Hz < m < 1 kHz, (6.28) 
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for composition-dependent interactions. 

We can now discuss the intensity of the rehc-dilaton background, taking into account 
two distinct phenomenological possibihties: 1) (heavy) massive dilatons, gravitationally (or 
more strongly) coupled to macroscopic matter, and 2) massless (or very light) dilatons, 
universally (and weakly enough) coupled to matter. In the last case, the conclusions about 
a possible detection of the dilaton background produced by pre-big bang models are not 
completely negative, as we shall illustrate in Subsection |6.4| . 



6.3 Bounds and allowed windows for heavy (strongly coupled) dilatons 

Let us first discuss the large-coupling case q ^ 1 (the most unfavourable, probably, for a 
direct detection). In such a case m > 10~^ eV, so that today even the highest mode present 
in the spectrum, pi{to), is non-relativistic (see Eq. ( 5.16| )): 



(since Mg < Mp). In other words, the branch ( 6.12| ) of the dilaton spectrum extends from 



Pm to pi. We shall start assuming that the slope is steep enough, <5 > 1, for the high- 
frequency branch from p^ to pi to represent the dominant part of the spectrum. In that 
case all the cosmological bounds that apply to the total integrated dilaton energy density 
will become (5-independent |271| , |321| (the case 5 < 1 will be considered below). 

When the spectrum becomes non-relativistic, the dilaton energy density ~ starts 
to grow with respect to the radiation energy density, p-y ~ a~^. In particular, when the 
Universe enters the matter-dominated era, the non-relativistic part of the dilaton spectrum 
remains frozen (in critical units) at the value reached at the time of the matter-radiation 
equilibrium, r2^(teq). The present value of the dominant (non-relativistic) branch of the 
spectrum can thus be expressed in terms of the equilibrium scale as: 



^x{to,p) = ^x{t'^^^P)-[j^j [ hiH ) VpiJ ' Pm<P<Pi, (6.30) 



where we have used Eq. ( |6.12| ), and the fact that {Hi/Hcq)'^{ai/acq)^ = (Hi/Hcq)^^'^ , 
assuming radiation-dominance from ti to teq- We recall that, for the equilibrium curvature 
scale. Hen ~ W^Hq ~ IQ-^^Mp. 



A first important constraint [238, |24C| , 205] is now obtained by imposing that the energy 



density stored in the coherent oscillations of non-relativistic dilatons, integrated over all 
modes, remains smaller than critical, at all times: 

fPi 

J dlnp n^ito,p) < 1. (6.31) 
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For 6 > 1 this gives the stringent constraint 

m< (^pl ' (6-32) 

which represents, in this context, the most restrictive upper bound on the mass of (not yet 
decayed) dilatons. For 100 keV ^ m < 100 MeV a more restrictive constraint on Q.^^ is 
provided in principle by the observations of the astrophysical background of diffuse 7-rays 
[|20C(| ; such a range of masses, however, tends to be excluded, as will be shown below, in the 
context of pre-big bang models where the inflation scale is controlled by the string mass, 
^ Ms. 

The critical density bound ( |6.32 ) can be evaded if the dilatons are heavy enough to 



decay, so that the energy stored in their coherent oscillations was dissipated into radiation 
before the present epoch. The decay scale is fixed by the decay rate (for instance into 
two photons) as 

Hd-^d- rrt'lMl (6.33) 

(which implies, in particular, that the produced dilatons have not yet decayed, today, only 
if m < 100 MeV). The decay, however, generates radiation, reheats the Universe, and is 
associated in general to a possible entropy increase 

^ {Tr/Tdf , (6.34) 

where and are the final reheating temperature and the radiation temperature imme- 
diately before dilaton decay, respectively. The decay process is thus the source of additional 
phenomenological constraints on the dilaton spectrum, which are complementary to the 
critical bound ( 6.32| ), as they imply in general a lower bound on the dilaton mass. 



In order to discuss the consequences of dilaton decay let us note, first of all, that the 
induced reheating is significant (T^ > T^;, As > 1) provided dilatons decay when they are 
dominant with respect to radiation, i.e. for < Hi, where Hi is the curvature scale 
marking the beginning of dilaton dominance. Such a scale is defined by the condition 
fl^{ti) = i}^{ti), where ^xi^i) obtained by integrating over all modes the dominant 
branch ( |6.12| ) of the non-relativistic dilaton spectrum. For 6 > 1 this leads to 

rriHi/M^ ~ d/aj, (6.35) 

from which 

Hi ~ m'^Hf/M^ (6.36) 

(we have assumed that such a scale belongs to the radiation era. Hi > -ffeq! otherwise, the 
bound we obtain is less stringent). 

At the given scale Hi, the radiation temperature is fixed by the Einstein equations (and 
by the Sefan law p ^ T'^) as 

T, = k{MpHi)'/^, (6.37) 
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where /c is a dimensionless numerical factor of order unity, which disappears from the final 
estimate. The radiation temperature at the epoch of dilaton decay, T^, is then obtained by 
the adiabatic rescaling 



m 



10 



1/6 



MpHf 



(6.38) 



since the scale factor evolves like i^/^ during the phase dominated by the non-relativistic 
dilatons. After the decay, on the other hand, the Universe becomes radiation-dominated, 
with a reheating temperature fixed by the decay scale as 



Tr = k{MY>Hdf'^ = k 
and with a final, total entropy increase [^7l| , 321 1: 




(6.39) 



A5 ~ 



1/2 



(6.40) 



This entropy injection can in principle disturb nucleosynthesis and/or baryogenesis [238 
24C , 205 ], and we should consider two possibilities. 

If the reheating temperature is too low to allow nucleosynthesis, < 1 MeV, i.e. 
m < 10 TeV, we must assume that nucleosynthesis occurred before, and we must impose 

< 10, m < 10 TeV, (6.41) 

to avoid destroying the light nuclei already formed (more precise bounds can also be deter- 
mined through a detailed analysis of photodissociation [239| and hadroproduction [217|). 

If the reheating temperature is large enough to allow nucleosynthesis, > 1 MeV, i.e. 
m > 10 TeV, the only possible constraint comes from primordial baryogenesis. The bound 
is model-dependent, but the constraint 



< 10^ 



m > 10 TeV, 



(6.42) 



seems to be sufficient [238, 240, 205] not to wash out any pre-existing baryon-antibaryon 
asymmetry (this bound could be evaded in the case of low-energy baryogenesis occurring 
at a scale H < H^j- 



The above constraints can be easily extended to the case 5 <1, see 271 , 321]. Consider, 
for instance, the critical density bound. For < < 1 the non-relativistic spectrum ( 6.3C| ) 
has a peak at p = pm = pi{m/Hi)^^'^ , which dominates the integral (6.31), and which leads 
to a total integrated energy density: 



\Mp) 



m 



1/2 



HeqHi 



m 



s-i 

2 



(6.43) 
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The bound < 1 now imposes p7l|, pi 



m ^ M^+' H^+' Hl+^ , 5<1, (6.44) 



which for 6 = 1 exactly reduces to the condition ( 6.32 ). 



For the dilaton decay the situation is similar: if 5 < 1 the total energy density is 
dominated by the contribution of p = pm, and all bounds become 5-dependent. The scale 
Hi of dilaton dominance, obtained by equating r2j(.(pm) to in the radiation era, becomes 
Hi ~ m^^^Hf~^ Mp^, and the corresponding increase of entropy is 



Taking into account all bounds, we obtain the allowed region in the plane {m,Hi) 



illustrated in Fig. 6.1. The allowed values are below the upper (bold) solid lines for a 



growing (J > 1) spectrum | ]271| ] , and below the lower (thin) solid lines for a flat {6 = 0) 



spectrum |l342| , P38| , |240| . For < 6 < 1 the allowed region interpolates between the two 
limiting cases illustrated in the figure. 

To the left, the region is bounded by the tests of the equivalence principle, Eq. ( 6.26| ), 



as we are considering dilatons with large couplings to macroscopic matter, q > 1. To the 
right, the mass is bounded by the condition m < Mp (not shown in the picture), which has 
to be imposed to avoid overcritical density in case m > Hi, when the produced dilatons 
are already non-relativistic from the beginning 13211 (in that case there are no additional 
bounds, as dilatons decay before becoming dominant). Finally, the upper limit on the 
inflation scale. Hi < Mp, is required to avoid overcritical production of massless particles 



since, for a growing spectrum, / dlnpi^{p) ~ = (Hi/Mp)"^ (see for instance Eq. ( 6.10 )). 

In the standard inflationary scenario the spectrum tends to be flat, and the "natural" 
value for the dilaton mass required by models of supersymmetry breaking [^], m ~ 1 TeV, 
is not consistent with the preferred value of the inflation scale. Hi ~ lO^^Mp, typically 
determined by the grand-unification phase transition (this is the so-called problem of the 
dilaton mass). In string cosmology the spectrum tends to be growing, the allowed region 
"inflates" in parameter space, and the TeV mass scale becomes marginally compatible with 
the wanted inflation scale. Unfortunately, however, in a string cosmology context. Hi is 
expected to be determined by the string scale, and thus fixed around (0.1 - 0.01)Mp, so 
that the problem remains. 

A possible solution of this problem can be obtained in the presence of a late, post- 
inflationary reheating phase, preceding nucleosynthesis and dilaton decay, and producing a 
suitable dilution of the original dilaton density by the factor [^76|| 

n^^n^(^i-Ss)^/^(^Y\ ds= ^'^~''\ (6.46) 
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Figure 6.1: Allowed region for a growing (below the bold lines) and Eat (below the thin 
lines ) dilaton spectrum, for strongly coupled dilatons. 

Here Sb, Sf,nb,nf are, respectively, the thermal entropy density of the CMB radiation and 
the number of particles species in thermal equilibrium, at the beginning (t^) and at the 
end (tf) of this reheating process. An efficient reheating, sj ^ Sb, Ss ^ 1, reduces in a 
significant way the dilaton fraction of critical density Q^: as a consequence, the scale ( 6.36| ) 



of dilaton dominance is lowered, the decay temperature ( |6.38| ) is raised, and the bounds on 
m following from the entropy constraint {AS < 10) and the critical bound {0,^ < 1) are 
relaxed. Such a reheating is possible, for instance, in the context of models of "intermediate 



scale" inflation [531|, or "thermal" inflation [ 458 |. 



Even without such a relaxation, the minimal pre-big bang scenario leaves open two 



interesting mass windows, obtained by intersecting the allowed region of Fig. 6.1, for 6 > 1, 
with the allowed value of the string mass scale [}403||, 



0.01 < Ms/Mp < 0.1 (6.47) 

(under the assumption Hi ~ Mg). It follows that there are two possible ranges for the 
dilaton mass [^76|| : 

10""^ eV < m < 10 keV, m > 10 TeV (6.48) 



illustrated in Fig. p. 4 The vertical solid line at the 100 MeV mass scale, shown in Fig. 
6.2 , corresponds to a dilaton decay rate of the same order as the present Hubble scale, 
Hd — m^/Mp ~ Hq. To the right of this line all produced dilatons have already decayed, 
while to the left, and in particular inside the window of Eq. ( |6.48| ), dilatons are still around 
us, and could in principle be observed. 

If, in addition, the mass is within the restricted range 

100 eV < m < 10 keV, (6.49) 
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Figure 6.2: Allowed mass windows for heavy (strongly coupled) dilatons in minimal pre-big 
bang models with 5 > 1. The region within the shaded triangle corresponds to a significant 
dilaton contribution to the present cold dark matter density. 



obtained by intersecting the string mass scale with the critical density bound ( |6.32| ), then 
the produced dilatons could even saturate the critical density value, or at least could provide 
a significant fraction of the present cold dark- matter density |271| ] , with 

0.01 <n^<l, (6.50) 

according to Eq. (|6.30| ). It is important to recall, in such a context, that the possibility 
of a small dilaton mass is not theoretically excluded (in spite of the "standard" TeV mass 
range), as shown for instance by models of supersymmetry breaking with light dilatons 
[|250(| . Also, it is important to stress that the range of masses saturating the critical density 
bound moves to lower and lower values as the spectrum becomes flatter and flatter (see Eq. 
( 6.44| ) with Hi = Ms). For (5 ^ 0, in particular, the critical bound is saturated by 

m = i/eq (Mp/Ms)^ , (6.51) 

corresponding to masses as small as 10~^^ eV (or lower). 

Such values of mass are excluded neither theoretically nor experimentally, as discussed 
in Subsection provided the dilaton coupling to macroscopic matter is sufficiently small, 
g <S 1. It is then possible to imagine a cosmological scenario in which a relic background 
of non-relativistic dilatons, produced as a consequence of the pre-big bang evolution, could 
provide today a significant contribution to the critical energy density and, simultaneously, 
have a mass in the appropriate range to stimulate a resonant response of present gravi- 
tational antennas |287| (i.e. m 10~^^ - 10~^^ eV). In that case, the high intensity of 
the background (not constrained by nucleosynthesis, as in the graviton case), could possi- 
bly compensate the weakness of the dilatonic charge of the antennas, and could determine 
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in principle a detectable signal. This interesting possibility will be discussed in the next 
subsection. 



6.4 Detection of ultra-light dilatons 

A stochastic background of relic dilatons, produced by a phase of pre-big bang evolution, 
and light enough to have a lifetime larger than the present Hubble scale, could interact today 
in two ways with the existing gravity wave detectors: either indirectly, through a geodesic 
coupling of the detector to the scalar part of the induced metric fluctuations contained in 



the Riemann tensor |83, 82, 111, 564, 464, 493 1, or even directly through the non-geodesic 



coupling of the dilaton to the scalar charge of the detector |285| , |287| (see Eqs. ( 6.1S| ), 

In the first case the coupling has a gravitational strength, but the amplitude of scalar 
metric perturbations, at the typical resonant scales of present detectors, could be much 
lower than the amplitude of the original dilaton fluctuations. In the second case the detector 
could be coupled to a background of very high intensity (of order 1 in critical units), but 
with a coupling constant strongly suppressed for phenomenological reasons, as discussed in 
Subsection 



In order to take into account both possibilities, we will estimate the scalar-to-noise 
ratio associated to a stochastic dilaton background by assuming that the physical strains 
hi{t) {i = 1,2), induced on a pair of gravitational antennas, vary in time like the scalar 
fluctuations (p{xi,t) that perturb the detectors, and are proportional to the scalar pattern 



functions Fi{h) through the scalar charges qi of the detectors [ 287 , pl7| : 

hi{t) = <Pixi,t)Fiih), F,ih)=qieab{n)Df. (6.52) 

Here eabin) is the polarization tensor of the scalar wave propagating along the n direction, 
and Df'^ is the detector response tensor (see Subsection pA\ ) ; finally, Qi = I for the coupling 
to scalar metric fluctuations, while <C 1 for the direct coupling of long-range scalar fields. 

We expand the strain in momentum space, taking into account the mass of the scalar 
fluctuations {p = ph) , 



hi{t) = J dp J (fn Fi{n) [(/)(p, n)e2'^*[P"-^»-^(P)*l + h.c.J , 

E{p) = (n? +/)^/^ m = (m/27r), (6.53) 
and we use the stochastic condition which, for a scalar spectrum fl{p), 

p = p,j dlnpn{p) = -^M^), (6.54) 



can be written as 



{^^ip,h),<Pip',h')) = l^^^-^6{p-p')6Hn-n')- (6.55) 
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By imposing optimal filtering |T^, and following the same steps as in Subsection 5.4 for the 
graviton case, we finally arrive at the signal-to-noise ratio |317]: 



SNR 



57r2 



2T 



dp i^'^{p)^'^{p) 

p3 (^p2 _j_ ,fj2)3/2 p^^^p2 _|_ P2{\/ P^ + TTl^) 



1/2 

(6.56) 



where T is the total integration time, Pi(|z^|), P2(|i^|) are the one-sided noise spectral density 
of the detectors, defined as Fourier transforms of the frequency v = E(p) = {fh? +^2)^/^, 
and 7(p) is the overlap reduction function, defined in momentum space by: 

7(p) = ^ j (fhFi{n)F2{n)e^^'^^<^-'-'^^^ (6.57) 
47r J 

(normalized so that 7 = 1 for coincident and coaligned interferometers). For m — > and 



g — > 1 we recover the signal-to- noise ratio (5.39), modulo a different normalization of 7 



The result ( 1^5^ ) det ermines the cross-correlation and the detectability of a signal in- 
duced by a massive scalar spectrum ^{p). We may distinguish three phenomenological 
possibilities. 

If m is much larger than the typical sensitivity band vq of the antenna, then the noises 
Pi, estimated at the frequency u = (m^+p^)^/^ » vq, tend to infinity, and we cannot expect 
to detect a signal. If, on the contrary, m <^ vq (which includes the massless case, discussed 



in [43|), then the detectors in their sensitivity band will respond to the relativistic branch 
of the spectrum, whose integrated amplitude is constrained by the nucleosynthesis bound, 
n < 10~^ (see Subsection 5J). In addition, the response is possibly suppressed by the 



factor ^ 1, because the dilaton field has a long range. As a consequence, we may expect 
in such a case a signal not larger (and possibly much smaller) than the signal produced by 
a relic graviton background. 

The interesting possibility corresponds to the dilaton mass in the sensitivity band of the 
detectors (m ~ vq), where the overlap is large and the noises as small as possible. In that 
case we have a resonant response also to the non-relativistic branch {p < m) of the spectrum, 
which is not constrained by nucleosynthesis and can approach the critical density bound, as 
emphasized in the previous subsection. In order to discuss the possibility of detection let us 
then consider the most favourable case, in which the non-relativistic branch dominates the 
spectrum and saturates the critical density, /if qq /™ d In p^ ~ 1 (more precisely, we should 
impose the saturation of at ~ 0.35, to be consistent with present dark-matter estimates 
[ |586| ]). Let us suppose, also, that the spectrum is peaked around p ~ m, and that the 
contribution of the relativistic branch p > m, if present, is negligible. 

The integral ( |6.56| ), in such a case, can be estimated by integrating over the non- 
relativistic modes only, and approximating Pi with their constant values at v = m. We 
consider the ideal case of two identical detectors (Pi = P2 = P, Qi = q2 = q), with maximal 
overlap (7 = 1) at = m and integration time T = 10^ s. The dilaton background is then 
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detectable, SNR > 1, provided [p87|| : 

t'/'^P{m) <q'^ X 10^22 Hz3/2. (6.58) 



m 



The intersection of this condition with the noise power spectrum -P(z^) of present grav- 
itational antennas provides a rough estimate of the allowed values of the dilaton mass, 
possibly compatible with a direct detection of a stochastic dilaton background. The mass 
windows depend, of course, on the values of the dilaton coupling. By using a simple, power- 
law parametrization [188] of the VIRGO noise curve, for instance, we find pSl that the 



detectable mass windows extends, for q = 1, over the full sensitivity band of the detector 
(1 Hz to 10 kHz). However, the window decreases as q decreases, and closes completely for 

o2 < 10-8. 



As already stressed at the beginning of this section (and in Subsection p.2[) , a large value 
of q^ can only refer, in this context, to the indirect coupling of the gravitational antennas 
to the (scalar) metric perturbation spectrum generated by the dilatons. It seems unlikely, 
however, that such a spectrum, even including the non-relativistic corrections due to the 
dilaton mass, can be high enough (at the kHz scale) to saturate the critical density bound, 
as assumed to obtain the condition ( |6.58| ). 

For the direct coupling to the dilaton background, on the other hand, we have to re- 
call that the maximum allowed value of q'^, for composition-dependent and -independent 
interactions, are summarized in Eqs. (|6.27| ), ( |6.28|) ). Taking into account such bounds, we 
are led to the situation illustrated in Fig. where the noise power spectrum of VIRGO 
[|188(| (bold curve) is compared with the condition ( 6.5^ ) at fixed q (thin dashed lines) and 



with the maximal allowed values of q'^, for universal (bold upper lines) and composition- 
dependent (thin lower lines) scalar interactions. A scalar background of nearly critical 
density, non-universally coupled to macroscopic matter, turns out to be only marginally 
compatible with detection (at least, at the level of sensitivity plotted in the picture). If the 



coupling is instead universal (for instance, as in the dilaton model discussed in [ll97[| ) but 
the scalar is not exactly massless, then there is a mass window open to detection: 

10"^^ eV < m < 10-^2 eV. (6.59) 
The above results, to be interpreted only as a first qualitative indication, are confirmed 



by a more realistic analysis of the cross correlation of the two LIGO interferometers |317|, 
performed by applying Eq. ( |6.56| ) to the phenomenological power spectrum: 

i}{p) = 6 no {p/ffif , p<fh, < 5 < 3. (6.60) 

In spite of the reduced value of the overlap factor we find (for any 5, but with ~ 1) a 
significant SNR in the relevant mass range, already at the level of the Enhanced LIGO con- 
figuration. No possibility of detection, even with the Advanced LIGO configuration, is found 
instead for a non-relativistic spectrum peaked outside the detector sensitivity band, such 
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Figure 6.3: The noise spectrum of VIRGO (bold curve) is compared with the maximal values 
of allowed by gravitational phenomenology, in two cases: universal (bold upper lines) 
and composition-dependent (thin lower lines) scalar interactions. The thin dashed lines 
correspond, from left to right, to = 10~^, 10~^, 10~^, 10~^, 10~^. The region compatible 
with a detectable signal is above the noise spectrum and below the upper bounds on q^. 

as the "minimal" spectral distribution (|6.12| ), (|6.13| ). It should be stressed, however, that 
interferometric detectors are particularly unfavoured for the detection of a non-relativistic 
scalar background, because their response tensor Dab is traceless: spherical resonant detec- 
tors represent more promising devices, and it seems appropriate to conclude this section by 
reporting the possible enhanced level of SNR when a massive scalar background interacts 
with the monopole mode of a resonant sphere [|174{| . 

For a massive scalar wave there are in fact two possible pattern functions, one associated 



to the geodesic coupling of the detector to the scalar component of metric fluctuations [ 464 | 
(the Riemann term in Eq. ( |6.20| )), the other related to the direct, non-geodesic coupling 
of the charge of the detector to the spatial gradients of the scalar background [p85[| . In 
terms of the transverse and longitudinal decomposition of the polarization tensor of the 
wave, with respect to the propagation direction n. 

Tab = i^ab - naflb), Lab = flahb , (6.61) 

the two pattern functions can be written, respectively, as |317|] 



F(n) = D^" hab + ^ Lab) , Fg(n) = q^D''" Lab- (6.62) 



For the differential mode of an interferometer [|255|| D"'^6ab = 0, so that, in both cases, 
the pattern function of massive waves turns out to be proportional to the massless pattern 
function and, for non-relativistic modes, it is highly suppressed by the factor (p/E)"^ |317| . 
The monopole mode of a resonant sphere, on the contrary, is characterized by the response 
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tensor D""^ = S""^ |Q. The non-geodesic pattern function Fq{n) is still suppressed, but the 
geodesic part is not, and the overlap function ( |6.57 ) takes the simple form 



15 f 3m^ + 2p^ \ \m{2TTpd) 
lip) = TT 2 1 ' (6-63) 

zvr \ + j pa 

where d is the spatial separation of the detectors. The response to scalar spectra peaked 
at p <C m is thus strongly enhaced with respect to interferometric detectors (at least in the 
case of geodesic coupling). 

Beside this effect there is a second possible enhancement, for flat enough spectra, asso- 
ciated to a faster growth of SNR with the observation time T. Consider, for instance, the 
cross-correlation of two spherical detectors according to Eq. ( |6.56| ), computed for the spec- 
trum ( |6.60| ) with the overlap ( |6.63| ). Assuming that the instrumental noises are constant 
(and finite) for p ranging from to m, it follows that for 5 < 1 the momentum integral is 
dominated by its lower limit, i.e. by the infrared cut-off scale Pmin determined, for p ^ 0, by 
the "minimum" observable frequency interval Az^ associated to the "maximal" observation 



time T pTgj : 



l\u = {p^ + fh^f''^ -m>T~^, Pmin = (2m/r)^/^ (6.64) 

This effect modifies, for 5 < 1, the final T-dependence of SNR, and enhances the response 
of the detector with the growth of the observation time. Performing the integral for 6 < \ 
one finds in fact (modulo numerical factors) 

SNR ~ -J}^ (^] ' (mT)i-^/2 ^ ^^-^^ (g_g5) 



m P{m) V rn 
to be compared with the more standard result 



SNR i ^) ' (f^Tf^ ' > 1- (6-66) 



m P{m) \ m 

For T = 10^ s, and a mass in the kilohertz range, the sensitivity of spheres to a flat enough 
and massive spectra is thus increased by a factor IQ^^^^^^)/"^ with respect to interferometric 



detectors (see [174| for a more detailed discussion). 



We may thus conclude, summarizing the results of this subsection, that both interfero- 
metric and resonant gravitational antennas seem to be able to explore the possible presence 
of a light (but non-relativistic) dilatonic component of dark matter, and thus to constrain 
the parameters of the pre-big bang models, in a mass range that overlaps with their sen- 
sitivity band. This is possible in spite of the fact that the relic dilaton background could 
be directly coupled to the total mass of the detector, with a charge that is much weaker 
than gravitational. Spherical detectors are more efficiently coupled to massive scalar waves, 
but enhanced and advanced interferometers are already sufficient to provide significant con- 
straints on a possible background of relic dilatons. 
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7 Relic photons, axions and CMB anisotropy 



As discussed in the previous sections, the primordial spectrum of (scalar and tensor) metric 
fluctuations, amplified by a phase of pre-big bang inflation, is characterized in general 
by a positive and rather steep slope. Because of the high-frequency normalization of the 
peak of the spectrum, controlled by the string scale, the amplitude of metric fluctuations 
is strongly suppressed at the large-distance scales relevant to the anisotropy of the CMB 
radiation observed by COBE 567 , 77 1, or to the density fluctuations spectrum (see for 
instance [ |509| ]) required by the standard mechanism of structure formation. It thus seems 
difficult, in such a context, to generate a flat spectrum of scalar curvature perturbations 
directly responsible for the above effects, unless we accept rather drastic modifications of 
the pre-big bang kinematics, as recently suggested in |251, |227| ] (and briefly discussed in 
Subsection \r% ). 

The slope of the spectrum, however, depends on the external "pump" field, which ampli- 
fies the quantum fluctuations (see Section ^) and which contains, in general, the contribution 
of all the components of the background (metric, dilaton, moduli fields, ...). Different fluc- 
tuations are coupled to different pump fields and may have very different spectra, even in 
the same background. 



It turns out, in particular, that the primordial spectrum of electromagnetic [305, 306 1 
and of "axionic' 



75| , |182[ fluctuations (i.e. the fluctuations of the four-dimensional NS- 
NS two-form and of other, string- and M-theory-motivated, antisymmetric tensors) may 
be characterized by a slope much flatter than the slope of the metric perturbation spec- 

11, |226|] , depending on the coupling 



trum (in some cases, even decreasing [135, 184, 119 



to the moduli fields, on the anisotropy of space-time, and on the number of extra dimen- 
sions). A flat and primordial distribution of (isocurvature) axionic fluctuations, in turn, 
can directly generate a scale-invariant spectrum of CMB anisotropies through the "seed" 



mechanism [ 223 , 224 , 324 ] , which will be reported in Subsections \l.3[ 7.4 , or even generate 
an adiabatic, scale-invariant spectrum of density and curvature perturbations through the 
"curvaton" mechanism recently discussed in |241 , 459 , 487 , 65, |502| , [488| , |10C|] , and illustrated 



in Subsection 7.5. 



In addition, the amplification of electromagnetic fluctuations, with a flat enough spec- 
trum, seems to naturally provide the seed fields required to explain the origin of the magnetic 
fields present on a galactic and intergalactic scale (see [^45| for a recent review). We will 
first illustrate this interesting possibility in the next subsection. 

7.1 Large-scale magnetic fields and photon production 



In the context of the pre-big bang scenario, the background evolution that amplifies metric 
perturbations also amplifies the quantum fluctuation of the electromagnetic field, because 
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of their direct coupling to the dilaton and to the moduh fields. For the heterotic string 
model, such a coupling is described by the effective action [305] 



d4x^e-<^F^,F'^^ (7.1) 



where (j) = *^*io — In Vg = ln(5f^) controls the tree-level four-dimensional gauge coupling (<I>io 
being the ten-dimensional dilaton field, and Vq the volume of the six-dimensional compact 
internal space). The effective coupling to the external geometry may be different, however, 
if the electromagnetic U{1) symmetry is a component of the Kaluza-Klein gauge group 
produced in the compactification down to D = 4 dimensions |135[ | (see also [335|). 



The electromagnetic field is also coupled to the four-dimensional geometry, of course. 
If such a coupling is minimal, however, it is also conformally invariant, and therefore does 
not contributes to photon production in a conformally flat metric such as that of a typi- 
cal inflationary background, unless conformal invariance is broken at the classical [|589|| or 
quantum pl8[| level. Even in that case, however, photon production turns out to be rather 
suppressed (with respect to graviton production, for instance). 

In order to discuss the ampliflcation induced by the dilaton, in a conformally flat metric 
Qfiu = o?r]fj_^, it is convenient to use the radiation gauge Aq = 0, diA^ = explicitly. Because 
of conformal invariance, the coupling to the metric disappears from the action ([7.1|); after 
partial integration the action becomes, in this gauge, 

S=\l drje"* {a'.A" + A.V^A') , (7.2) 

and can be easily diagonalized by setting 

V^, = z = e-^/\ (7.3) 

For each polarization mode we then obtain the effective action 

S^ = ^Jdr] (^^'^ + ^V^^ + ^^2^ , (7.4) 
and the canonical evolution equation 

+ [k^ - V{r,)] = 0, V{r^) = - = e<^/2 (e-'>''^)" , (7.5) 



which is exactly the same as the graviton equation ( 4.56 ), with the only difference that now 
the pump field is fully determined by the dilaton. If we use, in particular, the minimal model 
of background introduced in Subsection the spectrum of the amplified electromagnetic 
fiuctuations will be characterized by the same parameters as the graviton spectrum. In 
such a case, the constraints on the electromagnetic spectrum will provide constraints on the 
parameters of the model and then, indirectly, on the associated graviton spectrum. 
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An important application of the "dilatonic" amplification of the electromagnetic fluc- 
tuations is the possible production of "seed" for the galactic magnetic fields p05| , 430 1. 
The origin of the large-scale cosmic magnetic fields (with coherence scale ^ 10 kpc, and 
typical amplitude ~ 10~® G) is in fact, to a large extent, still an open problem |345| . 
Almost all mechanisms invoked to generate the large-scale fields, e.g. the galactic "dy- 



namo" [508, |632| , require the presence of small, primordial seeds to trigger the subse- 
quent magnetic amplification. Many mechanisms of seed production have been suggested 

m, m. III, m, m, m, n^, mi in, m, n 



85| |3, |25|, 103, |71|, |29ll, trying 



to bypass the difficulty -due to conformal invariance- that forbids a standard infiationary 
amplification of the electromagnetic fluctuations. In the context of the pre-big bang models, 
on the contrary, the seeds can be produced directly from the electromagnetic fluctuations of 
the vacuum, thanks to the accelerated growth of the dilaton during the pre-big bang phase 



(with possible additional contributions from dilaton oscillations, during preheating |328|) 
Consider in fact the two-parameter model of Eqs. ( |5.10| ): 



dilaton phase, 
string phase, 
radiation era. 



-0/2 

-0/2 
-0/2 



~ const, 



rjs<r] < rji, 
1] > rji. 



(7.6) 



The effective dilatonic potential of Eq. ( |7.5| ) grows during the dilaton phase, keeps growing 
during the string phase, and goes to zero in the radiation era. Because of the two background 
transitions, there are two bands of the spectrum, corresponding to modes hitting the barrier 
in the dilaton phase, uj < tOg, and in the string phase, u; > iVg- By applying the standard 



procedure of Subsection 4.4 we obtain: 



u> 

LOl 
UJs 



1+2^4- 



iOlJ 



4-^3 



UJs < < UJi, 



(7.7) 



where /i = |/3 — 1/2|. By recalling that j3 = 1 + a (see Eq. ( ^.14| )), we find that the 
electromagnetic spectrum thus has the same parameters as the graviton spectrum ( 5.15| ), 
but the slope is in general flatter. Even flatter spectra are possible for vector flelds of 
Kaluza-Klein origin [135]. 

The generation of fluctuations of a strength large enough to seed the galactic dynamo 
constrain the electromagnetic spectrum at the megaparsec scale, and imposes in particular 



a bound that, in the most conservative form, can be written as follows 589 [: 

f^em(wG,tgal) Z W~^^n^{tg^l) , CJg ~ (1 MpC 



1 ~ 10-1^ Hz, 



(7.8) 



where tgai is the epoch of galaxy formation, i.e. Ogai ~ 10 ^ao- Remarkably, this condition 
is compatible with the condition of negligible backreaction. 



(7.9) 
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Figure 7.1: Allowed region in the parameter space of minimal pre-big bang models for the 
production of seed fields for the galactic dynamo (shaded and hatched area). The other 
two regions correspond to the production of a graviton background detectable by advanced 
interferometric antennas. 

(at all frequency scales), required by the consistency of the perturbative approach around 
a homogeneous unperturbed background. 

There is indeed a wide region of parameter space in which the two conditions are con- 



sistent without fine-tuning |305| , as illustrated by the shaded and hatched areas of Fig. |73 
(the hatched area refers to the dilaton branch of the spectrum, u; < lOs', the shaded area 
to the string branch, to > uJs). As shown in the picture, the production of seeds is strong 
enough to satisfy the needs of the dynamo mechanism (Eq. ( |7.8| )), provided the coupling is 
sufficiently small at the beginning of the string phase: 

logioexp(0s/2) < -20, (7.10) 

and the duration in time of the string phase is sufficiently long: 

\r]M > 10^° ~e23, (7.11) 



(in cosmic time. At > 23As). For illustrative purposes, the plots of Fig. 7A have been 
constructed by taking 51 = 1 as a reference value. We also note that, besides the condition 
(|7.9| ), there are additional bounds on the energy spectrum of the magnetic fields because of a 
possible (classical) production of gravitational waves induced by the magnetic stress tensor 
[|144{| . Flat enough spectra are not strongly constrained, however, and we are assuming that 
this is indeed the case for the electromagnetic distribution Oem(<^) that we are considering. 
Possible additional bounds on the primodial magnetic amplitude, due to Faraday rotation 
effects, may follow in principle from future measurements of the CMB polarization, as 
discussed in ||32S|] . 



Also shown in Fig. 7.1 are the allowed regions of parameter space compatible with 



the detection of the relic graviton background produced in the context of minimal pre-big 
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Figure 7.2: Allowed region for the graviton spectrum in minimal pre-big bang models 
(shaded area), assuming that the amplification of the electromagnetic Euctuations is strong 
enough to seed the galactic dynamo. 

bang models. We have used the typical sensitivity expected for the cross-correlation of 
two second-generation interferometers, with the characteristic of Advanced LIGO (see Eq. 
( 5.42| )). The allowed region is then defined by the condition $7^(10^ Hz) > 10"^'^, imposed 



on the spectrum ( |5.15| ), together with the pulsar bound (5.3), and the condition of negligible 



backreaction (Qq < 1 at all lo and t), required for the validity of our perturbative compu- 
tation of the spectrum around a homogeneous background (for a detailed implementation 



of all bounds see | 274 |). It turns out that there are two allowed regions, corresponding to 
tensor perturbations whose comoving amplitude stays constant outside the horizon during 
the string phase (upper region) or grows (lower region). At the left-end of each region, the 
marked triangular area corresponds to the possible detection of low-energy modes, crossing 
the horizon during the dilaton-dominated phase; the rest of the allowed region refers to 
modes crossing the horizon during the string phase. 

It should be noted that the gravitationally allowed regions have no possible overlap 
with the electromagnetic ones, implying that the interesting phenomenological possibilities 



of seed production and of graviton detection tend to exclude each other [|274|| . Indeed, if 



we restrict to the class of backgrounds consistent with the production of magnetic seeds 



(i.e. inside the shaded and hatched regions of Fig. 7.1), then the allowed slope of the 
high-frequency (string) branch of the graviton spectrum is constrained to vary between 2 
and 3 [p78|| , with a consequent drastic reduction of the allowed region for Qq, as illustrated 
in Fig. |7.2| . In that case, the graviton background is certainly outside the range of currently 
available detectors (resonant bars and ground-based interferometers), which reach their 
maximal sensitivity in the frequency band 10^ - 10^ Hz. 

According to the above analysis, a future detection of cosmic gravitons in the hertz to 
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kilohertz range would seem to exclude a dilatonic origin of the seed magnetic fields, directly 
amplified from the fluctuations of the vacuum. Conversely, an absence of signals from the 
relic graviton background would seem to support, indirectly, a primordial dilatonic origin 
of the cosmic magnetic fields. It must be stressed, however, that such conclusions, based 
on the plots of Fig. 7.1, cannot be applied in general to the pre-big bang scenario: they are 
only pertinent to the class of minimal models introduced in Subsection 5^, and could be 
evaded in the context of more complicated models of background. 

A final remark concerns the fact that the photon spectrum (7.7) is in general flatter than 
the graviton spectrum ( ^.15| ), suggesting the possibility that the electromagnetic fluctua- 
tions may also act as seeds for the (approximately) scale-invariant spectrum of temperature 
anisotropics of the CMB radiation [|306|, p75[| and for the density perturbations 5p/ p required 



for the structure formation. According to a detailed analysis |224], however, such a pos- 
sibility has to be discarded in favour of an analogous possibility based on the fluctuations 
of the fundamental antisymmetric tensors appearing in the bosonic sector of string theory, 
which can be amplified with a perfectly flat spectrum 175 , 182 ], as will be illustrated in 
the next subsection. 



7.2 Large-scale CMB anisotropy and axion production 

In the context of the standard inflationary scenario, the observed CMB anisotropy, at very 
large angular scales, can be consistently generated by the primordial spectrum of scalar 
metric fluctuations through the Sachs-Wolfe (SW) effect |54|], (AT/T)^, ~ <i>fc. Indeed, 
when the metric fluctuations are directly amplifled by the accelerated evolution of the 
background, their spectral distribution is controlled by the value of the Hubble scale at 
the time of horizon crossing, ~ {H/Mp)j^. For a standard de Sitter (or quasi-de Sitter) 
inflationary solution, H is constant in time, so that the spectrum is scale-invariant. A 
typical normalization of the spectrum, corresponding to inflation occurring roughly at the 



GUT scale |422 



H GUT curvature scale 

~ — ~ 10 , (7.12) 

Mp PLANCK scale ^ ^ 

is thus perfectly consistent with the anisotropy observed at the present horizon scale [ p67| , 
|77| , AT/T ~ 10~^, and with the fact that the spectrum is scale-invariant. 

In the context of the pre-big bang scenario, on the contrary, the curvature scale grows 
with time, so that the spectrum of the metric fluctuations tends to grow with frequency, as 
illustrated in Section ^ In addition, the natural inflation scale corresponds to the string 
scale, so that the normalization of the spectrum, at the end-point frequency ki, is controlled 
by the ratio 

f—\ STRING curvature scale _ ^ , ^ 
\Mp)k^^ PLANCK scale ^ ' ^' ^ 

As a consequence, for a typical pre-big bang model, the slope of the spectrum is too steep, 
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and the normalization too high, to be compatible with the COBE observations. The slope 
is so steep, however, that the contribution of the metric fluctuations to AT/T is certainly 
negligible at the COBE scale. So, on the one hand there is no contradiction with observa- 



tions, namely the COBE data cannot be used to rule out pre-big bang models |283|. On 



the other hand, the problem remains: How to explain the observed CMB anisotropy? 

There are two possible answers to this question. The first one relies on somewhat 
drastic modifications of the kinematics of the pre-big bang phase illustrated in the previous 
sections, in such a way as to generate a primordial scale-invariant spectrum directly from 
the amplification of the vacuum fiuctuations of the metric, as in the standard infiationary 
scenario. The second possibility relies on the indirect generation of scale-invariant metric 
perturbations through the isocurvature fiuctuations of another field, which may have a fiat 
spectrum even in the context of the pre-big bang solutions illustrated up to now in this 
paper. We will discuss in detail the second possibility in the following subsections. Here we 
will briefiy report on the first possibility. 

There are at present two possible examples of pre-big bang models characterized by a 
flat primordial spectrum of scalar perturbations [ p51| , p27| . They are both based on the 
introduction of a negative, exponential dilaton potential V((p), which can be parametrized 
in the E- frame as follows (in units Mp = 2): 

= -^oe-'^/v^, < e < 1, (7.14) 

and which is similar to the attractive potential existing between the colliding branes in the 
context of the ekpyrotic scenario [ [412| , 413|. 



With such a potential, the corresponding (E-frame) pre-big bang solution describes an 
accelerated contraction, controlled by the dimensionless parameter e, 

a(t)~(-tr ~(-r?r/(i-^), (7.15) 

which has to match the subsequent phase of decelerated, radiation-dominated expansion. By 
assuming the existence of a non-singular bounce for the background solution, and assuming 
the continuity of the Bardeen potential <I> and of the curvature perturbation Q = vj z across 
the bounce (their continuity is guaranteed by performing the matching on the constant 
density hypersurface), one then finds that after the bounce the spectrum of $ is determined 
by the pump field ( [7.15]) , according to the rules derived in Section |^, namely 

e 1 



1 



(7.16) 



A fiat spectrum of scalar perturbations can then be obtained for e = 2/3, as noted in |251|, 
corresponding to a dilaton potential that simulates a "dust" matter source with vanishing 
eff'ective pressure p = 0. 



Alternatively, as recently discussed in [227|, a fiat spectrum of scalar metric pertur- 



bations can be obtained from the background solution (7.15) by assuming a very slow 
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contraction, i.e. < e <C 1 as in the ekpyrotic scenario |412, [413(| , and assuming that the 
matching to the expanding phase is performed across a hypersurface different from that 
of constant energy density (for instance, across the zero-shear hypersurface ||227| ]). In that 
case the scalar spectrum after the bounce turns out to be different from Eq. ( ^7.161 ), and is 
given by 

^ (7.17) 

The case e <C 1 thus reproduces a (nearly) flat spectrum, for both the pre-big bang and 
ekpyrotic scenarios. 

This result can be easily explained by noting that, in the transition from a contracting 
to an expanding phase, the asymptotic solutions of the scalar perturbation equations are 
a linear combination of a constant and of a growing mode before the transition, and of 
a constant and a decaying mode after it. Consider, for instance, a bouncing background 



evolving from the contracting solution (7.15) valid for rj < —rji, to the standard, radiation- 
dominated expansion a ^ rj, valid for rj > rji. The asymptotic solutions for the super-horizon 
modes of the Bardeen potential, in the longitudinal gauge, can be written as 

rjafir]) 

'&I(^) = ^^ + 52(A;), v>Vi, (7.18) 

where ai ~ (-r/)^/(i-^), and 02 ~ t]. Here Ai,Bi are determined by the initial normalization 
to a vacuum fluctuation spectrum, while A2,B2 are to be determined by the matching 
conditions. It is then clear that different matching prescriptions may lead to different 
solutions for B2{k), the dominant mode of the post-big bang expanding phase, and then to 
different final spectra. 

Given a space-like hypersurface, with normal vector ra^(r/, x), the matching of two back- 



ground manifolds [386] has to be performed on the induced metric g^,/ and on the extrinsic 
curvature Kfj,i, of the given hypersurface, where 

Q/iu = gfiu + n^Uu, K^,y = ^ {V^n^, + V^n^) . (7.19) 

For the given example of bouncing background the metric will be continuous, i.e. = 0, 

where 

[g]± = lim o(7?) - Wm _g{-ri); (7.20) 

the curvature, however, will be characterized by a "jump" from negative to positive values, 
= S^u (if we neglect the high-energy corrections, which are expected to smooth out 
the singularity, see Section |8|). This introduces in general a surface stress tensor, which 
in our case corresponds to a tension (i.e. to a negative pressure), needed to avoid the 
singularity and to implement the transition from contraction to expansion. 
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The matching of the metric fluctuations can now be performed by perturbing the Israel 
junction conditions on the chosen hypersurface, and leads to 

[55m.]± = 0, [5K-^^ = 5S^^. (7.21) 

On a general hypersurface one then obtains that the dominant coefficient determining 
the post-big bang asymptotic expansion of the Bardeen potential, is in general related to 
the pre-big bang coefficients Ai , Bi by ]227] ] 

B2{k) = fAAi{k) + fsBiik) + U5p,, (7.22) 

where fA,fb,fs are (possibly fc-dependent) coefficients, and 6ps represents the perturbation 
of the surface tension. The final spectrum k^\B2{k)\'^ thus depends, in general, not only 
on the choice of the matching hypersurface, but also on its perturbed tension (i.e. on the 
details of the regularizing mechanism that is responsible for the bouncing transition). 

The matching across the hypersurface of total constant energy density {p + 6p = const) 



gives in particular /a = [227] so that, assuming a negligible 5ps, B2 simply inherits the 



spectrum of the constant mode Bi, and one is led to the "standard" result ( 7.161 ) for the 



scalar perturbation spectrum. The matching across a different hypersurface leaves, however, 
/a 7^ 0, so that the final spectrum is dominated by the growing mode of the pre-big bang 
solution and (again assuming a negligible 5ps) one is led to the "new" result reported in 
Eq. ( 7.17] ), which leads to a fiat spectrum for all backgrounds with e ^ 1. 



In the rest of this section we will adhere, however, to the standard matching prescription 
at constant energy density, and we will concentrate on the alternative possibility of an indi- 
rect generation of scale-invariant metric perturbations through the fiuctuations of another 
background field. Such an auxiliary field, in a string cosmology context, can be naturally 
identified with the axion, whose quantum fiuctuations, unlike the metric fluctuations, can 
be directly amplified with a fiat spectrum, even in the context of the minimal pre-big bang 
models (without the contribution of a dilaton potential) . 



To explain the reason of such a difference, first pointed out in ]175| , 182 ], let us consider 
the four-dimensional reduced action for the antisymmetric tensor H^i,^, 

S=^( d*x^ge~^H^,^H^'^, (7.23) 



12 

where 

H^^ua = d^Bya + d^Bafi + daB^i,, B^y = -By^. (7.24) 
The equation of motion, 

dv (^/^e-^H''^"') = 0, (7.25) 
can be automatically satisfied by introducing the "dual" axion field a: 

p<f> 

Hf'^'^ = -^e'""^'^dpa = e'^rjf""'f^dpa (7.26) 
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(^jjiJ-i^aP is the totally antisymmetric, covariant tensor), and the effective action ( |7.23| ) may 
be rewritten 

S=^J <fxy/^e^d^ad>'a (7.27) 

(note the coupling of a to e"^ instead of e"*^). In conformal time, and for a conformally flat 
metric 

5 = i y d'qa^e't' (a'^ + aVV) , (7.28) 
the action can be diagonalized by setting 

i; = za, z = ae'^/^ (7.29) 

so that the evolution equation for the axion canonical variable ij) is formally the same, 

i,l + [k" - 1/(77)] = 0, V{r^) = z"/z, (7.30) 

but is characterized by a pump field z different from that of gravitons or photons. As- 
suming a smooth evolution from a power-law pre-big bang background, with z ~ |7/|", to 
the standard radiation era, the axion spectrum Qg- is then determined by the background 



kinematics according to the general prescriptions of Subsection i.e. 

Q„{uj) ^ u^^-"^" , v=\a-l/2\, z~|r/|". (7.31) 

Consider now the low-energy branch of the spectrum, for modes hitting the effective 
potential barrier during a higher-dimensional dilaton-driven phase, which we assume to be 
characterized by three isotropically expanding dimensions, with scale factor a(ry), and n 
"internal" dimensions, with scale factor hi{r]). The background evolution is known, deter- 
mined by the d = 3 -|- n, anisotropic, S-frame solutions of the string effective action, Eqs. 
( 2.88| ) and ( 2.89| ). The scale factors, and the dimensionally reduced dilaton 0, can then be 



expressed in conformal time as 

a ~ |r?|ft/(i-/3o)^ 5^ ^ |^|ft/(i-/3o)^ = ^iA±^^0^1n|r,|, 

1 - Po 

= $d - InK = - ^ln6, ~ ln|r/|, (7.32) 

where (5q , (3% are n + 1 parameters related by the "Kasner-like" condition 

3/3o+E/3' = l (7-33) 

i 

{(3q < for inflationary expansion), and is the dilaton field appearing in the d-dimensional, 
non-reduced action, 

/ d^'+'x^/^^.e-^'^ =Vnj d^x^/^e-*^ = j d^x^/^e-f (7.34) 
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Combining the behaviour of a and (j) we obtain the power a of the pump field, and the 
corresponding spectral index, which are in general given by : 



a 



5/3o 



2{l-Po)' 



3-2i/ 



\2a - 11 



3/?o + l 
l-/?o ■ 



(7.35) 



In the particular case of an isotropic n-dimensional subspace. Pi = (3, 3/3q + = 1, 



one can also re-express the spectral index (7.35) in terms of the conformal power s = 
— Po) of the modulus, as originally done in |175|, or even in terms of a parameter 



1" = (Ki/2Ki)(^/^)~^) measuring the relative evolution in time of the external and internal 
volumes p:79| . What is important, in our context, is that a flat spectrum (i.e. Oo- = 
const, 3 — 2z^ = 0) is now perfectly allowed for Pq = —1/3. For an isotropic d-dimensional 
background, in particular, Po = —1/^/d, so that a flat spectrum exactly corresponds to 
d = 9, i.e. just the number of dimensions of critical superstring theory! (see also [|135[| ). Flat 
(or nearly flat) spectra are also possible for different exact solutions of the low-energy string 
effective action [|177| , 178, 324], even in four dimensions if the background is anisotropic [33 1| , 
or if the dilaton has an appropriate exponential potential and it is non-minimally coupled 
to the axion |251|. 



It should be stressed that for gravitons, on the contrary, a flat spectrum cannot be 
obtained in the above background, quite irrespective of the number and dynamics of the 



internal dimensions. By using Eq. (7.32) we find indeed that, independently of Po,Pi, the 
graviton pump field ae~'^ always has the same power, a = 1/2, 



ae 



1 1/2 



(7.36) 



so that the spectrum (modulo logarithmic corrections) is always characterized by the known 
cubic slope 3 — 2i/ = 3 — \2a — 1| = 3. A flat spectrum, in the background ( 7.32[ ), is also 
forbidden for heterotic photons (coupled to the dilaton as in the example discussed in the 
previous subsection). The situation is different, however, for Kaluza-Klein photons, whose 



spectrum is more sensitive to the dynamics of the internal dimensions | 135 |. 

It is important to note, finally, that in the different backgrounds obtained through 
SL{2,R) transformations mixing the axion and dilaton fields, different evolution equations 
are generally obtained for the metric, the dilaton, and the axion fluctuations. After a 
diagonalization, and a redefinition of new canonical variables, one finds however that the 
evolution equations for the two fundamental scalar degrees of freedom, i.e. the gauge- 
invariant (Bardeen) potential and the pseudoscalar axion field, are unaltered by the SL{2, R) 
transformation. Thus, the blue spectral tilt of metric perturbations and a possibly flat slope 
of the axion spectrum remain the same as in the standard, dilaton-dominated background 



solutions [|175| , 182 1 (see also | 437 | for more details on the axion spectra). 

A flat, primordial spectrum of axion fluctuations can be used for an indirect generation 
of the observed CMB anisotropics in two ways. A first possibility is the "seed" mechanism 
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[|220| , 221]: indeed, even if the axion fluctuations are neghgible as sources of the metric 
background, p^j <C Pc, their inhomogeneous stress tensor generates metric fluctuations ac- 
cording to the standard gravitational equations, and the metric, in its turn, is source of the 
temperature anisotropics through the usual Sachs-Wolfe effect: 

pjpc ~ $ ~ AT/r. (7.37) 

Such an indirect production of anisotropies could work, in principle, because the con- 
tribution ( [7.37] ) to AT/T is quadratic in the axion field, and not linear as in the case of 
metric perturbations. So, even if the amplitude of the axion fluctuations is still normalized 
at the string curvature scale, the square of the amplitude is not very far from the expected 
value 10~^: 

^ 2 /STRING curvature scale \ 2 , 

^ ^ ^ . (7.38) 

T \ PLANCK scale ) ^ ' 

The string normalization (|7.13| ), on the other hand, is imposed at the end point of the spec- 
trum (typically, at the gigahertz scale), while COBE observations constrain the spectrum 
at the present horizon scale (~ 10~^^ Hz): it is then evident that a very small, "blue" tilt in 
the axion spectrum is sufficient to make compatible the string and COBE normalizations. 



Eqs. (7.38) and (7.12). 



The seed mechanism, however, seems to have difficulties in reproducing the peak struc- 
ture of the observed anisotropies at smaller angular scales, as will be discussed in Subsection 



7.3. A more realistic scenario is probably offered by the "curvaton" mechanism [459]: if 
the axion is heavy enough, the initial and flat primordial spectrum of isocurvature axion 
fluctuations can be eventually converted, after the axion decay, into a final scale-invariant 
spectrum of curvature fluctuations. The standard results for the temperature anisotropies 
then apply, with the only difference that the metric perturbations are not primordial, but 
indirectly generated by the axion decay. This possibility will be discussed in Subsection 



7.5, after a brief report on the seed mechanism, which will be presented in the next two 



subsections. 



7.3 Massless axions as seeds 

The quantum fluctuations of the so-called "universal" (or Kalb-Ramond) axion a (i.e. the 
dual of the field strength of the NS-NS two-form appearing in the string effective ac- 
tion) can be amplified with a scale-invariant distribution of the spectral energy density, 
rio-(^)^) = Pc^{dpa{k,r])/ pcdlnk) (as shown in the previous subsection); they are thus a 
possible candidate for seeding the large-scale anisotropy in the context of the pre-big bang 
scenario. To illustrate this possibility we will proceed in two steps. 

We will ffist show that the scalar metric fluctuation on a given scale k, at the time 
the scale re-enters the horizon, is precisely determined by the axion energy distribution 
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evaluated at the conformal time of re-entry, rjj-c — k ^: 

^kiVrc) -^^a{k,Vre). (7.39) 

Secondly, we will show that the dominant contribution of a given scale to the Sachs- Wolfe 
effect comes from the time that scale re-enters the horizon, in such a way that the final 
temperature spectrum exactly reproduces the primordial seed spectrum: 

(AT/T)^ ~ ^kiVrc) ~ ^AKVre). (7.40) 

These two results are far from being trivial, as they are consequences of the particular time 
dependence of the Bardeen spectrum induced by axion fluctuations (the same results do 
not apply, for instance, to the case of electromagnetic fluctuations). We will give here only 
a sketch of the arguments leading to the above results, which are interesting in themselves, 
apart from their possible string cosmology applications. For a detailed derivation we refer 
the reader to the original papers [223, 224 1. 

Let us first compute the spectrum of metric perturbations seeded by a flat, primordial 
distribution of axion fluctuations. We define, as usual, the power spectrum of the Bardeen 
potential, P^{k), in terms of the Fourier transform of the two-point correlation function, 

d^k 
(2^2 

(the brackets denote spatial average, or expectation value if perturbations are quantized), 
and we recall that the square root of this function, evaluated at a comoving distance k~^, 
represents the typical amplitude of fluctuations on a scale k: 

((cI>(x)cI>(x')»[i!,,|=,-.~A:3/2|$,| (7.42) 

(see also Eq. ([4.69| )). We also define the power spectrum of the seed stress tensor, in the 
same way (no sum over /x, z/): 

d^k 



I (l^'""^""'''^^*^^) = {HxMx')) (7.41) 



-""'^Pllik) = iKixmx')) - (r;(x))2. (7.43) 



(27rA;)3 

Metric fluctuations and seed fluctuations, on the other hand, are related by the cosmo- 
logical perturbation equations |221]. By taking into account the important contribution of 
the off-diagonal components of the axion stress tensor one flnds, typically, that the Bardeen 
spectrum P$ and axion energy-density spectrum Pp are related by: 

2 



^(fc)~G(^) Py\k), (7.44) 
where p = Tq, and 

__^.k.(x-x)p^(^) = {p^{x)pAx')) - {pA^)f 

~ {a'^ix)a'\x'))-{a'^ix)f + ... (7.45) 
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Note that the two-point correlation function of the energy density becomes a four-point 
function of the seed field, since the energy is quadratic in the axion field. 

Using now the stochastic average condition for the axion field, 

(a'(k,r/)a'*(k',77)) = {27Tf6^{k-k'Mk,r,), (7.46) 
it turns out that the energy-density spectrum reduces to a convolution of Fourier transforms. 



Pp{k) 



(7.47) 



Also, for a flat enough axion spectrum, one finds that the above integral is dominated by the 
region pr/ ~ 1 |224]. By expressing the convolution through the spectral energy density f^o-, 
evaluating the Bardeen potential at the time of re-entry rj^-f, ~ A:~^, and using Eq. ( 7.44 ), 
one is finally led to relating the Bardeen spectrum and the axion spectrum as follows: 



k''^^\<^kiVre)\-n„ik,V. 



(7.48) 



We should now explain why we are interested in the metric fluctuations evaluated at the 
time of re-entry. 

To this purpose, let us compute the seed contribution to AT/T. In the multipole 
expansion of the temperature anisotropics (in terms of the Legendre polynomials Pi), 

1 



— (n) — (n) 

(n-n'=cos i9) 

the coefficients Ci, at very large angular scales 



4tt 



5](2£ + l)QP,(cosi9) , 



(7.49) 



<^ 100), are determined by the Sachs- 



Wolfe effect as [221 



7r J 



1 2\ 



d{kr]) A;^/^(^' + $)(k,r/)j^ {kr]o - kr]) 



(7.50) 



Here ^ and ^ are the two independent components of the gauge-invariant Bardeen po- 
tential (see Subsection |4.2| ), ji are the spherical Bessel functions, and a prime denotes the 
derivative with respect to their argument. Equation (|7.50| ) takes into account both the 
"ordinary" and the "integrated" Sachs-Wolfe contribution, namely the complete distortion 
of the geodesies of the CMB photons (due to shifts in the gravitational potential), from the 
time of decoupling r/dec down to the present time rjo. By inserting the Bardeen potential 
determined by the axion field, we find that the time-integral is dominated by the region 
kr] ^ 1. Using Eq. ( [7.48 ) we finally obtain 



C 



sw 



d{\nk) k'\^k{Vre)?\ji{kr]^)? 



(7.51) 



which gives the multipole coefficients in terms of the axion distribution r2(j(^) ^e)) through 
Eq. ( [7.48 ). This explains why it was important to evaluate the Bardeen spectrum at the 
time of re-entry, r/re ~ A;~^. 
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From this final expression we can extract, in particular, the value of the quadrupole 
coefficient C2 p2^ : 

C,.«J(.„.„„).(i|)^(|)"-', (7.52) 

where n is the spectral index (sufficiently near to 1) characterizing the primordial axion 
distribution, is the comoving scale of the present horizon, and ki the end point of the 
spectrum, namely the maximal amplified comoving frequency. We have assumed, in the 
context of a minimal model of pre-big bang, that the peak amplitude of the axion spectrum, 
at the end-point frequency, is controlled by the fundamental ratio between string and Planck 
masses, as it was for the graviton and dilaton spectra computed in the previous sections. 
Note, however, that in the low- frequency band corresponding to the large-scale observations 
the axion spectrum contains the enhancement factor (/c/^eq)"^ (see Eq. ( |5.2| )), which for 
k = ko almost exactly cancels the present radiation energy density, ^l^{to) ~ 10~^. 

The quadrupole coefficient, on the other hand, is at present determined by COBE as 



m 

C2 = (1.9 ± 0.23) X 10-^°. (7.53) 

This experimental value, inserted into Eq. ( [7. 52]) , provides an interesting, direct rela- 
tion between the string mass and the spectral index of the temperature anisotropy. Using 
ki/ko ~ (A/s/Mp) 10^9 (see Eq. (|5l6|) ), and using (as a reference value) the following 
bounds on the spectral index |78]: 

1 < n < 1.4 (7.54) 

(we have excluded here the allowed values 0.9 < n < 1, to avoid introducing an infrared 
cut-off in the massless axion spectrum), we obtain in fact an allowed range for the string- 
mass scale, 0.0037 ^ Mg/Mp ^ 3.2, which is compatible with the theoretical expectations 
|103(| , 0.01 < Ms/Mp < 0.1. Conversely, the theoretically expected range for Mg implies a 
spectral index 1.06 ^ n < 1.2, which is also in agreement with the observational results. 

This promising result, however, is only a first step towards a more complete comparison 
of the seed model with observations, comparison that must include also smaller angular 
scales, where precise experimental data have recently been obtained |48S, 475, 203, 363 1, 



and will become available in the next few years 470 , ^21| 



A numerical computation of the anisotropy power spectrum ( [T.SO ), at intermediate 
angular scales (up to £ 10^), has already been performed as reported in [ }479| , |60S| ]. The 
resulting spectrum shows the familiar peak structure, typical of all inflationary models. 
However, as was already shown very clearly by a first analysis [ [479| , the height and the 
position of the ffist acoustic peak can be reproduced (at least approximately) only if the 
axion spectrum grows fast enough with frequency. In particular, using the notation of the 
previous subsection, one must require at least 3 — 2i/ > 0.1 (but 3 — 2z^ > 0.3 seems to be 
favoured by the data). 
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This requirement, however, is in general incompatible with the high-frequency normal- 
ization typical of the pre-big bang scenario (if the amplitude is large enough to match 
observations at the COBE scale and the slope is too steep, then the energy density blows 
up and becomes overcritical at the string scale). 

A possible solution, suggested in [|479(| , exists in the context of "non-minimal" models 
of background, leading to a slope that is steep enough at low frequency, and flatter at 
high frequency, so as it limits the peak value. Since the axion spectrum depends both on 
the number and on the kinematics of the internal dimensions (see Subsection |7.2| ), such a 
spectrum could be produced during a phase of dynamical dimensional reduction, in which 
the low-frequency modes are frozen outside the horizon while the Universe is dimensionally 
different from the subsequent phase of freezing of the high-frequency modes. 



A more detailed analysis |608[, based on the recent BOOMERanG-98 [|0§ and MAXIMA- 
1 |]363f| data, shows indeed that it is not impossible to fit the height of the first acoustic 
peak, observed around i ~ 200, by using a (pre-big bang-motivated) axion spectrum, which 
grows with a steep slope up to a limiting scale fcft, and which is pretty flat above k\,: 

3 - 21/ ~ 0.33, k<k^, 3 - 2zy ~ 0, k> kf,. (7.55) 

In order to be efficient, the break point kf, has to be around the equilibrium scale, k^ ~ k^q. 
However, the precise position of the break is not strongly constrained, and one may exploit 
the possibility of lowering the break scale, to lower the height of the second (and subsequent) 
acoustic peaks, for a better comparison with data (such a shift does not substantially affect 
the height of the first peak). 

A break in the axion spectrum is thus effective to match the height of the peaks, but is 
not sufficient to fit the position of the first acoustic peak, determined with small uncertainty 



by recent data j483| , 475, 20S, 362] around i ~ 200. The position depends on the full set of 
parameters of a given cosmological model and, in the context of the seed mechanism based 
on massless axions, a peak at £ ~ 200 seems to require a moderately closed Universe , with 



i7m + > 1- For instance |608 | 



0.4, Oa ^ 0.85 (7.56) 



provides a good fit of the data, also compatible with current supernovae results [517|. It 
should be noted, to confirm the validity of a such model, that if the axion spectrum has 
a break it is also possible to fit the dark-matter power spectrum, in reasonable agreement 
with observations. 

However, even adjusting the break point fc^ and the value of + ^A, the width of the 
peak is still not in very good agreement with the present data, as the resulting normalized 
is about 1.8, which confirms the model only at the 30% confidence level [ |608| . Nonetheless, 
it is important to stress that the position of the second acoustic peak predicted by the axion 
model is different from the one indicated by the standard inflationary predictions (and by 
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present data). In addition, the axion model also predicts a small peak, or "hump", around 
i ~ 100, due to the "isocurvature" (rather than adiabatic, i.e. isoentropic) nature of the 
induced metric perturbations. These two peculiar predictions will be extremely important 
to confirm or disprove definitely the axion model, when the future satellite observations 
70|, 521] will become available. 



Also, the axion fluctuations ak are described by a Gaussian, stochastic variable, but 
the induced metric fluctuations depend on the axion energy-momentum tensor: they are 
quadratic in and therefore non-Gaussian, in general. This may change the estimate of 
the confidence level (i.e. of the probability) that the axion model leads to the measured 
CMB anisotropy spectrum. 

It should be stressed, to conclude this subsection, that the isocurvature character of the 
primordial axion spectrum considered here is due to the fact that the axions are treated as 
seeds, i.e. inhomogeneous fluctuations of a background that is not axion-dominated. As a 
consequence, the predicted anisotropics are different from previous models of isocurvature 



axion perturbations |4^, 558, 496 1. So, even if this seed mechanism based on isocurvature 



axion perturbations were definitely ruled out by future observations, this would not preclude 
the possibility of adiabatic axion perturbations (see for instance [ |409| ]), where the axions 
produced during the phase of pre-big bang inflation represent a significant fraction of the 
present cold dark-matter density. 



7.4 Massive axion spectra 

In the previous subsection we have discussed the CMB anisotropics seeded by a stochastic 
background of massless axion fluctuations, amplified by a phase of pre-big bang infiation. 
It is possible, or even likely, however, that the axion fluctuations amplifled by inflation 
become massive in the post-inflationary era: it is thus important, also in view of future 
applications other than the seed mechanism, to discuss whether, even in the massive case, 
the string normalization of the primordial spectrum may be consistent with the large-scale 
normalization determined by the CMB anisotropy, in spite of some important differences 
that appear in the spectrum and in the computation of the Sachs-Wolfe effect. 

In this subsection we shall keep assuming that the axion background is negligible, 
{a) = 0, and that the whole contribution to the axion energy density pa comes from the 
vacuum fluctuations, as in the previous subsection. There are, however, various important 
differences. A first difference between the massless and massive axion cases concerns the 
relation between p^j and the Bardeen potential In the massless case the perturbation 
equations, taking into account the important contribution of all the off-diagonal terms of 
the axion stress tensor, lead to 

(see Eq. ( |7.44| )). In the massive case, on the contrary, the axion stress tensor can be 
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approximated as a diagonal, perfect-fluid stress tensor, and we obtain | 324 | 

$fc ~ Ga^rfp„{k). 



(7.58) 



Also, the convolution ( |7.47 ) for the axion energy density is dominated by the region p ^ r}~^ 
in the massless case, and by p ~ A; in the massive case. In the massless case the integrated 
Sachs- Wolfe eff'ect is dominant, while it is the ordinary one that dominates in the massive 
case [324]. 

In spite of these differences, the final result for the temperature anisotropics is the same 
as before, with the quadrupole coefficient determined by the axion spectral energy density 
as |324| 

C2^nl{kQ,rj^). (7.59) 

In the massive case, however, the axion spectrum is affected by non-relativistic corrections, 
which are to be computed by including the mass contribution to the canonical evolution 
equation ( 7.30|) : 



7 2 ^1 2 2 

k h ma 



zak- 



(7.60) 



To this purpose, let us consider a simple background transition at r/ = ryi, from an initial 
pre-big bang phase in which the axion is massless, to a final radiation-dominated phase in 
which the dilaton freezes to its present value, (f) = const, and the axion acquires a mass, 
which is small in string units. Therefore, for 77 < 771, we then have m = 0, and the usual 
Hankel solution is normalized to a vacuum fluctuation spectrum (see Section |4.4|), 



(7.61) 



Mri) = ^\v\"'H^u\\H), 



where v depends on the pre-big bang evolution of the pump field z = ae*^/^. In the subse- 
quent radiation era, rj > rji, the effective potential z" /z is vanishing, and the perturbation 
equation reduces to 

V'fc + {k^ + a^ri^) = 0, (7.62) 

where we have put 



2 2 
m a 



2 2 



a = mHiai, 



(7.63) 



using the time behaviour of the scale factor a ^ -q. 



For the high-frequency modes that are relativistic at the transition scale, m <C k/ai, 
the mass term can be neglected, and we can match the solution ( [7.61 ) to the plane- wave 
solution 



1 



to obtain: 



±c{k)e^'^'^ 



c+{k)e-'^'' + c^{k)e'^'^\ , 

\c{k)\ ~ {k/ki)-"-^/'^ 



(7.64) 
(7.65) 
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(we neglect, for simplicity, numerical factors of order 1, which will be absorbed into the 
uncertainty relative to the inflation scale, represented by the overall numerical coefficient gi 
in front of the final spectrum.) In the relativistic regime the amplified axion perturbation 
then takes the form: 

c(k) 

a{k,r]) = ^sm{krj), (7.66) 
av 

and the corresponding energy density, /Oct'(^) ~ I^Y^ integrated over all modes, leads 
to the spectral distribution ( f4.102| ), and to the usual relativistic spectrum (normalized to 
critical units): 

^.{P. t) = gln^it) i^^j , m<p<pi, (7.67) 



where p = k/a is the proper momentum (see Subsection 4.4). 



In the radiation era the proper momentum is redshifted with respect to the rest mass, 
and all axion modes tend to become non-relativistic. When the mass term is no longer 
negligible, on the other hand, the general solution of Eq. ( [7.62 ) can be written in terms 



of parabolic cylinder functions Q. For an approximate estimate of the axion field in the 
non-relativistic regime, however, it is convenient to distinguish two cases, depending on 
whether a mode k becomes non-relativistic inside or outside the horizon. Defining as k^ 
the limiting comoving frequency of a mode that b = mam) at 



the time it re-enters the horizon {km = Hmam)i we find, in the radiation era | 324 | 



km = ^^lai = hi-Er) ■ {7.68} 



We will consider the two cases k ^> km and k <C km separately. 
In the first case we can rewrite Eq. ( 7.62| ) as 



^+\j-^)^>^ = ^' x = r?(2a)V2, -b = ky2a, (7.69) 

and the general solution we give has the form 

= AW{b,x) + BW(b,-x), (7.70) 

where W{b,x) are the Weber parabolic cylinder functions (see |||], Chap. 19). In order to 
fix the integration constants A and B we can match the solutions ( 7.70D and ( |7.66 ) in the 
relativistic limit where 

fe2 k"^ -46 



> 1. (7.71) 



In this limit, since we are considering modes that become non-relativistic when they are 
already inside the horizon, 

— (-6) > 1, (7.72) 



km J a 
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we can expand the W functions for b large with x moderate [^] . Matching to the plane- wave 
solution (7.64), we obtain ^ = 0, and 



(7.73) 



In the opposite, non-relativistic limit ^ |46|, the expansion of the Weber functions gives 



■ sm 



(7.74) 



(we have used x^/4 = mar]/ 2 ~ m/H). The corresponding axion field is then (inside the 
horizon) 



0-(k, 7]) 



c(k) 



m 

■ sm I — 



a\/ma 



H 



(7.75) 



The associated energy density, p^°''-'''\k) ~ {a'/af ~ {ma / k) p'f (k) , differs from the 
previous one by the non-relativistic rescaling m/p, thus leading to the spectrum 



2 m f Hi 



ai 



p_\ 



2-2u 



Pi 



J 



Pm<p < m, 



(7.76) 



where pm = km/a (see Eq. ( |7.67 )). 

Finally, we consider the case of a mode that becomes non-relativistic when it is still 
outside the horizon, k <^ km- In this case, we cannot use the large \h\ expansion as |6| < 1, 
and it is convenient to express the general solution of Eq. ( [7.69 ) in the form 



■0 = Ayi{b,x) + By2{b,x) 



(7.77) 



where yi and y2 are the even and odd parts of the parabolic cylinder functions |5[. The 
matching to ( |7.66| ), in the relativistic limit x ^ 0, gives ^ = and 



ipk - c(k) 



2a 



y2{b,x). 



In the non-relativistic limit ^ |6| we use the relation js] 

y2r^[W{b,x)-W{b,-x)] 



1 x' 
~ sin — 

X 4 



which leads to 



c(k) 



k_ 

a 



2\ 1/4 



from which 



cj(k, ry) 



(a??) 1/2 
c(k) fk\^/^fHiY/^ 



sm 



a J ma \k\ 



m 



m 

sm I — 



H 



(7.78) 



(7.79) 



(7.80) 



(7.81) 
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with an associated spectrum 



^Ap.t)-<ilM(^yM(^t''\ P<Pr.. (7.82) 



Hi \ H J \ a J \pi 

reproducing the low frequency band of the non-relativistic spectrum aheady presented in 
the case of dilatons (see Eq. ( |6.13| )). 

However, the above resuh is vahd only if the axion field becomes massive before the 
limiting scale Pm crosses the horizon. Let us call the temperature scale at which the 
mass turns on (typically, 

Tm ~ 100 MeV if axions become massive at the epoch of chiral 
symmetry breaking) and pT the proper frequency re-entering the horizon precisely at the 
same epoch. The present value of pT is then 

PTino) - Peq , (7.83) 



and the spectrum ( [7.82 ) is valid for pm < px, namely for m/Heq < (Tm/eV)^. In the 



opposite case, Pm > Pt-, the role of the transition frequency, which separates modes that 
become non-relativistic inside and outside the horizon, is played by px, and the lowest- 
frequency band of the non-relativistic spectrum ( [7.82 ) has to be replaced by [324]: 



m 



-™ If^j l^j l^j (i^j (fi;j>' 

(7.84) 



(such a spectrum can be easily obtained by imposing the continuity with ( 7.76 ) at p = px 



In both CclSGS, clS clearly illustrated in Fig. |7.3|, the effect of non-relativistic corrections 



is to enhance the amplitude of the spectrum at low frequency. The enhancement is pro- 



portional to the square root of the axion mass according to Eq. ( 7.82 ), if the scale pm is 
still outside the horizon at the time when axions become massive. In the opposite case, the 
enhancement is linear in the axion mass, according to Eq. ( [7.84| ). In both cases the slope 
is the same as that of the massless spectrum, 3 — 2v. 

Since the amplitude of the spectrum now depends on the axion mass, the condition 
imposed by the COBE normalization provides a constraint on the allowed range of masses. 
This might represent a problem, in general: since the slope cannot be too steep at low 



frequency (according to Eq. (7.54)), the allowed mass has to be small enough, typically in 



the range of Hen- An explicit analysis [224| then leads to the window 10 ^"^ eV ^ m < 10 ^" 



eV. 

It should be noted, at this point, that the mass of an axion field coupled to matter 
with a typical gravitational strength is not significantly constrained (unlike the dilaton 
mass) by the present gravitational experiments, which are indeed to be performed with 
polarized bodies [[538(| to be sensitive to pseudoscalar interactions. Also, the Kalb-Ramond 
(KR) axion, even if (gravitationally) coupled to the QCD topological current, is not to be 
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Figure 7.3: Mass-dependent enhancement of the spectrum at low frequency, due to non- 
relativistic corrections. If the slope is sufRciently Eat, 3 — 2^ < 1, then the non-relativistic 
part of the spectrum may have a peak in correspondence of the frequency mode pm that 
becomes non-relativistic at the time it re-enters the horizon. 



necessarily identified with the "invisible" axion [415| responsible for solving the strong CP 
problem. Other, more strongly coupled pseudoscalars, can play the traditional axion's role. 

In that case, the standard Weinberg- Wilczek formula | |61S| , |623| ] would give the mass of 
the appropriate combination of pseudoscalars, which is coupled to the topological charge, 
while the KR axion would mostly lie along the orthogonal combinations, which remain 
(almost) massless. In this context it is thus possible that KR axions are produced neither 
from an initial misalignment of the QCD vacuum angle, nor from the decay of axionic cosmic 
strings, so that existing cosmological bounds on the axion mass [^66| can be evaded. In 
spite of all this, it is quite likely that the KR axion will be heavier than 10"^'' eV, in which 
case, using the above spectra, it would be impossible even in principle to seed the observed 
CMB anisotropies. 



This conclusion, based on the effect illustrated in Fig. |7.3| , refers however to a relativistic 
spectrum characterized by a constant slope. It is quite easy to imagine, however, and to 
implement in practice, a model of background in which the relativistic axion spectrum is 
sufficiently flat at low frequency (as required by a fit of the large-scale anisotropy), and 
much steeper at high frequency. A simple example is illustrated in Fig. where we 

have compared two spectra. The top one is flat everywhere, except for modes becoming 
non-relativistic outside the horizon. The other one has a relativistic branch, which is flat at 
low frequency p < Ps, and steeper at high frequency p > ps- It is evident that the steeper 
and the longer the high-frequency branch of the spectrum, the larger is the suppression of 
the amplitude at low frequency, and the larger is the axion mass allowed by the COBE 
normalization at the present Hubble scale uj = loq. 

This possibility has been analysed through an explicit two-parameter model of back- 
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Po Pm m Ps Pi 

Log 10 ( P) 



Figure 7.4: Two examples of axion spectra with non-relativistic corrections. Note the 
common normalization at the end-point frequency pi, in spite of the different slopes in the 
different frequency regimes. 



ground [324|, based on exact solutions of the low-energy string-cosmology equations with 
classical string sources [|321|, |302|, |303(]. By fixing the high-frequency normalization at 



Ms/Mp = 10~ , the low-frequency slope at n = 1.2, and the temperature of mass gen- 
eration at T = 100 MeV, we can use as parameters the slope and the duration of the 
high-frequency part of the spectrum, measured in particular hy x = log(pi/ps) > and by 
the corresponding variation of the pump field, y = log(2;s/2:i) < 0. By imposing the COBE 
normalization (7.59), Q^ipo) ~ 10~^, the seed condition ^1^ < 0.1, and the condition of 
mass-dominated spectrum, m > Hf,q (see |324[ ) , the allowed region in parameter space 
turns out to be consistent with a very wide range of axion masses, from the equilibrium 
scale m ~ 10~^^ eV up to m ~ 100 MeV (higher masses are not acceptable, because the 
axion would decay into photons before the present epoch, like dilatons, see Eq. ( 6.33| )). We 
may thus conclude that there is no fundamental incompatibility between the normalization 
imposed by the large-scale anisotropy and an axion mass in the expected range of conven- 
tional axion models |566|. The difficulties encountered to match the observed spectrum at 
smaller angular scales, discussed in the previous subsection, remains however . 



7.5 Massive axions and adiabatic perturbations 

In the previous subsections we have analysed a possible scenario in which no axion back- 
ground is present in the post-big bang epoch {{a) = 0), and an isocurvature, non- Gaussian 
spectrum of temperature anisotropics is eventually induced by the quantum fluctuations of 
the (massless or massive) axion field, amplified by infiation. This scenario, whose typical 



signatures have been discussed in Subsection 7.3, seems to be strongly disfavoured with 
respect to more conventional explanations of the CMB anisotropy offered by the standard 
infiationary models. 
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In this subsection we will consider a possible alternative picture, based on the following 
assumptions: i) the constant value of the axion background after the pre-big bang phase 
is displaced from the minimum (conventionally defined as cr = 0) of the non-perturbative 
potential V{(7) generated in the post-big bang epoch; ii) the axion potential is strong 
enough to induce a phase of axion dominance before its decay into radiation. Under these 
conditions one finds that the initial isocurvature axion fluctuations, amplified by horizon- 
exit during inflation, can be converted into adiabatic (and Gaussian) perturbations of the 
spatial curvature, associated to super-horizon (scalar) metric perturbations, which maintain 
the same spectrum as the original axion fluctuations until the time of horizon re-entry: these 
can then possibly produce the observed CMB anisotropies. 

This possibility, based on a mechanism originally pointed out in |486|, has recently been 



discussed in detail (and not exclusively within a string cosmology framework) in [p41|, 459 



, 65, p02| , [488|| for the isocurvature fluctuations of a generic scalar field (called "curvaton" 



5y^), amplified with a flat spectrum. In the context of the pre-big bang scenario, such a 



mechanism has been applied, in particular, to the fluctuations of the KR axion |241], as 



suggested in [437|. Here, after a brief description of the conversion of axion fluctuations into 
scalar curvature perturbations, we shall discuss the constraints imposed by the CMB data, 
and its possible consistency with the small-scale normalization and tilts typical of pre-big 



bang models |100| 



The conversion of the axionic isocurvature modes into adiabatic curvature inhomo- 
geneities takes place in the post-big-bang phase, where we assume the dilaton cp to be 
frozen and the axion a to be displaced from the minimum of its potential. In the E-frame 
the background evolution is then described by the Einstein equations (|6.2| ), with (/> simply 
replaced by a, and with c = since the axion is minimally coupled to the metric. For a 
conformally flat metric, g^i, = a'^r]^^, the time and space components of such equations, 
together with the axion evolution equation, can be written (in conformal time and in d = 3) 
respectively as 

m'^ = {pr + Pa), m.' + = ^ ^ (7 85) 

dV 

a" + 2na' + a^— = 0, (7.86) 
oa 

where 7i = a' /a = d{hia)/dri, pr = 3pr is the energy density of the radiation fluid, and 



The combination of Eqs. ( 7.85| ) and ( 7.86 ) leads to the conservation equation for the 



radiation fluid, i.e. p'^ + ATipr = 0. In order to perform analytical estimates, we shall 
also assume here that the axion potential can be approximated by the quadratic form 
V{a) = This is certainly true for cjj <^ 1, but it may be expected to be a realistic 

approximation also for the range of values of cjj not much larger than 1 (which, as we 
shall see, is the appropriate range for a normalization of the spectrum compatible with 
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present data). Actually, for the periodic potential expected for an axion, the value of \ai 
is effectively bounded from above |241]. 



Let us now consider the scalar perturbations of the Einstein equations (|6.2|). Working in 
the longitudinal gauge we set 6(t = and we use the perturbation variables already defined 
in Eq. ( |6.lD for the metric and for the fluid sources. We impose, in addition, Spr = Spr/3 
(adiabatic fluid perturbations), and we introduce the convenient velocity potential Vr, such 
that 5ui = adiVr- 

The perturbation of the i ^ j component of the Einstein equations then gives (p = 
i/j = where $ is the Bardeen potential, while the perturbation of the (0,i), (0,0), 
components, and of the axion (Klein-Gordon) equation, gives a set of four independent 
equations for the four scalar variables X; ^Pr, Vr- They can be written, respectively, in 
the following convenient form: 

^' + n^ = i^cj' + ^a^prVr, (7.88) 

- Sn ($' + n<^>) = {pp5r + Pa5a) , (7.89) 

^" + m^' + {2n' + 7^2^ = {^pp5r + 5p„^ , (7.90) 
X" + 2Wx' - y\ + a'^x = 4a'$' - 2a'^^, (7.91) 



where we have defined 



Sr = 6pr/pr, 6a = Spa/Pa, 

^ dV 
OPa = (Pa + Pa) + -JT + 



a 



a'V dV 

6p^ = -<!> {p^ +p^) + ^- —X. (7.92) 



a 



da' 



The above equations can also be obtained directly from the general system of scalar- 
perturbation equations ( |6.3[ )-( |6^ ) (used to discuss dilaton production), for the particular 
case in which c = 0, d = 3, (3 = a' /7i, 7 = e = 1/3, p = p/3, and with (p' replaced by a'. 
We note, for later use, that by eliminating 6r from Eqs. ( |7.89| ) and ( 7.90| ) we are led to 



+ 4H$' + (2n' + 27^2 + 1ct'2\ ^ _ ly2^ ^ _ 1^2^^^ (7.93) 

V 6 / 3 6 3 acr 

which, together with Eq. ( [7.91| ), provides a closed set of coupled differential equations for 
the two variables $ and x- By using the above perturbation equations, together with the 
background relations (7.85) and (7.86), two useful equations for the evolution of 5r and Vr 
can be finally obtained: 

5; = 4$' + ^VV, v', = ^6r + ^. (7.94) 
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We now suppose that we start at t = ti, with a radiation-dominated configuration in 
which the axion background is initiahy constant and non- vanishing, a{ti) = fij 7^ 0, cr'{ti) = 
0, providing a subdominant (potential) energy density, paiU) = —paiU) = Vi = m?af/2 
<C Hf ~ Pr{ti). We also give initial conditions to our system of perturbation equations 
by assuming a given spectrum of isocurvature axion fluctuations, Xk{ti) 7^ 0, and a total 
absence of perturbations for the metric and the radiation fluid, <&(ti) = 6r{ti) = Vr{ti) = 0. 
The initial values of the first derivatives of the perturbation variables are then dedermined 
by the momentum and Hamiltonian constraints ( [7.88| ), ( 7.89 ). 

In order to discuss the possible generation of curvature fiuctuations we must now specify 
the details of the background evolution, taking into account that the axion, initially constant 
and subdominant, starts oscillating at a curvature scale Hq^c ~ "t- (see Eq. (^^861)), and 
eventually decays (with gravitational strength) in radiation, at a scale Hd ~ m? /M^ < -ffosc- 
During the oscillating phase the kinetic and potential energy densities are equal on an 
average, so that {pa) = and (p^) ~ behaves like dust matter. Since pr ~ a~^, 
the radiation energy is always diluted faster, and the axion background tends to become 
dominant at a scale H„{t) ~ ma{t). 

For an efficient conversion of the initial x fluctuations into ^ and 5r fluctuations 



it is further required [ p41| , 459, 487 1 that the decay occurs after the beginning of the axion- 
dominated phase, i.e. H^j > Hd- Depending upon the relative values of H^j and ffosc (i-e. 
depending upon the value of Uj, in Planck units) we have thus different options which will 
now be discussed separately. 

(1) If (Tj < 1, and then Hfj < Hqsc, the axion starts oscillating (at a scale H ~ m) when 
the Universe is still radiation-dominated. During the oscillations the averaged potential en- 
ergy density decreases like a~^, i.e. the typical amplitude of the axion background decreases 
like a^^/^, from its initial value fij down to the value (Xdom which H = H„ ~ 'ni'^doui- Dur- 
ing this period a ~ H^^l"^ (as the background is radiation-dominated), so that fidom ~ c^"^; 
and ~ maf. Finally, the background remains axion-dominated until the decay scale 
iJrf ~ nv' /Mp. This model of background is thus consistent for Hi > i^osc > -f^o- > H^-, 
namely for 

1 > a, > (m/Mp)^/^ (7.95) 

which leaves a wide allowed range for Uj, if we recall the cosmological bounds on the mass 
following from the decay of a gravitationally coupled scalar |238, |24C| ] (typically, m > 10 
TeV to avoid disturbing standard nucleosynthesis). 

For this class of backgrounds we can now solve the coupled equations ( 7.91 ), ( 7.93| ), 
neglecting the /c^ terms in the (Fourier transformed) perturbation equations, since we are 
interested in modes well outside the horizon. We find (in cosmic time) that the Bardeen 
potential <I> grows like during the initial radiation phase in which the axion is slow rolling, 
and like t^/^ during the period of (radiation-dominated) axion oscillations: 

^k{t) = AaiXk{ti)[m{t-ti)f , ti<t<t^, (7.96) 
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= <^>k{t^)+BaiXk{k)[mit-t^)]^/\ tm<t<t, (7.97) 

{A and B are dimensionless numbers of order ol), where tm ~ ~ and to- ~ ~ 
(mcr^)~^. In the subsequent axion-dominated phase, preceeding the decay, the Bardeen 
potential finahy oscillates around the value ^^(tcr), with a resulting overall generation of 
curvature perturbations from <I>fc = to 

(^.(t.)> ~ aauik) + ^ ~ a, < 1. (7.98) 

(Ji 

where (...) refers to averages over one oscillation period. 

(2) If (Tj ~ 1, and then H„ ~ -f^osc ~ the beginning of the oscillating and axion- 
dominated phase are nearly simultaneous, and the Bardeen potential only grows during the 
initial radiation-dominated phase, according to eq. ( [7.96|) . The final averaged value of the 
induced perturbations is now 

($fe(t,)) ~cTafc(ti) ~Xfc(ti), (7.99) 



(3) Finally, if (Xj >, and then H^j > Hqsc, the axion starts dominating at the scale 
H„ ~ mai, which marks the beginning of a phase of slow-roll inflation, lasting until the 
curvature drops below the oscillation scale Hqsc ^ rri- Such a model of background is 
consistent for Hfj < Hi, namely for 

— >cTi > 1, (7.100) 
m 

where Hi (fixed around the string scale) corresponds to the beginning of the radiation- 
dominated, post-big bang evolution. During the infiationary phase the slow decrease of 
the Hubble scale can be approssimated (according to the background equations (|7.85| ) and 
( 7.86| )) as H{t) = amai — (3m? {t — to-), where a and /3 are dimensionless coefficients of 



order 1. Infiation thus begins at the epoch ta ~ 1/mai, and lasts until the epoch tm ~ 
((Tj — l)/m ~ ai/m. Let us estimate, for this background, the evolution of the Bardeen 
potential generated by the primordial axion fiuctuations. 



For t < tcr the solution is still given by eq. (|7.96|) , with tm replaced by to- = 1/mai. At 
the beginning of inflation the averaged amplitude is then ^k{ta) ~ Xk{'ti)/(^i- During slow- 
roll inflation, on the other hand, it is known | 492 | that, for superhorizon modes, <I>fc ~ H /H^. 



The final amplitude at the beginning of the oscillating phase is then 

($fc(tm)) = ^k{ta) ~ <yl^k{ta) ~ (TiXkiU), Oi > 1, (7.101) 

and no further amplification is expected in the course of the subsequent cosmological evo- 
lution. 
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It is amusinff to observe that the results ( |7^ ), ( [7^ ), ( [TTOll ), which det ermine the 
amplitude of the Bardeen potential in the oscillating (axion-dominated) phase preceding 
the axion decay, can be summarized by an equation that holds in all cases, namely 

(Mtd)) = -Xk{ti)fiai), f{ai) = (^cicTi + £^ + 03), (7.102) 

where ci, C2, C3 are numerical coefficients of the order of unity. A preliminary fit [100| based 



on numerical and analytical integrations of the perturbation equations gives ci = 0.129, C2 = 
0.183, C3 = 0.019. The function /(cj) has the interesting feature that it is approximately 
invariant under the transformation at a^^ and, as a consequence, has a minimal value 
around cij = 1. 

Given we can easily compute the final value (before axion decay) of the density 
constrasts 6a, Sr, and of the variable C parametrizing in a gauge-invariant way the strength of 
curvature perturbations. By using the background equations ( [7.85 ) in the axion-dominated 



phase. Pa- ^ Pr, and taking the average of Eq. ( 7.89| ), for super-horizon modes, one finds 



indeed (averaging being understood) 6a{k) ~ —2^^- Similarly, from Eqs. ( 7.9^ ), and for 
super-horizon modes, 6r{k) ~ 4$^. 

Consider then the variable C representing the perturbation of the spatial curvature 
on uniform density hypersurfaces, which is conserved (outside the horizon) for adiabatic 



perturbations, and which can be written for a general background as |492| : 

Outside the horizon we can use —Sa/2 for $, the sum of the two background equations 
( |7.85| ) for the denominator Ti?—7i', and the Hamiltonian constraint ( [7.89 ) for the numerator 
Ti^' + Ti?^, in order to rewrite Q in the form 

. Pa5a{k)-{?,/A)[pa+Pa)5r{k) 

= A T^JT ] \ • (7.104) 

4pr + 3{Pa+Pa) 

In the final phase dominated by an oscillating axion p^ is negligible, the (averaged) axion 
pressure is zero so that, using 5a = —2$ = —5^/2 we finally obtain 

Ck ^ lSa{k) ~ -hk (7.105) 
(as we have also checked by an explicit numerical integration [|100|). This result was derived 



and presented in [459], using however different notations. 

The generated spectrum of super-horizon curvature perturbations is thus directly de- 
termined by the primordial spectrum of isocurvature axion fiuctuations Xki according to 
Eqs. (|7l02|) and ([tIO^ ). The axion fluctuations, on the other hand, are solutions (with 



pre-big bang initial conditions) of the perturbation equation ( 7.91 ) in the radiation era 



(no additional amplification is expected, for super-horizon modes, in the axion-dominated 



160 



phase), computed for negligible curvature perturbations = = in the massive, 
non-relativistic limit (as we are already in the oscillating regime), and outside the horizon. 

In order to exploit the results of the previous subsection, we can then set Xk = '4'k/a, 
where ipk satisfies Eq. ( [7.69 ). The general solution for i/j^, correctly normalized to a 



relativistic spectrum of quantum fluctuations, has been given in Eq. ( 7.78| ) already, taking 



also into account the details of the pre-big bang amplification (encoded into the Bogoliubov 
coefficient c{k)). Outside the horizon, k\r]\ <C 1, and for non-relativistic modes, k <C ma, 
we take (respectively) the limits —bx"^ <C 1 and —b ^ x^, in which 2/2 ~ 2; = r\\pla. 
By inserting a generic, primordial power-law spectrum with cut-off scale k\ = Hiui, i.e. 
c{k) = (k/ki)^^'^^^"^ , and using the identity r]/a = rji/ai ~ 1/fciOi, we finally obtain the 
generated spectrum of curvature perturbations: 

2 /^xn-l 



We have re-inserted the appropriate Planck mass factors, keeping however crj dimension- 
less in Planck units, and we have included into ki possible numerical factors of order 1, 
connecting the cut-off scale to the string mass scale 

This result, valid during the axion-dominated phase, has to be transferred to the phase 



of standard evolution, by matching the (well known [492|) solution of the Bardeen potential 
in the radiation era (subsequent to axion decay) to the solution prior to decay, which is 
in general oscillating. The matching of <1> and <!>', conventionally performed at the fixed 



scale H = H^, shows that the constant asymptotic value ( 7.102 ) of super-horizon modes 
is preserved to leading order by the decay process, modulo a random, mass-dependent 
correction which typically takes the form [1 + €sm(m/Hd)], where e is a numerical coefficient 
of order 1, and m » Hd. Such a random factor, however, is a consequence of the sudden 
approximation adopted to describe the decay process, and disappears in a more realistic 
treatment in which the evolution equations for and 6pa are supplemented by the friction 
term Ta' /a (with a corresponding antifriction term —Ta''^/a'^ in the radiation equation). 

In such a way, as we have checked with an numerical integration, the decay process 
preserves the value of the Bardeen potential prior to decay, damping the residual oscillations; 
C itself follows the same behaviour and is finally exactly a constant. When the axion has 
completely decayed, and the Universe is again dominated by radiation, we can properly 
match the standard evolution of $ in the radiation phase to the constant asymptotic value 
of Eq. ( |7.102 ). The expression we obtain for the Bardeen potential, valid until the epoch 



of matter-radiation equality, can be written in the form 

' cos {kcsT]) sin (kcgT])' 



<^k{v) = -3$fc(%) 



{kcsTiY {kcsTif 



r]d<V< %q, (7.107) 



where Cs = l/\/3 and ^k{Vd) is given in Eq. ( 7.102 ). 



The above expression for the Bardeen potential provides the initial condition for the evo- 
lution of the CMB-temperature fluctuations, and the formation of their oscillatory pattern. 
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It is important to note that, from the above equation, ^k{^i) = constant and — 0, 

where r]d < r],i < r]^^, and krji <^ 1. This impUes |100| ] that the induced temperature 
fluctuations {AT/T)k will oscillate in k just as expected in the case of adiabatic perturba- 
tions, producing a peak structure clearly distinguishable (and, at present, observationally 
favoured) from that produced by isocurvature fluctuations. 

Let us now discuss the large scale normalization of the induced anisotropics, starting 
from the observation that the final amplitude of the super-horizon perturbations ( [7.106| ) 
seems to be unaffected by the non-relativistic corrections to the axion spectrum. The 
dependence on the axion mass appears, however, when computing the amplitude of the 
spectrum at the present horizon scale uq, in order to impose the corrected normalization to 
the quadrupole coefficient C2, namely [p22| 



C^Mrn'M'". ai^^''^-f^„ (.108) 



where the value of C2 is experimentally determined by COBE according to Eq. ( |7.53| ). 

The present value of the cut-off frequency, uJi{to) = Hiai/aQ, depends in fact on the 
kinematics as well as on the duration of the axion-dominated phase (and thus on the axion 
mass), as follows: 



a;i(io) = ^1 - - — , a.<l, (7.109) 

\ ^cr / rad \ / mat \ ^eq j mat 

= nA^A f^) f^^) , a. > 1.(7.110) 

V Oct / rad V (^osc J inf \ 0,d J mat \ ^cq / ^.^^ \ O-O / mat 

Using Hq ~ W^^H(,q ~ lO^^^Mp, we find that the COBE normalization imposes 

(5-n) 

.^«;.?"*"(f) • {^y 10-.'-. . io-.», ..<, (.lu) 

(5-n) (n-1) 

«^rV.^(^) ' (^)' ' 10-2^("-^) 10-1°, a. > 1,(7.112) 

where = (aosc/oo-) > 1 denotes the amplification of the scale factor during the phase of 
axion-dominated, slow-roll inflation. 

The condition ( |7.111D is to be combined with the constraint ( [7.95| ), the condition ( [7.112| ) 
with the constraint ( [7.100| ), which are required for the consistency of the corresponding 
classes of background evolution. Also, both conditions are to be intersected with the exper- 
imentally allowed range of the spectral index. The allowed range of parameters compatible 
with all the constraints is rather strongly sensitive to the values of the pre-big bang inflation 
scale Hi . In the context of minimal models of pre-big bang inflation we have Hi ~ Mg , and 
a flat spectrum (n = l,a^ = l/547r) is inconsistent with the normalization ( 7.111] ), ( [7.112] ). 
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A growing ("blue") spectrum is instead allowed (see [100| for a detailed discussion). It turns 



out, in particular, that there is a wide range of allowed axion masses, but a rather narrow 
range of allowed values for cji, especially in the case ai > 1. 

The allowed range of parameters is extended if the inflation scale Hi is lowered, and a 
flat [n = 1) spectrum may become possible if Hi < 10^^ {Mpai/ aiC2) , for cjj < 1, and if 
Hi < W-^{Mp/aiaici), for ai > 1 (see Eqs. (|7.11lD and ( [7.112| )). A lower value of the 



string scale could emerge indeed in a recently proposed framework []607[| according to which, 
at strong bare-coupling e"^, loop effects renormalize downwards the ratio Mg/Mp and allow 
Mg to approach the unification scale. 

In addition, a flat spectrum may be allowed even keeping pre-big bang inflation at a 
high-curvature scale, provided the relativistic branch of the primordial axion fluctuations 
is characterized by a frequency-dependent slope, which is flat enough at low frequency 
(to agree with large-scale observations) and much steeper at high frequencies (to match 
the string normalization at the end-point of the spectrum). A typical example of such a 



spectrum, already introduced in the previous subsection, and illustrated in Fig. 7.4, can be 



parametrized by a Bogoliubov coefficient with a break at the intermediate scale k, 



Si 



n-5+5 



|cfc|^ = ( 7- ) ) kg < k < ki, 



k 

h 

n-5+5 / ^ 

kiJ \ks 



k < kg, (7.113) 



where 6 > parametrizes the slope of the break at high frequency. Examples of realistic pre- 
big bang backgrounds producing such a spectrum of axion fluctuations have been discussed 
in 1 324]. It is clear that the steeper (and the longer) the high-frequency branch of the 



spectrum, the easier the matching of the amplitude to the measured anisotropics (in spite 
of possible o"i-dependent enhancements). 



Using the generalized input ( 7.113[) for the spectrum of Xk, the amplitude of the low- 



frequency [k < kg) Bardeen spectrum ( [7.106| ) is to be multiplied by the suppression factor 
A = [kg/kiY ^ 1, and the normalization condition at the COBE scale becomes 



«H ( -V"' ^ CjA-', a, > 1. (7.115) 



Mp / \uJi, 

A strictly flat spectrum is now possible, even for aiHi = aiMg ~ lO^^Mp, provided 

cjaf + c^a-'') ^10-^ (7.116) 
It thus becomes possible, in this context, to satisfy the stringent limits imposed by the most 



recent analyses of the peak and dip structure of the spectrum at small scales [204], which 
imply 0.87 <n< 1.06. 
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We may thus conclude that, in the context of the pre-big bang scenario, a "curvaton" 
model based on the Kalb-Ramond axion is able to produce the adiabatic curvature per- 
turbation needed to explain the observed large-scale anisotropies. The simplest, minimal 
models of pre-big bang inflation seem to prefer blue spectra. A strictly scale-invariant (or 
even slightly red, n < 1) spectrum is not excluded but requires, for normalization pur- 
poses, non-minimal models of pre-big bang evolution leading to axion fluctuations with a 
sufficiently steep slope at high frequencies. 



8 Singularity and "graceful exit" 

As already stressed in Section the cosmological solutions of the string effective action, 
thanks to their symmetries, are characterized by four branches, which are inter-related by 
time-reversal and scale- factor duality transformations. Two branches are of the pre-big 
bang type, and evolve towards a singularity, while the other two branches are of the post- 
big bang type, and emerge from a singularity. A typical example is illustrated in Fig. |8.1| , 
where we have plotted the asymptotic, d-dimensional vacuum solutions of the lowest-order 
gravidilaton effective action, 

a(t) = (Ttp/v/^, m = -HTt), (8.1) 

which represent the bisecting lines of the "phase space" spanned by the variables {i;^, ^/dH}. 
The initial conditions of the pre-big bang scenario and the present standard cosmological 
configuration are thus disconnected by a singularity localized at the future or past end, 
respectively, of the temporal half-line on which they are defined. 

In the case of homogeneous and isotropic metric backgrounds, with or without spatial 



curvature, there are "no-go theorems" |12€, 395, 396 , 235 ] that exclude the possibility of 



a smooth transition from the pre- to the post-big bang branch of the tree-level solutions, 
even including a (local) dilaton potential V{(j)), and matter sources in the form of perfect 
fluids and/or an homogeneous NS-NS two- form. In all these cases the singularity cannot 
be removed. In addition, in the absence of sources and of a dilaton potential, it is known 
that the singularity also affects anisotropic backgrounds, and can be shown to be generally 
present in all homogeneous four-dimensional metrics of Bianchi type I, II, III, V, VIq and 



yih 13121. 



We are thus led to the problem of explaining how the Universe may smoothly evolve from 
the string perturbative vacuum, and from an initial accelerated growth of the curvature and 
of the string coupling, to a final, decelerated, post-big bang configuration, which is certainly 
included in the set of string-cosmology solutions, but is possibly disconnected from the initial 
pre-big bang branch by a curvature singularity. This is the so-called "graceful exit" problem. 

The exit from inflation, and a smooth description of the transition from accelerated to 
decelerated expansion, is a typical problem of all inflationary models (see for instance [^]). 
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Figure 8.1: The four branches of the lowest-order string effective action (sohd hnes), and 
a possible self-dual solution (dashed curve), characterized by a{t) = a~^{—t) and 4>{t) = 
(f){—t). The symbols T and t represent a T-duality and a time-reversal transformation, 
respectively. 

In the string cosmology case, however, such a problem is sharpened by the fact that the 
transition from the pre- to the post-big bang phase is expected to occur at high curvature 
and strong coupling, possibly in the full quantum-gravity regime. This may suggest that a 
correct approach to the exit problem is to be developed in a quantum cosmology context, by 
exploiting the Wheeler-De Witt equation in the string cosmology minisuperspace, and the 



associated 0{d,d) symmetry, which helps avoiding operator ordering ambiguities ||31(]| , [410 |. 



In this approach, interesting in itself, the probability of quantum transition from the pre- 
to the post-big bang branches of the low-energy solutions can be finite and non- vanishing. 



even if the two branches are classically disconnected by a singularity | 310 , 322 ]. This 
possibility will be presented in detail in Section ^. In this section we shall keep on a 
classical (i.e. deterministic) description of the exit, which requires the smoothing out of the 
background singularities. 

It should be stressed, in particular, that the phenomenological predictions made in the 
previous sections were based on the assumption that the singularity can be regularized, 
and that i) a graceful exit does take place; ii) sufficiently large scales are only affected by 
it kinematically, i.e. through an overall redshift of all scales. Of course, one would not 
only like to know that a graceful exit does take place: one would also like to describe the 
transition between the two phases in a quantitative way. Achieving this goal would amount 
to nothing less than a full description of what replaces the big bang of standard cosmology 
in the pre-big bang scenario. As mentioned in Section ||, this problem of string cosmology 
is the analogue, in some sense, of the (still not fully solved) confinement problem of QCD. 
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The problem of the background regularization is particularly hard because, besides the 
smoothing out of the curvature, it also requires the smoothing out of the dilaton kinetic 
energy, and a possible damping of the dilaton (i.e. of the string coupling). We may con- 
sider, for a simple illustrative example of this point, the lowest-order gravidilaton action, 
supplemented by a matter action Sm that describes perfect-fluid sources, with vanishing 
dilatonic charge, 58^/^4^ = 0: 



S = / d'^^^x \l \g\ e 



+ Sm- (8.2) 



By assuming an isotropic, spatially flat metric background, with spatial sections of finite 
volume, we set 

^ T,, = 2^, T, - = diag (p(t), -p{t)5^^| , 



g^u = dia.g{l,-a^{t)5ij^ , 4) = (j) - dhia, (l) = (j){t). (8.3) 

For y = 0, H^ya = 0, the field equations can be written in the form 

f - dH^ = e^p, (8.4) 

H-H^=^e^p, (8.5) 

20 - / - dH^ = (8.6) 

where p = pa*^, p = pa^ (see Subsection |2.2|) , and we have used units in which 2As~^ = 1. 
Their combination gives the conservation equation 

-p + dHp = 0. (8.7) 

The above equations can be satisfied by the following particular exact solution 



a' 



^/d 2 1 - a^'?''*'^ 



H = ^ — , p = kH , p = ■= ^yO, 

(l + av^)2 1 + 

= ln^ ^ , ^=^H^^^, (8.8) 

where k is an arbitrary integration constant. The integration of H = H{a) then leads to 
the implicit expression for the scale factor, 

- = ^ fa^-a-^) +21na. (8.9) 

This solution is self-dual, in the sense that a(t) = a~^(— t), p(a) = ^(0""*^), (\){a) = (\){cr^\ 
and describes a smooth evolution of the metric from an initial, accelerated phase of growing 
curvature and negative pressure, to a final, decelerated phase of decreasing curvature and 
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positive pressure. The scale factor runs monotonically from zero to infinity, without any 
curvature singularity. 

This example cannot be accepted as a successful model of exit, however, because the 
dilaton kinetic energy (i;^^) blows up at the transition point (a = 1), together with the effec- 
tive string coupling, expc/). This implies that both a' and loop corrections to the effective 
action become non-negligible at the transition, and that the above solution, obtained in 
the low-energy, tree-level approximation, cannot be trusted. In addition, the curvature is 
regular in the string frame, but blows up in the Einstein frame defined by 



ae 



dt = dte-^/'^'^"^^ (8.10) 



(see for instance Subsection 1.3). Indeed, by setting H = d{liia)/dt and H = d(}na)/dt, we 
obtain 

H=(h- -^6] e-^/^-^-i) , (8.11) 



d-l 

so that, if the dilaton is unbounded, H may diverge even if both H and (p are regular. 

A successful exit thus requires a smooth dilaton evolution, with the kinetic energy and 
= exp (p bounded everywhere. In addition, the dilaton has to evolve from the initial 



regime with > to a final regime with < (see Fig. 8J.); besides being bounded, at 



large positive times, its kinetic energy must thus satisfy the condition 

(p < dH. (8.12) 

This is not sufficient, however, for a complete exit. An even stronger condition is imposed 
by requiring that the final, post-big bang configuration may describe (even in the E-frame) 
a phase of decelerated expansion, after the contraction representing pre-big bang inflation 
(after all, the String and Einstein frames are doomed to coincide, eventually, in the limit 
of dilaton stabilization). This implies H > at large positive times or, according to Eq. 

(EH), 

<j)<{d-l)H. (8.13) 
The above constraints can be translated into energy conditions, to be satisfied by the stress 



tensor of the effective sources driving the exit transition |121, |122| ]. 

In spite of such constraints, there are simple examples of regular backgrounds imple- 
menting a successful exit by means of appropriate sources, as we shall see in Subsection 



8.1 . The simplest examples, however, are not very realistic. The most realistic physical 
mechanism of exit, in the perturbative regime, is probably based on the backreaction of 
the quantum fluctuations, which leads, however, to including loops (and possibly higher 
derivative) corrections in the effective action, as we shall discuss in Subsections |8.2| and |8.3| . 
Such corrections suggest possible lines along which a quantitative description of the exit 
might eventually emerge. 
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The loop corrections, however, become important in the strong couphng regime, i.e. in 
the realm of the still largely unknown M-theory \62t , 376 1, as will be discussed in Subsection 
|8.5| . It is thus possible that, in spite of the existing encouraging results, new techniques 
and/or a deeper understanding of string theory in its non-perturbative regimes need be 
developed (see |11C] for a recent attempt), before a fully satisfactory description of the 
transition from pre- to post-big bang can be hoped for. 

In the next subsection we will start presenting a few simple examples of smooth solutions, 
without curvature singularities, obtained in the context of the low-energy string effective 
action. 



8.1 Smoothing out the singularity at low energy 

It is well known, from the singularity theorems of general relativity (see for instance [372 



371, |615| ]), that a smooth and complete geometrical background, with all the curvature 
invariants bounded everywhere, is only allowed if the sources of the gravitational field 
satisfy appropriate energy conditions. 

In the context of the string cosmology equations, the situation is even more constrained, 
because also the string coupling gs, parametrized by the dilaton, has to be bounded (and 
possibly smaller than 1) for a consistent and appropriate use of the string effective action 
(and of the perturbative expansion). In addition, if the curvature and the dilaton kinetic 
energy are regular in the S-frame, but the dilaton is free to grow boundlessly, then diver- 



gences may appear in the E-frame according to Eq. (8.11). This may occur, for instance, 
if the regularization of the curvature in the S-frame leads to a phase of constant H and (p, 
as in the context of the higher-order effective action [^94| , 307], which will be discussed in 



Subsection |8.3|. The importance of a frame-independent regularization is stressed by the 



fact that some particles, such as the gravitons, follow the E-frame geodesies | 399 | 



In spite of such difficulties, examples of smooth, self-dual solutions with no curvature 
singularities have been obtained, even in the context of the lowest-order string effective 
action, and of homogeneous and isotropic backgrounds, by introducing however ad hoc a 



negative and non-local dilaton potential ||477| , 319 , 310| , V{(j)) < 0. Such a potential, which 

< 



only makes sense for manifolds with spatial sections of finite volume, ( / d'^Xy/—g] 

V / t=const 

oo (for instance, a torus), is non-local because (j), to be a generally covariant scalar, must 



contain the integral of the whole spatial volume (see Subsection 1.4). 

Consider, as an example, the action ( |8.2[) , with a dilaton potential V{(f>). The field 
equations, for an isotropic and spatially flat metric, become (2Af~^ = 1) 

^ -dH^ -V = pe^, (8.14) 
H -H^= ipe^ (8.15) 
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Figure 8.2: Plot of the solution ( S.18 ) with Vq = 1, k = 1, d = 3. The bold curves show 
the time evolution of the curvature and of the dilaton kinetic energy in the S-frame. The 
thin dashed curve shows the Hubble parameter He = H of the E-frame. 



- o dV 
2(j) + dH^ + ^ - V = 0, 



.16) 



and the conservation equation (^^) is still valid. In the vacuum case p = p = 0, the full set 



of equations can be integrated exactly |477], and one finds that non-singular solutions are 

(8.17) 



in general allowed. If we consider, for instance, the potential [31C] 
the above equations can be exactly satisfied by the particular solution 



ao 



kH 



1 + 



kH^ 



1/2- 



.18) 



where k and ao are integration constants. 



This is a regular self-dual solution, a{t)/ao = ao/a{—t), characterized by a bounded, 
"bell-like" shape not only of H but also of the dilaton kinetic energy (unlike the example 
given in Eq. (|8.S|) ). For t — > +00 the solution satisfies the conditions ( ^.12]) , (|8.13|) required 
for a successful exit 
indeed a perfect 



and, together with its time-reversed partner, it describes 

Such a solution smoothly 



■'8-shaped" curve in the plane of Fig. p.l . 
interpolates between the asymptotic branches ( |8.1| ) of the vacuum solutions, i.e. from the 
super inflationary expansion a ~ a at t — > — 00, to the final state of 

decelerated expansion and decreasing curvature a ~ t^/^, (p = —\/dlna at t ^ +00 (see 



Figs. 3.2 and 



It is important to note that in this solution the dilaton is monotonically growing (indeed, 
for t +00, (f) ~ {Vd — l)lnt), but the curvature is regular even in the E-frame, where 
H smoothly evolves from the pre-big bang accelerated contraction at < 0, to a phase of 
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decelerated expansion ai H > 0. For t — > +00, in fact, H ~ so that the E-frame 

curvature is bounded for all d < 9. The fact that the dilaton keeps growing, however, is 
not consistent (asymptotically) with the perturbative approach, and with the use of the 
lowest-order string effective action. In addition, the curvature may blow up in some other 
frame, different from the String and Einstein ones. 

A more satisfactory example of transition, in which the dilaton becomes asymptotically 
frozen in the radiation-dominated regime, can be implemented by using another form of 
non-local dilaton potential |31£], 

V(^) = -Voe^'^. (8.19) 

In that case Eqs. (8.14)-(8.16) can be integrated exactly, for a wide class of (possibly 
time-dependent) equations of state. Let us report in some detail the integration procedure 
already outlined in Subsection |2.3| , which is also useful for further applications. 

We start by defining a new (dimensionless) time coordinate x, such that 

2dx = Lpdt (8.20) 



(L is a constant parameter with dimensions of a length). The combination of Eqs. ( 8.1^ ), 
(|8.16| ), using the relation 2V = dV/d(j), gives 

-p(e-^)' = 2{x + xo), (8.21) 

where a prime denotes the differentiation with respect to and xq is an integration constant. 
By assuming a time-dependent equation of state, defined by the function T{x) such that 

T'{x) = vl-p. (8.22) 

Eq. (|t|) can be rewritten as 

-p {a /a) e-^ = 2r{x). (8.23) 
The matter-conservation equation ( ^.7D , on the other hand, gives 

L'^p'e-^ = -d(r^)'. (8.24) 

By summing Eqs. ( 8.2l| ), ( ^.24 ), and integrating, we are led to defininig the function D{x) 
such that 

L2 p g-0 = (2; + xof - dV'^ix) +(3 = D{x) (8.25) 

(/9 is an integration constant), and our system of equations for a and cf) can be reduced to 
quadratures: 
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We have to satisfy, finally, Eq. 
condition 



1^), which determines the constant (3 through the 
V 



Z)2 



JJ2 JJ2 L2p2 

There are two possibilities. The first one is trivial: V - 
valid for the potential (|8.19| ), is 

T/n > 0. 



1 

~ D' 

and p 



(8.27) 

0. The second solution, 



P = Vo >0. (8.28) 

In such a case the integration of Eqs. (|8.26| ) may provide regular solutions, with bounded 
curvature, kinetic terms and dilaton, describing a smooth evolution from the pre- to the 



post-big bang regime |319]. 



The simplest examples of regular solutions are obtained in the case of perfect fluids, 
with equation of state p/p = j = const. From Eq. (|8.22| ) one finds indeed T{x) = j{x + xi), 
where xi is an integration constant and, if /? = VqL^ > 0, it is always possible to choose 
xo, xi in such a way that D{x) has no zeros, and the solution is regular. See 319 |, in 
particular, for the radiation case with 7 = 1/d. But, in general, we may also describe a 
smooth evolution, which ends up with radiation, starting from its dual equation of state, 
7 = —1/d, corresponding to a gas of stretched strings (typical example of a pre-big bang 
phase dominated by string sources, see Section ^). If we take, for instance 319 |, 



P 



1 



x' + xiy/\ 



i.29) 



and we choose xq 



0, xl 



L Vb, the integration of Eqs. (|8.26|) gives in fact 



ao 



2 

d-l 



1 + 



>2 + x2)l/2 



2d 

d-l 



pe-" 



d-l 
'diX' 



,2<t>o 



{x 



pe^ 



d-l 

~diX 



[x^ + xD 



3d+l 

" 2(d-l) 



i.30) 



.311 



This solution is self-dual, a{t)/aQ = ao/a{—t), and describes a model that is always exap- 
nding, H > 0. The Universe, starting at t — > — cxd from the flat space {H 0) and weak 
coupling (e*^ — > 0) regime, evolves through a super inflationary phase (a ~ (— t)~2/('^+i)) 
dominated by unstable string matter {p = —p/d), towards the standard radiation-dominated 
phase (a ~ t2/(d+i)^ ^ _ p/d'j^ with frozen dilaton (exp(/> ~ const). The curvature parame- 



ters H, H, and the coupling expcp, are everywhere bounded (see Fig. 8.3). 

It should be noted that with different, more general choices of xq and xi, the solution 
contains, in general, an intermediate stage of contraction before the final radiation phase 
[29 1, but even in that case the curvature and the dilaton keep bounded. The above so- 
lution can also be generalized to anisotropic configurations, describing graceful exit from 



inflation and, simultaneously, dynamical dimensional reduction |319|. In that case, besides 
the d expanding dimensions, there are also n shrinking internal dimensions that evolve 
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Figure 8.3: Plot of the solution with 0o = 0, L = 1, xi = 1, d = 3, ao = e-^/^. 

The left panel shows the evolution of the curvature scale, of the coupling, of the energy 
density and pressure. The right panel shows the trajectory of the above solution (bold 
curve) in the plane parametrized by the shifted dilaton and by the Hubble parameter. The 
dashed lines represent the asymptotic vacuum solution 
trajectory of the solution ( S.l^ ) (thin curve). 



.1). We have also reported the 



from accelerated contraction (driven by an internal positive pressure) to a final decelerated 
contraction (driven by negative pressure). 

Without non-local potential and matter sources, smooth solutions can be obtained by 
relaxing the isotropy and/or homogeneity assumptions. There are indeed particular ex- 
amples, in the context of the lowest-order string effective action, in which the curvature 
singularities can be regularized by performing an appropriate 0{d, d) transformation, which 
introduces, however, a non-trivial anisotropic axion background (it is tempting to speculate 
that this softening of singularities, due to a non-trivial Bij field, could be related to recent 
developments in the field of non-commutative geometry |21S| ], also induced by a Bij field). 

2 boost of the trivially fiat, Milne-type exact 



The simplest example [308] is the d 
solution of the gravidilaton action ( |8.2[) (with V 



ds' 



dt^ - {btfdx^ - dy^ - (dzif 



const. 



or of its (singular) scale-factor duality partner: 



ds^ 



dt^ - {ht) 



dy^ - {dzif 



-2\n\ht\, 



.32) 



.33) 



(zi are "inert" coordinates spanning a n-dimensional Euclidean space). Consider in fact the 
0(2, 2) transformation, in the (x, y) plane, generated by the one-parameter matrix A(7) 
such that 



M 



A(7) 



M = A^MA 
/1 + c 



M 



G 



—s 
c- 1 
s 



s 

1-c 
s 

1 + c 



c- 1 
—s 
1 + c 

s 



1 + c 
—s 

1-c/ 



cosh7. 



-G-^B 
- BG-^B 

s = sinh7 



^.34) 
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(here G and B are the 2x2, part of the metric and of the antisymmetric tensor). 

We obtain a new class of exact solutions of the string effective action, with non-trivial B^y, 



represented by |305 



^(7) 



(cTl)+(c=fcl)b^t^ 
(c±l)+{c=Fl)b^t^ 

(c±l)+(c=Fl)b^t^ 





(c±l)+{c=Fl)6^t^ 
1 



In 





(C±1) + (CT 1)62*21 



s(l+fc^t^) 
(c±l)+(c=Fl)b^t^ 



.35) 



where the upper and lower signs refer, respectively, to the boost of the solution ( |8.32| ) and 

O). 



For such solutions, all the curvature invariants are bounded p08| ], as well as the dilaton 
coupling exp(/>, so that the solutions are regular in all frames. They describe a smooth 
evolution from (anisotropic) contraction to expansion, or vice versa, according to the be- 
haviour of the original metric (the Milne- type solution or its dual). In any case, the boosted 
backgrounds ( ^.35 ) evolve from growing to decreasing curvature, and from growing to de- 
creasing dilaton, as appropriate to a transition from pre- to post-big bang configurations. 
The new solutions are highly anisotropic, but the associated shear tensor rapidly decays far 
from the high-curvature regime |30^ . Taking into account the backreaction of the produced 
radiation it is also possible to obtain a more realistic scenario, in which the background is 
eventually led to a phase of radiation-dominated, isotropic expansion, at constant dilaton 



More complicated, inhomogeneous examples of (non-trivial) regular backgrounds at low 
energy are provided by the "boosted" version of the Nappi-Witten solution [497]. We start 
with the following (singular) exact solution of the action ( $.2| ) with V = = H,, 



dr - dx^ 



tan 2 t dy^ 



tan X dz 



ln(sin 2t) — ln(sin 2a;), 



.36) 



representing the direct product of a two-dimensional cosmological metric in the (i, y) plane 
and a two-dimensional Euclidean black hole in the {x,z) plane. Since the metric is inde- 
pendent of y and z we can apply to it any 0(2, 2) transformation in the (y, z) plane, to 
obtain new classes of inequivalent solutions. In particular, the transformation generated by 
the 4 X 4 0(2,2) matrix 



ANw(a) 



[5 5\ 

1-10 

6-^ 

V-1 1/ 



1 



sm a 



1 + sin a ' 



.37) 



generates the one-parameter family of inhomogeneous (and singular) Nappi-Witten cos- 
mologies 1 497 1 . 
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As in the previous example, the singularities of the solution (8.36) can be removed by 



introducing an additional (originally flat) spatial dimension, parametrized by the coordinate 
w. The model then acquires a larger symmetry, isomorphic to 0(3, 3), in the subspace 
{y,z,w). Performing two successive "boost" transformations (with the same parameter 7 
as in Eq. ( |8.34| )) in the {z,w) plane and in the {11,11)) plane, one can obtain a new class 
of inhomogeneous exact solutions completely free from curvature and dilaton singularities 
(see 1309(1 for an explicit computation). As an example we report here the curvature scalar 
and the coupling of the boosted solutions ||309|]: 



c + 1) sin^ t + (c — 1) cos^ t (c + 1) cos^ x + (c — 1) sin^ x 



-1 r 



-.2 _ I /„ i\„- 2 



-1 



16 cos^ t sin^ t - 20s2 16 cos^ x sin^ x - 20s^ 

[{c + 1) sin^ t + (c - 1) cos2 t] ^ [(c + 1) cos^ x + (c - 1) sin^ x] ' 



The curvature and the dilaton are bounded, but the background is too inhomogeneous to 
provide a realistic description of our present Universe. Such solutions could be relevant, 
however, to descrive the Universe near the transition regime, before the beginning of the 
standard radiation era. 

The same comment applies to another class of regular inhomogeneous solutions of the 
lowest-order action (|8.2| ), which is obtained even in the absence of torsion {B^^, = 0) and 
dilaton potential, and which can be parametrized in diagonal form as [|330|] 



ds"^ = A (dt^ - dx^) - B (Cdy"^ + C'^dz^^ , (p = a Gd{lJit) + const, (8.39) 

where: 



A{x,t) = e"^''^^*) (cosh/it)2+^ ("cosh^y 



2/3(/3+l) 

B{x,t) = e'^^'^^f'^^ (cosh/xf) (sinh/ix) , 

C(x, t) = (cosh fit)^+'^ ('sinh ^] ("cosh ^) ^^^^ . (8.40) 



Here a and /5 = \/a^ + 4 are constant parameters, and Qd{pi't) = tan ^(sinh/it) is 



the so-called "Gudermannian amplitude". As shown in |330|, |332| ], there are particular 
values of a for which the curvature invariants are bounded, the solutions are geodesically 
complete and describe a phase of growing dilaton coupling, evolving from a minimum up 
to a maximal value. We note that there is also another family of inhomogeneous solutions 



of the gravidilaton equations in which all curvature invariants are bounded [519], which 
is parametrized by a non-diagonal metric and reduces, in the E-frame, to known regular 
solutions of the Einstein equations with stiff sources [|72|. In that case, however, the dilaton 
grows linearly and boundlessly. 



We may thus conclude that, as in general relativity [^62| , 472], if the metric background is 



allowed to be inhomogeneous there is no need of a non-local potential and/or antisymmetric 
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tensor densities to obtain regular cosmological solutions, even in the contex of the lowest 
order gravidilaton action. 

To stress the difficulty in obtaining smooth solutions in the homogeneous and isotropic 
case, on the contrary, we will conclude this subsection with a simple example, based on a 
Bianchi-I-type metric, and barotropic (but anisotropic) fluid sources with constant dilaton 
charge per unit mass: 

g^,y = diag (l, -af{t)5ij^ , T^" = diag -pi{t)5{^ , 

Pi = HP , V-9cr = = jop , (8.41) 



where Sm is the matter action of Eq. (|8.2| ), and 7i,7o are d + 1 constant parameters 
specifying the "equation of state" of the fluid sources. The corresponding cosmological 
equations can be written in the form 

f-J2Hf = pe^, (8.42) 

i 

Hi - H,^ = ^p{ji + 7o)e^ (8.43) 
f -2^ + Y,h! = jope^. (8.44) 

i 

Following the procedure already applied to the case of the non-local potential ( ^.19 ), the 



above equations can be integrated exactly in terms of the time coordinate (p.20|) , and we 



obtain pTl|] 



</.' = -2(l+7o)^^±^, (l + 7o)^0, (8.45) 



D{x) ' 

+ Xj 

Oj ^ " ' D{x) 



- = 2(7i+7o)^^^, (7. + 7o)/0, (8.46) 



where 



L^pe-^ = D{x) = (1 + 7o)2(x + x^f - ^(7, + ^of{x + Xi)\ (8.47) 



and Xi,XQ are integration constants. In the case 1 + 70 = and/or 7j + 70 = 0, a slightly 
different definition of the quadratic form D{x) is obtained, as well as a different expression 
for (j) ' and a[, but in that case no smooth solution with bounded curvature and energy 
density is allowed, for any value of 7^, 70, Xj, xq. We will thus concentrate on Eqs. ( p.45| )- 
(8.47) (see |211| for a discussion of the other possibilities). 

By setting D{x) = ax"^ +bx+c it can easily be checked that if the background is isotropic 
(i.e. 7i and xi have the same values along all the d spatial directions), then the discriminant 
of D{x) is always non-negative, i.e. A = — 4ac > 0, so that D{x) necessarily has zeros on 
the real axis, correponding to singularities both in the curvature and in the dilaton kinetic 
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energy. Such singularities can be avoided, however, for anisotropic backgrounds, provided 
we accept a model of sources with negative energy density^ p < 0. 

Consider for instance a model of background in which the spatial geometry is factorizable 
as the direct product of two conformally flat manifolds with d and n dimensions, respectively, 
so that we can set: 



Qi = ai, 
Oj = a2, 



7i = 7i> 

7i = 72, 



Xi = X2, i = d + 1^ . . . d + n, 



^.48) 



and choose a convenient set of integration constants, such that the linear term in the 
quadratic form ( ^.471 ) disappears. For instance: 



Xq = 0, 



Xl 



-X2 



.49) 



It turns out that c < 0, and that the absence of zeros in D{x) can be avoided, A = — 4qc < 0, 
provided 

a = (1 + 7o)^ - d(7i + 7o)^ - n(72 + 70)^ < 0. (8.50) 



With the above assumptions, the integration of Eqs. ( 8.45| ), ( |8.46| ) leads to the final 
solution 



Qi = aioEi{x) \D{x] 



, 7i+70 



e-^ = e'f">afoa^oEfix)E^{x) \D{ 



-[(l+7o)-ii(7i+7o)-n(72+7o)]/a 



X) 



P = -j2<''2oEr{x)E:^%x) \D{x] 



|l-[(l+7o)+<i(7l+7o)+™(72+7o)]/a 



1,2, 



.51) 



where ajo,f/'o are integration constants. As shown in [211], there is a region of non-zero 
extension in the space of the parameters 7i,7o where the condition (8.50) is satisfied, to- 



gether with the other conditions needed to secure that the curvature, the dilaton kinetic 
energy, the effective string coupling, the energy density are everywhere bounded, that the 
density goes asymptotically to zero at large times, and that the solution describes in its 
final configuration d expanding and n contracting dimensions (as appropriate to a smooth 
transition from a higher-dimensional pre-big bang configuration to a post-big bang regime 
of dynamical dimensional reduction). 

The condition ( 8.50| ) implies, however, that D[x) < everywhere, and thus p < 0, 
according to Eq. ( 8.47^ ) (the result D < in the absence of zeros is independent from the 
particular choice 6 = 0). Such a result is not surprising, after all, because also the regular 
solutions obtained in the case of negative non-local potentials correspond to a negative 



energy density. See also [235] for another class of smooth, self-dual solutions of the low- 
energy effective action in which the energy density of the matter sources becomes negative, 
near the transition, because of an "exotic" equation of state. 
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In the above example the negative energy density goes to zero, asymptoticahy, far from 
the transition regime, and can thus be interpreted as the backreaction of the quantum 
fluctuations outside the horizon |211]. During the initial pre-big bang phase of growing 
curvature and shrinking horizons, in fact, the quantum fluctuations are stretched outside the 
horizon, and in such regime they may be characterized by a negative effective gravitational 
energy density |494, 495 1, which may favour the transition to the post-big bang branch of 
the classical solution |344]. Such a negative backreaction is eventually damped to zero when 
the curvature starts decreasing, the horizon blows up again, and all the fluctuations re-enter 
inside the horizon and in the regime of positive energy density. 

The inclusion of the backreaction of the quantum fluctuation, on the other hand, is also 
a semiclassical way of taking into account the contribution of the quantum loop corrections 
to the effective action. Thus, the examples of graceful exit reported in this subsection, based 
on effective sources (fluid or non-local potential) with p < 0, which become dominant just 
around the epoch of transition, suggest the possible importance of the quantum backreaction 
-and of the loop corrections to the string effective action- for a successful mechanism of 
curvature and dilaton regularization. This possibility will be illustrated in Subsection |8.3| , 
after a preliminary discussion of the effects of the higher-curvature corrections, which will 
be presented in the next subsection. 



8.2 Growth of the curvature and a' corrections 

The effective action of string theory is characterized by two perturbative expansions: the 
higher-genus expansion in the world-sheet topology, and the order-by-order condition of 
vanishing conformal anomaly, also called a' expansion [ |346|] . The first one is equivalent 
to the quantum, field-theoretical loop expansion in powers of the coupling; the second one 
is equivalent to a higher-curvature expansion in powers of the field gradients (in units of 
As = (27ra')~^/2). The second one is typical of strings, and disappears in the point-like limit 
As ^0. 

These two expansions are indepedent in principle; it is possible, depending on the initial 
conditions, that the Universe evolving from the string perturbative vacuum reaches the 
strong-coupling regime when the curvature is still small, and the a' corrections are negligible. 
Alternatively, the Universe can reach the regime of high curvatures (in string units) when 
the coupling is small: in that case, only the a' corrections are to be added to the tree-level 
action. 

What is important, in the context of the exit problem, is that such higher-curvature 
corrections may help the transition to the post-big bang regime, by damping the inflationary 
growth of the dilaton and of the curvature, and driving the cosmological background to a 
high-curvature "string phase" of constant curvature and linearly evolving dilaton |307], H = 
const, (j) = const. 



177 



Remarkably, such a regularized background can be a solution of the tree-level effective 
action to all orders in a' . Indeed, as shown in p07| ], for a Bianchi-I-type configuration with 
Oj = ex.p{Hit), (j) = ct, with constant c and Hi, the string cosmology equations reduce (to all 
orders in a') to a system of d-l- 1 algebraic equations for the d-\-l unknowns c. Hi. String- 
phase solutions thus generally exist, provided the algebraic system admits (non-trivial) real 
solutions. 

In addition, the (all orders) equations resemble those of a renormalization group flow 
(in cosmic time), with the string-phase solution like a "fixed point" of the renormalization 
equations. It can thus be shown |307] that a string phase solution with i;^ < can play 
the role of late-time attractor for an isotropic Universe evolving from pre-big bang initial 
conditions, provided no other fixed point, or singularity, separates the string phase from 
the string perturbative vacuum (i.e. from the trivial fixed point with H = = (p). 

is based on the following 



A simple example of this possibility, first presented in |30 
S-frame effective action, truncated to first order in a': 



S 



1 



g\e 



ka' 



^.52) 



(/c is a number of order 1 depending on the particular string model adopted). Note that 
we have chosen a convenient field redefinition (preserving the conformal invariance of the 
(T- model action [ [482| ) that eliminates higher than second derivatives from the equations of 
motion, but at the price of introducing dilaton-dependent a' corrections. 

For a spatially flat anisotropic background, with d external and n internal dimensions. 



500 = A^^(t), Qij 



dab 



-Sate 



(8.53) 



the action becomes 
S = I dte'^^+'^^-'t> 



^ - d{d - l)/?^ - n(n - 1)7^ - 2dnP^ + 2d$^ + 2nj4>'^ + 



ka' 



(8.54) 



where ci, ■ ■ ■ ,cg are dimensionless numerical coefficients depending on d and n (see [307]). 
By varying the action with respect to (j) and A^, and setting n = 0, (j) = x = const, (3 = y = 
const (in the N = 1 gauge ), we are led to the algebraic equations for an isotropic fixed 
point: 



-|- d{d — l)y^ — 2dxy — {^ciy'^ + c^xy^ — x^ 



{dy - x) 



ka' / o 
-2x + 2dy + — [csy-^ - 4x 



178 



-40 



-20 



20 



40 



60 



Figure 8.4: Numerical integration of the isotropic equations for the action ( 8.5^ ) (solid 
curves) with d = 3, n = 0, and with initial conditions on the low-energy pre-big bang 
branch (dashed curves). The left panel shows the time evolution of 4> and H = j3 for an 
expanding background. The right panel shows the evolution connecting the vacuum to the 
non-trivial fixed point, for an expanding solution and its time-reversed counterpart. 



+ d{d — — 2dxy — -^ka {^ciy'^ + c^xy' 



x^ 



0, 



ci = -^{d-l){d-2){d-3), C3 = U{d-l){d-2), (8.55) 

which have real solutions for any d from 1 to 9. For instance (in units ka' = 1) 

d = 3, (/) = ±1.40..., /3 = ±0.616..., (8.56) 

where the same sign has to be taken for (p and /3. Note that, with the addition of a non-zero 
Bfj^iy background, anisotropic fixed-point configurations can also be obtained, as shown in 



A numerical integration of the isotropic cosmological equations, starting from pre-big 
bang initial conditions (H > 0, > 0), shows that the background, when the a' corrections 
become important, deviates from the tracks of the low-energy, singular solutions, and is 
eventually attracted to the isotropic fixed point ( 8.55 ), as illustrated in Fig. 8^. In this 



sense, the curvature singularity is regularized by the a' corrections, at least in the S-frame 
(but not in the E- frame, as the linear growth of the dilaton is unbounded). Note that a 
similar curvature regularization is also effective for a static, spherically symmetric solution of 
the action ( |8.52| ) ]131[ . It should be mentioned that a similar behaviour can also be obtained 
at low energy (without a' corrections), including the contribution of a supersymmetric 
gravitino-dilatino condensate, which is able to damp the acceleration of the background 



and to regularize the S-frame curvature, as shown in 258 |. 

It may be noted, finally, that a solution with H = const, (p = const is in general allowed in 
many higher-derivative models of gravity. Such a fixed point of the cosmological equations, 
however, is in general disconnected from the trivial fixed point H = = (p (the perturbative 
vacuum, in this case) by a singularity, or by an unphysical region in which the curvature 
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becomes imaginary. For the action ( |8.52| ), on the contrary, the constant fixed point is a late- 
time attractor for ah isotropic backgrounds emerging from the string perturbative vacuum, 
and even for some anisotropic backgrounds, provided sign{7}= sign{/3} (the attraction 
basin of anisotropic configurations covers regions of small but finite size in the space of 
initial conditions IBO'J 



This attraction property, unfortunately, is not invariant under field redefinitions, as long 
as the action is truncated at a given finite order in o! . Also, and most important, the growth 
of the curvature is stopped, but the transition is not completely performed. Indeed, the 
final fixed point is in the post-big bang regime < 0, as illustrated in Fig. but the 
transition cannot proceed further towards lower curvatures to complete the transition. 

The reason for such an incompleteness, which is manifest as an asymmetry in the plane 
\/3-ff} of Fig. 8^, is that the action ( 8.52| ) is invariant under time reflections, but is not 



duality- invariant. As a consequence, the regularization concerns the expanding pre-big bang 
branch of the lowest-order solution, and its time-symmetric counterpart, the contracting 
post-big bang branch. The expanding post-big bang branch remains, however, singular, and 
thus cannot be smoothly connected to the regularized pre-big bang branch. 

It is possible, of course, to modify the action with an additional fleld redefinition trun- 
cated to order a' , in such a way as to preserve conformal invariance and to restore the 



T-duality symmetry (to the same order in a') |47£, 397 1. The modified action has then 
self-dual fixed points, but they are not smoothly connected to the perturbative vacuum, as 
we have checked. See also |123| , |149(| for a discussion of the existence and position of the 
fixed points in relation to the scale-factor duality of the higher-order action, and for the 
difficulty of a higher-order, self-dual model of exit. 

The evolution of the background away from the fixed points, towards the low-energy, 
post-big bang regime, becomes however possible if the action ( |8.52| ) is further generalized 
by the inclusion of quantum loop correction (after all, the dilaton keeps growing while the 
Universe is trapped in the fixed point, so that higher-order effects in the string coupling 
are doomed to become eventually important). This point will be illustrated in the next 
subsection. 

It should be noted, finally, that all examples of exit based on a truncated a' expan- 
sion are characterized by a certain degree of ambiguity, because the physical properties of 



such models are field-redefinition-dependent |307| , as already stressed. A truly unambigu- 
ous example of exit should in principle correspond to the solution of an exact conformal 



model, which automatically includes all orders in a' (see 462 |, however, for a different 
non-perturbative approach to higher-order corrections, based on the inclusion of the expo- 
nentially growing density of all massive string-theory states, and on their possible role in 
regularizing the singularity). 

There are in fact higher-curvature, exact conformal-field theory models that smoothly 



interpolate between two duality-related low-energy solutions 416 , 417 ]. In that cases, how- 
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ever, it turns out impossible, in general, to describe the high-curvature regime in terms of 
classical fields such as the metric and the dilaton, and we may lose an intuitive and geo- 
metrical understanding of the transition (the conventional space-time interpretation is also 
lost in other, higher-dimensional, string-theory resolutions of the cosmological singularities 
i2f 



Exact conformal models, for D = 2 and D = 3 string-cosmology backgrounds, have been 
recently studied [pl5| in the context of gauged Wess-Zumino-Witten models [|625[| , for the 
SO{2,l)/ SO{l,l) and 50(2, 2)/50(2, 1) cosets. It turns out that it is possible, in some 
cases, to avoid the curvature singularities, but the dilaton (and the string coupling) seems 
to remain unbounded in correspondence of inflationary backgrounds. 

To conclude this subsection, devoted to higher-derivative corrections, we recall that a 
higher-curvature regularization of the cosmological singularity can also be obtained in the 



context of models implementing the so-called "limiting-curvature hypothesis" |491, 108 



485], applied to string cosmology in both the Einstein [104] and String ]|230(] frames. They 



are based on a higher-derivative action which, in the S-frame, takes the form 

S = -\j d^x^\e-^ [r + (V0)2 + + V{^)\ , (8.57) 

where c and 7 are constant parameters, ip \s a, scalar Lagrangian multiplier, and 

h = (ARl,-R^)"\ (8.58) 

Finally, V{iJj) is a potential that satisfles appropriate boundary conditions, V ^ ijp' for 
]'0] — > 0, V ^ const for \tp\ 00, and has non-trivial zeros. 

Numerical and analytical studies then show that this action has regular spatially flat 
and isotropic solutions, smoothly interpolating from contraction to expansion in the E- 



frame 1104], and from superinflation to decelerated expansion in the S-frame ] 230 ], even at 
constant dilaton. A dynamical dilaton may increase the fraction of phase space for which 
the curvature is bounded (in the absence of an appropriate potential, however, a dynamical 
dilaton keeps growing). Unfortunately (and as in other models that will be discussed in 
the next subsection), the action ( |8.57D is not derived from a string-theory expansion (the 
higher-order terms are artiflcially constructed), so that the obtained results are only valid 
as (interesting) phenomenological examples of possible approaches to the exit transition. 



8.3 Growth of the coupHng and loop corrections 

According to the pre-big bang scenario, the tree-level effective action ( ^.2[ ) can provide a 
correct description of the Universe at low energies, during the initial evolution leading the 
Universe away from the string perturbative vacuum, until the string coupling remains small, 
exp(/> <C 1. However, since (p is growing during pre-big bang inflation, in the absence of a 
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mechanism able to stop the growth of the dilaton, the Universe will tend to evolve towards 
strong couplings, exp0 ^1. In that regime all the higher- loop contributions will become 
important, and since the fully corrected action is unknown, in general, we have to restrict 
our studies to the simplest cases where we know the explicit form of the loop corrections. 

In all cases so far analysed in the literature, it was found that the inclusion of appro- 
priate higher-order terms seems to damp the growth of H and thus favouring the exit 
transition. Indeed, in the presence of loop corrections, the "theorems" on the impossi- 
bility of branch changing have to be generalized ]547] ] ; it becomes possible, in general, to 
evade the obstructions present at the tree level if the loop functions satisfy appropriate 
conditions. For a complete and successful transition it seems required, however, that the 



quantum corrections be included at least to second order [122, |14S| ] (the two examples of 
smooth homogeneous isotropic solutions presented in Subsection correspond indeed to 
a two-loop ( ^.19|) and to a four-loop ( ^.ITf ) (non-local) potential). 

We wish to recall, at this point, that the quantum loop corrections are generated by 
the higher-genus expansion of the world-sheet topology of the corresponding sigma-model 
action |34f:], and can be represented as an expansion in powers of gl = e'^. They contain, 



already to first order, the backreaction of particle production, which becomes important 
when a'H'^e'^ ~ 1, and thus naturally introduce higher-derivative terms in the effective 
action, as in general relativity (see for instance [484|), with the only difference that the 



gravitational coupling is not fixed but is controlled by a dynamical dilaton. 

In string theory, as already mentioned, there are additional higher-derivative corrections 
(typical of the minimal finite size Ag = (27ra')^/^ of fundamental strings), which are gener- 



ated by the a' expansion of the sigma model action |34(:], and which may become important 
even at small coupling, if the curvature reaches the string scale. The possible effects of such 
higher-curvature terms, without loop corrections, have been discussed in the previous sub- 
section. Here we shall start considering higher-genus corrections only, by assuming that 
the strong-coupling regime is reached when the a' corrections are still negligible (this is 



certainly possible in some appropriate model of cosmological evolution, see [465|). As we 
have already anticipated, however, both a' and loop corrections seem to be required [p79| 
for a complete transition to the post-big bang regime. 

An unrealistic (but instructive) example of curvature regularization operated by the loop 
corrections is provided by (a generalization of) the so-called CGHS model [ [139|] of dilaton 
gravity in D = 2 dimensions, described by the action 



S = - J (fx^e-^ [r + (V0) 



one— loop ) 



5one-ioop = 2 / d^x^ (rV-^R + ec^ii) . (8.59) 

Here k = {N — 24) /24, where is the number of conformal scalar fields possibly present 
in the model, and the trace-anomaly term of the loop corrections has been supplemented 



182 



by a local counterterm e(j)R, needed to preserve other classical symmetries. The case e = 
reproduces the original CGHS model, the case e = 1 preserves conformal invariance 
[|202| , 544 ], and has been applied to the string cosmology case in 

mi]- 



The cosmological equations for the action ( 8.59 ) can be integrated exactly for any con- 
stant value of e ||323[| , and it has been shown that for e > 1 there are regular solutions without 
curvature singularities, describing a smooth evolution away from the (two-dimensional ver- 
sion of the) pre-big bang branch of the vacuum solution, a ~ {—t)~^, cp ~ — 21n(— t). For 
e = 1 the curvature regularization requires A; < [ p33| , which is known to correspond to 
gravitational instabilities |544]. Regular examples that do notspoil the physical requirement 
A; > are possible, however, provided e > 1. In that case the smooth solutions describe, 
for any e, the evolution from a phase of pre-big bang super inflation to a final asymptotic 
configuration with fiat space, a = const, and linearly growing dilaton, (p = t. The solutions 
can be expressed in parametric form as a function of the monotonic coupling parameter 
gs{t) = exp[(p(t)/2] as follows [ 323 |: 



Jo 



9l 



rigs 



at^r ' 



e{r + gi 
2(5 = 



1 

at^r 



2r + 2 + (e - 2)g, 



gl 



(-2)/4 



.60) 



1 + 



'l + (e-2)5| + 



where to and (3o are integration constants, and gs{t) is given implicitly by 

t r dgl 



to 
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-r{gs) a{gs)- 



.62) 



In the above example the curvature and the dilaton kinetic enegy are bounded every- 
where. The dilaton, however, keeps growing as t — > -|-oo. It is true that a monotonic 
evolution of the dilaton from weak to strong coupling may be equivalent, via S-duality 



transformations [561, 523|, to a smooth interpolation between two different, weak-coupling 
regimes. In a realistic scenario, however, the final value of the dilaton should go to a fi- 
nite constant, not to zero. To this aim, a non-perturbative dilaton potential and/or the 
backreaction of the produced radiation are probably to be included. 

Unfortunately, however, the final state of the above regular backgrounds is still char- 
acterized by (/) > 0. This means that the conditions of "branch changing" |121] are not 
satisfied and that the background, in spite of the bounce of the curvature, is still in the 
pre-big bang regime. As a consequence, it is not ready to be attracted to any stable mini- 



mum of the potential, so that dilaton stabilization is impossible |323|, even asymptotically, 
in the context of the above one-loop action. 

Similar conclusions apply to the regular solutions of another (four-dimensional) model of 
one-loop string effective action p3| (which also provided, to the best of our knowledge, the 
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first example of loop regularization of the cosmological singularity in a superstring-theory 
context). The action is based on moduli-dependent loop corrections to the gravitational 
coupling for a heterotic string compactified on a symmetric orbifold p2| , There are no 
corrections to the Einstein term, only quadratic-curvature corrections, and the action can 
be written (in the E- frame, and using the notations of pi]) as 



s = i 
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'one— loop 
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Here a is the modulus field, 



'^Rfiu + Rfiuai3 Gauss-Bonnet invariant, A 



and 6 are constant parameters (A is fixed by a' , while S depends on the number of chiral, 
vector and gravitino massless supermultiplets included in the model). Finally, 



e(^) 
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where rj is the Dedekind function |^ 



For an isotropic and spatially flat background, the equations have been numerically 
integrated in |34|, and it has been shown that, for 5 < 0, the action ( |8.63| ) admits regular 
solutions without singularities, in which the curvature grows up to a maximum and then 
decreases, with a behaviour that mimics that of the pre-big bang scenario. However, the 
Hubble parameter turns out to be always positive even in the E-frame, and the dilaton 
contribution is negligible, so that such solutions do not describe a transition from the pre- 
to the post-big bang regime. 

The same action also admits regular homogeneous and isotropic solutions with positive 
spatial curvature, k > [232]. For such solutions the curvature invariants are bounded, 
the metric smoothly evolves from contraction to expansion, and there is indeed a branch 
changing. The dilaton has, however, a very small influence on the background, which is 
dominated by the modulus and by the spatial curvature. In addition, the dilaton is mono- 
tonically decreasing, so that such solutions do not describe the evolution of the Universe 
away from the string perturbative vacuum, as required by the pre-big bang scenario. 

The regular, spatially flat solutions of the action ( 8.63| ) can be generalized to the 
anisotropic case, corresponding to a Bianchi-I-type metric background ]407, 625]. The reg- 
ular, spatially curved (A; > 0) solutions, however, cannot: for the corresponding anisotropic 
curved metric, of Bianchi-IX-type, no regular solution of the action ( S.63| ) has been ob- 
tained ]l628| . This seems to be in agreement with an instability of the regular solutions of 

since the Bianchi-IX-type metric 



the action (|8.63| ) against tensor perturbations ] 406 , |40j 
may indeed be regarded as a model of closed Friedmann Universe with a non-linear tensor 
perturbation, represented by a gravitational wave of given wave-number. In this sense, the 
curvature regularization operated by the one-loop term ( ^.63 ) is generic for spatially flat 



backgrounds, but non- generic for curved ones |628[. 
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It should be noted, finally, that the action ( ^.631) has also motivated the study of 
scalar-tensor models of gravity characterized by the higher derivative, non-minimal cou- 
pling ^{cI))Rqq, with arbitrary coupling functions ^(0). Even in this case it has been found 
that there are, for appropriate forms of ^^(1;^), singularity- free, homogeneous and isotropic 



solutions, without [53S] and with ||402|] spatial curvature, and also (in very special cases) 



with a scalar potential |11]. But, again, such solutions do not describe the same initial con- 
figuration as in the pre-big bang scenario. In addition, the higher-derivative, scalar-tensor 
coupling is postulated ad-hoc, and is not the result of a reliable one-loop computation. 

An appropriate loop-corrected action for string cosmology has been discussed instead 
in [259 1, considering the heterotic string compactified to four dimensions on a Zj\f orbifold, 
and restricted to the gravidilaton- moduli sector, as in |34], but including in addition all 
string a' corrections (truncated to first order). The action contains modular-invariant loop 



corrections to the Kahler potential, known to all orders | 209 |, and one-loop corrections 
to the gravitational couplings of the higher-derivative terms. The final action, neglecting 
non-local terms, can be written in the S-frame (using the conventions of |25S|] ) as: 



.65) 



S = ^ j d'x^\e 



R+ l + e*G(0) (V^ 



:(V^a) 



^ (1 + e<^A(a)) (rIb - {y,4>f 



where A((t) is a modular function depending on the compactification [El], and 
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where a > is a model-dependent constant of order 1. 



The cosmological equations of this action, for a homogeneous and spatially flat back- 
ground, have been numerically integrated [259|, starting from an initial pre-big bang regime 
with H > and (/> > 0. The integration shows that, while the a' corrections can drive the 
Universe to a fixed point with < (even in the absence of loop corrections, see the next 
subsection), the loop corrections to the Kahler potential are essential to drive the Universe 
to another fixed point with (j> < 2H, so that both conditions ( ^.12 ) and ( 8.13| ) (necessary 
for a graceful exit [ll2l[| ) can be satisfied. Such conditions are not sufficient, since a regular 
solution requires that the curvature be bounded also in the E-frame. This result is achieved, 
however, through the contribution of the (moduli-dependent) higher-derivative terms -at 
least for the case of small a and/or nearly constant (negative) A(o") discussed in |259| ] . 

From the action ( p.65| ), numerical solutions can thus be obtained, which smoothly in- 
terpolate from the pre-big bang regime of the S-frame, tree-level effective action, to a final 
decelerated expansion, with decreasing curvature. The curvature and dilaton kinetic energy 
are bounded everywhere in the S-frame and E-frame. However, the post-big bang decel- 
erated expansion becomes a phase of the de Sitter inflationary expansion in the E-frame, 
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because the loop corrections to the dilaton kinetic term do not disappear, asymptotically, 
but approach a constant value |259]. Also, for all the regular solutions, the dilaton remains 



growing, logarithmically, as t — > +00. The dilaton cannot be stabilized being trapped in 
the minimum of a potential, because it becomes unstable at strong couplings (its kinetic 
term acquires the "wrong sign" even in the E- frame). 

In spite of this property, which means that the solutions do not describe a complete 
transition to the post-big bang regime, the existence of such solutions represents a remark- 
able and encouraging result, especially in view of the fact that the higher-order terms of 
the action ( p.65| ) are not ad hoc (except for the truncation of the a' expansion) , but are the 
outcome of a well motivated string theory calculation. A complete example of transition 
(but with ad hoc loop corrections) can be obtained instead, by considering the following 
higher-order action [p.22|] 



S = 1 d^x^\e-'t' [r + (V0)2] + S^, + S, + Sm, (8.67) 

where Sa' contains the a' corrections of Eq. ( |8.52D , Sq provides the appropriate quantum 
loop corrections, and Sm contains radiation, or a dilaton potential, for the final dilaton 
stabilization. 

The loop corrections are required to give a negative contribution to the energy density, 
are expected to become strong enough to drive the Universe away from the fixed point, and 
to disappear fast enough at late times, in order for the dilaton to eventually be captured 
by a potential or be frozen by radiation production. In the numerical examples presented 
in 1 122 1, the one- loop corrections are suppressed at late times through the introduction of a 
step function, or with the addition of a two-loop term of opposite sign. A toy model is the 
following (in units 2Ag =1): 



Sq = J d^x^\ (ci + C2e*) (V(^)^ , Sm = c^J d\^\ {4> - (t>of e'f'-'f'^ , (8.68) 



where q are dimensionless coefficients. As shown in [122], the numerical integration of the 
cosmological equations with ci = — C2 = —10'^, C3 = — 10~^, </>o = 1, provides a complete 
model of graceful exit in which the background smoothly evolves from the vacuum, pre-big 
bang configuration of the tree-level action, to a final expanding, decelerated configuration, 
with the dilaton performing damped oscillations around (j)Q = 1. The model can be further 
improved with the introduction of radiation, which eventually becomes dominant and freezes 
out the dilaton. 

Other examples of a smooth and complete graceful exit, but again with ad hoc loop 
corrections, can be obtained with the following higher-order action |149|: 



5 = - ^ y d^x^\e-^ [r + + l^c + Ae^^l) + Be^'i>6^\ , (8.69) 

where La' is the most general form of the first-order ol corrections to the gravidilaton 



action |482], on which the condition has been imposed that the equations of motion contain 



186 



at most second derivatives: 



a' 



a' 



aR%B + hG^''V^(tN^(t) + c{V(t)fv'^(t) + d{V<t))^ . (8.70) 



The coefficients a, 6, c, d, in order to reproduce string scattering amplitudes, are constrained 

by 

a = -l, 6 + 2(c + d) = -2a, (8.71) 
but are otherwise arbitrary, because of possible further shifts due to field redefinitions. 



truncated to first order in a' (note that our notation is diferent from [149|, where they use a 
different normalization for the dilaton, i.e. g1 = e^*^; see also |145]). The one-loop and two- 



loop terms, and C^^^ , have the same functional form as C^i, but the coefficients a, b, c, d 
are in principle replaced by different numbers, ai,6i,ci,(ii and a2,b2,C2,d2 , respectively. 
Finally, the constant parameters A and B control the onset of loop corrections and their 
late-time suppression for a successful exit. 



The study of the fixed points in the weak-coupling regime of the action ( p.69| ), and of 
the subsequent transition to the decelerated expansion of the post-big bang scenario, has 
shown that the case a = —d, b = c = (discussed in [^3071 , |122| ]) is not the only one that 
is compatible with a graceful exit. There is indeed a wide region in parameter space that 
allows fixed points with (j) < and, from the fixed points, the transition can further proceed 
successfully even if b and c are non-zero |14S| ] and different from hi , ci and 62 , C2 [ |148| . In 
all cases, the exit can be completed by dilaton stabilization, obtained by introducing "by 
hand" some radiation density pr, coupled to the dilaton through the conservation equation 

Pr + AHpr - ^r</.2 = 0. (8.72) 

The main problem with such models of exit is that the one-loop and two-loop correc- 
tions are not the result of a reliable string theory perturbative expansion. In particular, a 
successful exit seems to require (as also stressed in [ [122| ) an appropriate sign of the cor- 
rections, so that (in our case) sign{^} = — signjS}. It is unclear, however, whether the 
required sign may also be the outcome of a correct loop computation (even if the results of 
[ |259[ | seem to provide a positive answer). A successful example of exit, corresponding to a 
numerical integration of the equations for the action ( 8.69| ) with A = \, B = —2 x 10~'^, is 
illustrated in Fig. 



In addition, the perturbative approach at the two-loop level is self-consistent only for a 
quite small value of the final coupling, exp(/> <C 1. A small value of the final dilaton, for the 
solutions of the action ( ^.69| ), seems to require, however, that A and B be both larger than 
1 and of the same order (in modulus) |148[ |, in contrast with the usual expectation for the 
coefficients of a perturbative expansion. 

If the string coupling is not kept small enough, on the other hand, the Universe nec- 
essarily enters the non-perturbative regime where typical M-theory effects may become 
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Figure 8.5: Numerical integration of the cosmological equations for the action ( 8.6{]{ ) with 
A = 1, B = -2 X 10-3, a = ai = a2 = -d = -di = -d2 = -1, F = 5.63 x 10"'', and 
all bi,Ci = 0. The left panel shows the time evolution of 4>, H and of the log of the string 
coupling. The right panel shows the evolution from the vacuum to the fixed point of Fig. 



8.4, and the subsequent exit induced by the loop corrections. 



important, as will be illustrated in Subsection 8.5. We shall first present, however, some 
arguments stressing the importance of the notion of entropy for a model-independent ap- 
proach to the exit problem. 



8.4 Graceful exit and entropy considerations 

After the various models of exit reported in the previous subsections, it seems appropriate 
to recall, at this point, that entropy-related considerations have recently led to model- 
independent arguments in favour of the occurrence of a graceful exit in the pre-big bang 
scenario. As we shall see, those are physically quite close to the arguments based on 
backreaction and loop corrections, which we have already discussed. 

Let us start by recalling that, as suggested by Bekenstein [72, the entropy of a 



limited gravity system of energy E and of size R larger than its gravitational radius, R > 
Rg = 2G]\fE, is limited by the upper bound 

^Bck = ERc^ RgR Ap^ (8.73) 



According to the holographic principle (see [375, 574 [ and references therein), on the other 



hand, the maximal entropy of a system is bounded by S'hoi, 

Shol = AXp\ (8.74) 

where A is the area of the space-like surface enclosing the region of space whose entropy we 
wish to bound. For systems of limited gravity, since R > Rg and A = R^, the Bekenstein 
bound ( ^.73|) implies the holography bound ( 8.74 ). 



How can these bounds be extended to be applied to the whole Universe? At cosmologi- 
cal scales the Universe is not a system of limited gravity, since its large-distance behaviour 
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is determined by the gravitational effect of its matter content through Friedmann's equa- 
tions. Furthermore, the holography bound obviously fails for sufficiently large regions of 
space since, for a given temperature, entropy grows like while area grows like R^. The 
generalization of entropy bounds to cosmology turned out to be subtle. 

A possible prescription ||7^ for a cosmological extension is to identify R in Eq. ( 8.73| ) 
with the particle horizon. In this way one can then arrive at the conclusion that the bound 
is violated sufficiently near the big-bang singularity, implying that the latter is fake (if 
the bound is always valid). More recently, a similar extension of the holographic bound 
to cosmology has been proposed |254], arguing that the area of the particle horizon should 
bound entropy on the backward-looking light cone, according to ( 8.7'j] ). It was soon realized, 
however, that the such a proposal requires modifications, since violations of it were found to 



occur in physically reasonable situations. An improvement of the proposal |254|, applicable 
to light-like hypersurfaces, was later made by Bousso |^, ^ (see also | 256|] ). 

Of more interest, in our context, are however the attempts made at deriving cosmological 

6O3, 



127]. These identify the 
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entropy bounds on space-like hypersurfaces |23 
maximal size of a spatial region for which holography works: the Hubble radius |231, |604| , 
392 ], the so-called apparent horizon |114], or, finally, a causal-connection (Jeans) scale 127 ]. 



For our purpose there is no need here to enter into the relative merits of these various 
proposals. Rather, we will only outline the physical idea behind them. Consider, inside a 
quasi-homogeneous Universe, a sphere of radius H^^. We may consider "isolated" bodies, 
in the sense of Ref. ]72], fully contained in the sphere, i.e. with radius R < H^^. For 
such systems, the bound ( 8.73 ) holds, and it is saturated by a black hole of size R. We 
may next consider several black holes inside our Hubble volume, each carrying an entropy 
proportional to the square of its mass. If two, or more, of these black holes merge, their 
masses will add up, while the total entropy after the merging, being quadratic in the total 
mass, will exceed the sum of the initial entropies. In other words, in order to maximize 
entropy, it pays to form black holes as large as possible. 



Is there a limit to this process of entropy increase? The suggestion made in ]231, 304, 
48, 392, 127], which finds support in old results by several groups [147, [146| , 505 ], is that a 
critical length of order is the upper limit on how large a classically stable black hole 
can be. If we accept this hypothesis, the upper bound on the entropy contained in a given 
region TZ of space will be given by the number of Hubble volumes in TZ, uh = VH^ times 
the Bekenstein-Hawking entropy |71, 369] of a black hole of radius H^^ , H 
factors can be combined in the suggestive formula: 



2A„^. The two 



5(7^) < 



/ (fx VhH = Shb , 
Jn 



.75) 



where J-p^ d?x Vh is the volume of the space-like hypersurface whose entropy we wish to 
bound, and H differs from one proposal to another, but is, roughly, of the order of the 
Hubble parameter. Actually, since H is proportional to the trace of the second fundamental 
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form on the hypersurface, Eq. (8.75) reminds us of the boundary term that has to be added 
to the gravitational action in order to correctly derive Einstein's equations from the usual 
variational principle. This shows that the bound ( |8.75| ) is generally covariant for H = H. 
It can also be written covariantly for the identification of H made in [127|. 



For the qualitative discussion that follows, let us therefore take H = H, and let us 
convert the bound to S-frame quantities, taking into account the relation between Ap and 



As, given in Eq. ( |1.25D . We obtain [|0J: 



S(n) < {VH^){H-^X-^e 



.76) 



where we have fixed an arbitrary additive constant in the definition of (p. Equation ( 8.76| ) 
thus connects very simply the entropy bound of a region of fixed comoving volume to the 
most important variables occurring in string cosmology (see, e.g., the phase diagram of Fig. 



1). 



An immediate application of the bound ( 8.76| ) to the exit problem was pointed out in 



[504], noting that the bound is initially saturated in the E- frame picture of pre-big bang 
inflation as a collapse, with corresponding black-hole formation ]129| ]. Since the entropy, 
and the bound itself, cannot decrease without a violation of the second law, one obtains: 



< H/H 



.77) 



It is easy to check that this relation holds with the equality sign during the initial, low- 
energy evolution from the string perturbative vacuum (see Eq. (|8.5| )). In other words, the 
Hubble entropy bound is saturated initially and throughout the low-energy, dilaton-driven 
evolution described in |12£]. But what happens if the curvature stops its growth, H = 
(for instance, during the high-curvature string phase discussed in the previous subsections)? 
It is quite clear that Eq. ( ^.77 ) does not allow H to reach saturation [H = 0) in the upper- 
right quadrant of Fig. |8.1| , since > there. Instead, saturation of H in the upper-left 
quadrant (where (/> < 0) is perfectly all right. But this implies having attained the sought 
for branch change! 

Let us now look at the loop corrections. Physically, these correspond to taking into 
account the backreaction from particle production, i.e. from the quantum fluctuations 
amplified by the cosmological evolution. Let us check when their entropy starts to threaten 
the bound. Using the results presented in [297, 295, 106, |107] ], the entropy density carried 
by quantum fluctuations inside a region of size is given by 



.78) 



where A'cfr is the effective number of species that are amplified. This entropy equals the 
upper bound ( |8.76| ) precisely when 



A^eff Af, ~ 1. 



.79) 
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But this is also the line on which the energy density in quantum fluctuations is expected 
to become critical, and the backreaction of the produced radiation is expected to drive the 
Universe to the beginning of the standard radiation-dominated phase |275, 135|. 



Indeed, one can easily estimate the total energy stored in the quantum fluctuations 
amplified by the pre-big bang backgrounds (for a discussion of generic perturbation spectra, 
see [|135| , |119(| ). The result is, roughly, 

p, iVeff , (8.80) 

where -ffmax is the maximal curvature scale reached around the exit transition. The sat- 
uration of the entropy bound is thus equivalent to the condition that the above energy 
density becomes critical (and induces the exit) just around the transition scale -ffmax- On 
the other hand, we have already argued that -ffmax ~ -^s = and we know that, in 
heterotic string theory, Ngg is in the hundreds. It follows, according to this picture, that 
the exit may occur when the dilaton satisfies exp((^exit) ~ ~ 10^^, i.e. at a value 

of the string coupling very close to its present one. The saturation of the Hubble entropy 
bound Shb thus supports a picture in which the exit transition occurs to avoid violations 
of the (generalized) second law of thermodynamics, and it is induced by the backreaction 
of quantum fluctuations (see also [|114j| and the numerical examples of |14g| ]). 

Remarkably, this also explains why the radiation, which originates from the quantum 
fluctuations and dominates our final Friedmann phase, has an entropy that roughly cor- 
responds to the number of elementary "Hubble spheres" (i.e. spatial regions of size H~^) 
contained inside our Universe just after the exit (namely, to the entropy of the quantum 
fluctuations evaluated at the string scale) : S ~ very large number, on the one 

hand, but a very small entropy for the total mass and size of our present observable Uni- 



verse, on the other hand, as often emphasized by Penrose 515 |. The pre-big bang scenario 
may thus neatly explain why the Universe, at the big bang, looks so fine-tuned (without 
being so) , and may provide a natural arrow of time in the direction of higher entropy ||604|| . 



In conclusion, the picture that finally emerges from all these considerations is best 



illustrated with reference to the diagram of Fig. |8.6| . Two lines are shown, representing 
boundaries for the possible evolution. The horizontal boundary is forced upon by the 
large-curvature corrections, while the tilted line in the first quadrant corresponds to the 
equation XpH'^N^.g = 1 that we have just discussed. This line was also suggested as a 
boundary beyond which copious production of 0-branes would set in ||465| ] (see the next 
subsection). Thus, depending on initial conditions, the pre-big bang bubble corresponding 
to our Universe would hit first either the high-curvature or the large-entropy boundary and 
initiate an exit phase. Hopefully, a universal late-time attractor will emerge guiding the 
evolution into the FRW phase of standard cosmology. 

Needless to say, all these arguments have to be considered, at best, as having heuristic 
value. If we were to take them seriously, they would suggest that the Universe will never 
enter the strong-coupling, strong-curvature regime, where the largely unknown M-theory 
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Figure 8.6: Logarithmic plot of the curvature scale versus the string coupUng g^. The two 
parallel diagonal lines emerging from the bottom-left quadrant represent possible trajecto- 
ries for the (low-energy) pre-big bang evolution, corresponding to different initial values of 
the dilaton. 

should be used. The low-energy limit of the latter (the much better understood D = 11 
supergravity) could suffice to deal with the fundamental exit problem of string cosmology. 
We refer to the next subsection for a short discussion of this possibility. 



8.5 M-theory and brane cosmology 

If the growth of the string coupling, which starts during the phase of accelerated pre-big bang 
evolution, is not stopped at some point by a dilaton potential (or by some other mechanism), 
the Universe necessarily enters the strong-coupling regime described by the so-called M- 
theory, which is well approximated, at low-energy, by the known D = 11 supergravity 



theory |626|. In this subsection we will briefly report various ideas on the possibility of 
smoothing out the big bang singularity, and eventually implement the exit transition, in 
the context of the low-energy (i.e. small-curvature) limit of M-theory. 

We start be recalling the action for the bosonic sector of eleven-dimensional supergravity, 

1 

48" 



Sll = I d^^Xy/^ 



R - ~^ABCD 



, (8.81) 



where F is the field strength of the antisymmetric three- form potential Abcd, and the 
Chern-Simons term arises as a consequence of supersymmetry |186| ] (upper-case Latin in- 
dices run from to 10, Greek indices from to 9, and we follow the conventions of [^]. The 
ten-dimensional effective action, obtained by compactification of 5ii on a circle of radius 
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rii (controlled by the dilaton ||627||) can be written as 



Su 



1 



Iff 2 
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where -ff and F are the field strengths of the antisymmetric potentials B^i, and A^i,^, 
respectively, and we have dropped the one-form potential arising from the dimensional 
reduction of the metric. After the reduction, we have also rescaled the ten-dimensional 
metric as g^u — > rn Qf^^, and we have defined the ten-dimensional dilaton as (j) = 31nrii. 

The above action contains not only the usual string theory action, but also Ramond 
forms, i.e. higher-rank antisymmetric tensors uncoupled to the dilaton (in the S-frame), and 
exactly reproducing the Ramond-Ramond sector of the low-energy Type II A superstring 
action (see for instance [ [437| ) . This provides a new, in principle richer context to look for 

(see 



cosmological solutions [452 



39 1| , ^446| , |183|] (see |^ for a complete analysis of spatially fiat 
models), suggesting also the possibility of an M-theory version of the pre-big bang scenario 

In such a context, the existence of black p-brane solutions, of the type of those given 



in [69, 527 [, provides a first indication of a possible resolution of the problem of curvature 
singularities [|426|, [453|] (see also [7C[ for examples including a' corrections). The different 



branches of a cosmological solution can indeed be related by [/-duality transformations |449[, 
but an explicit representation of a smooth exit transition, in this context, is problematic 
[|110|[ . By [/-duality it is possible, however, to transform a singular solution into a non- 
30 



singular one (as in the case of 0((i, (i)-covariant backgrounds [305, |309f[ ). This possibility 
has been studied, in particular, in the moduli space of D = 11 supergravity compactified 



on a ten-torus [ 51 [ . 

In addition, the decompactification of the 11-th dimension, produced in the strong- 
coupling regime as a consequence of the identification of the string coupling with the 11- 
th dimensional scale factor [|627| , |376| , 377 [, is possibly associated with a "softening" of 
curvature singularities, as pointed out in []393([. The study of some explicit examples has 



shown [249[, in particular, that the curvature singularity of FWR models minimally coupled 
to a set of scalar fields, in four dimensions, can be removed by lifting the solutions to higher 
dimensions, provided the four-dimensional background M4 has negative or vanishing spatial 
curvature {k < 0). In that case, the regular higher-dimensional backgrounds from which 
M4 is obtained by dimensional reduction has only one of the extra dimensions that is 
dynamical, and for A; = it coincides with the trivial Minkowski space-time parametrized 
by Milne coordinates. 

A genuinely new effect, in the context of dimensionally reduced supergravity theories, 
is the presence of p-branes, and the possibility of their production in the strong coupling 
regime where the brane states become light and (possibly) unstable. This effect might 
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lead to regularizing the curvature singularities, as first proposed in some pioneering papers 
on string |427] and solitonic p-brane p29|] production in cosmological backgrounds. As 



suggested in [537], brane production might lead for instance to a phase of constant brane 



density, and then brane-driven (de Sitter) inflation (reminescent of the old idea of string- 
driven inflation [ p91| |), thus freezing the growth of the background curvature. We should 
recall, finally, that brane production in high-energy scattering processes is also allowed for 
conventional Einstein gravity in models with large extra dimensions |@, B]. 



More generally, as suggested in |465], when approaching the singularity one should 



describe the Universe not in terms of the metric and of the dilaton, but in terms of new 
low-energy modes, more appropriate to the strong-coupling regime where D(irichelet) p- 
branes are the fundamental players. Indeed, in the string frame, their tension is controlled 
by Qs'^ = exp(— </)), so that they are very light at strong coupling: for instance, a Dp-brane 
of type II A has a mass 

g-\a')~^P+^^'^. (8.83) 

In addition, they become unstable at large enough values of the Hubble parameter (an 
effect very similar to string instability in curved backgrounds [1551| , |314[| ), so that they can be 
copiously produced when approaching the singularity, and in particular around the epoch 



where | 465 | gsHXg ~ 1. As a consequence of this huge production, the Dp-brane energy 



density is expected to become critical, inducing a transition towards the standard radiation- 
dominated phase. If so, the curvature scale ~ Ap^ would be the largest value of curvature 



probed during the cosmological evolution |465|. 



More recently, the idea of a brane-dominated Universe has been further developed in the 



context of the so-called "brane gas cosmology" approach [|10|, 229] to the M-theory phase 
of the very early Universe (which generalised previous string-cosmology models 109 , |582| ] ) . 
The Universe, in the strong-coupling regime, is assumed to have nine spatial dimensions in 
a toroidal topological state, and to be filled with a hot gas of p-branes, with all modes in 
(approximate) thermal equilibrium. This approach aims not only at the resolution of the 
singularity problem, but also at providing a possible explanation of the number of spatial 
dimensions of our present Universe, along the lines of J 109]. 



The model contains all the branes that appear in the spectrum of the (ten-dimensional) 
Type II A string theory. By recalling that M-theory contains the graviton (0-brane), 2- 
branes and 5-branes as fundamental degress of freedom (see the action ( |8.8lD ), the com- 
pactification on a circle leads to 0-branes, strings (1-branes), 2-branes, 4-branes, 5- 
branes, 6-branes and 8-branes (see Eq. ( ^.82|) ) as the fundamental extended objects of the 
10-dimensional theory. The total action for the brane gas model is thus the sum of the 
low-energy effective action for the "bulk" (ten-dimensional) space-time manifold plus the 
{p + l)-dimensional action of all the branes in the gas: 

5 = 5buik + E^^(brane), (8.84) 
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where S = S'buik is the gravidilaton-axion sector of the action ( ^.821) ; and the Born-Infeld 
action of a p-brane, coupled to the bulk via delta function sources with strength fixed by 
the tension Tp, is given by 

Sp = TpJ dP+^C e-^ [-det {gmn + bmn + 27ra'F„,n)] • (8.85) 

Here gmn is the induced metric on the brane, bmn is the induced antisymmetric tensor, and 
Fmn is a gauge field possibly living on the brane. 

All branes contribute to the energy of such a primordial gas with three types of modes 
[10|. There are winding modes, corresponding to p-branes wrapping around p cycles of the 
torus, momentum modes, corresponding to the centre-of-mass motion of the brane, and 
oscillatory modes, corresponding to fluctuations in the directions transverse to the brane. 



The brane action ( 8.85| ) can thus be expanded in terms of these modes, and by taking the 



average contribution of their stress tensor one obtains the effective "equation of state" for 
the gas of winding modes; 

p/p = -p/d (8.86) 

{p is the pressure, p the rank of the brane). The momentum modes have the "dual" equation 
of state p/p = p/d (for strings, p = 1, one recovers the results of |314, |315|]). Transverse 



oscillations can be viewed as particles living on the brane, and their equation of state is 
that of "ordinary" matter, with < p < 1. It follows, from the covariant conservation of 
the stress tensor, that the energy Ep of winding (w) modes increases with the scale factor 
a{t) as 

Ep = pa'^ ~ TpaP (8.87) 
(note, however, that should be included at very high temperature thermal corrections , and 



that this can modify the effective equation of state, as discussed in [341] for the case of 
strings near the Hagedorn scale). 

The Universe, in the strong-coupling (M-theory) regime, is thus assumed to behave as 
a hot soup of all modes of all p-branes. The curvature singularity is expected to be avoided 
because of T-duality exchanging w-modes and momentum modes, and then transforming 
a phase of increasing temperature into decreasing temperature, with the fixed point of 



the symmetry acting as a regularizing cut-off for all physical observables [10, 229 1. But 
the most interesting (and probably unique, at present) virtue of this scenario seems to 
be the possibility of explaining why our present Universe contains just three large spatial 
dimensions. 

Indeed, as the primordial Universe expands, the w-modes tend to become dominant as 



their energy increases, starting with the largest value of p, according to Eq. (^.87). The 



effect of the w-modes, on the other hand, is to halt the expansion p82| [, so that the spatial 
dimensions can decompactify (i.e. inflate away from the string scale) only if the w-modes 
disappear. 
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They can disappear by annihilation with antiwinding (w) modes (the initial number of 
w and w is assumed to be the same, by symmetry). On the other hand, assuming that the 
space is periodic, it follows that the world-volume of two p-branes will necessarily intersect 
in at most 2p+l spatial dimensions. In the initial Universe d = 9, so that winding p-branes 
with p = 8, 6, 5, 4 have no problem to self- annihilate. We are thus left with 2-branes and 
strings. The annihilation of the (heavier) winding 2-branes will first allow five dimensions 
to become large. Within this distinguished torus T^, the 1-branes (strings) w-modes will 
then only allow the d = 3 subspace to expand. 

In this way, one can understand the origin of the d = 3 dimensionality of our Uni- 
verse and, interestingly enough, can predict a hierarchical structure of the ten-dimensional 
compact manifold as follows [10|: 



where comes from the original M-theory compactification on a circle, and the other 
compact manifolds have been listed in order of growing size, from left to right. 

In this context, a possible problem is that, at the end of the decompactification process, 
at least one w-mode is left per Hubble volume, leading to the well known domain-wall 
problem. This problem can be solved if the w-modes, before they annihilate, drive the 
background to a phase of slight contraction, also called "loitering" [ ^49| , during which the 
Hubble horizon becomes larger than the spatial size of the Universe (as in the phase of 
pre-big bang inflation, when it is seen as a contraction in the E-frame). 

By supplementing the string-cosmology equations by terms describing the annihilation 
of w-modes into string loops |10S], it has been shown that during the loitering phase all 
w-modes are eliminated and that, from this point on, the Universe begins to expand again. 
The w-modes annihilation leads to breaking T-duality, and it is tempting to speculate 
that this effect could be related to SUSY breaking, and to the mechanism of dilaton mass 
generation needed to stabilize the coupling after decompactification |103|. 

Outside the context of brane gas cosmology, but always in the context of an M-theory 
approach to the strong coupling regime, a more drastic resolution of the dimensionality 
problem is represented by the so-called brane- world scenario (inspired by heterotic M-theory 
5761, |377tl), in which our Universe is assumed to coincide with a 3-brane embedded in a 



higher-dimensional bulk manifold |45C, 451]. 

In a realistic picture, of course, our 3-brane is not expected to be the only extended 
object embedded in the bulk manifold, especially in the regime of large bulk dilaton, and 
very strong coupling. In that case, the transition to the post-big bang regime could be 
triggered by a head-on collision against another brane, just as happens in the context of 
the so-called "ekpyrotic" scenario [412, 413], where the big bang explosion, and the birth 
of a hot, radiation-dominated Universe, is simulated by the collision of two 3-branes along 
a (hidden) fifth spatial dimension (see also |325] for a similar but spherically symmetric 
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process of bubble collision). 

In the ekpyrotic scenario the 11-th space-time is assumed to have topology M^^ x 
/Z2, with two branes at the orbifolds fixed points, where space-time has boundaries. Six 
dimensions are compactified on a Calabi-Yau threefold, leaving the effective theory five- 
dimensional. The boundary branes are called the visible and the hidden brane, the visible 
one being identified with our Universe. 

The action for this model is the sum of three parts: 

S = Shot + Sj + Sm, (8.89) 

where Sj represents the brane interactions, Sm describes the matter on the brane created 
by the collision, and 5het is the action of five-dimensional heterotic M-theory. With the 



conventions of |412]: 



A/rj r r 1 1 



(8.90) 



Here M5 is the five-dimensional Planck mass, F is the field strength of the four- form Aabcd, 
h^^i, is the induced metric on the i-th 3-brane, whose embedding in five dimensions is de- 
scribed by the five parametric equations Xf- = Xf{^^). Finally, the tensions are given by 

Ti = UiMl 



In the first version of the ekpyrotic scenario [412], besides the two boundary branes 



there is a third "bulk" brane, possibly originated from spontaneous bubble nucleation. In 
that case, the three tensions satisfy the condition 02 = — ai — 03, with 03 > and 03 < |ai|, 
and the bulk brane is attracted towards the visible brane, until they collide. The kinetic 
energy of the bulk brane is then converted into matter and radiation of the visible brane, 
with a spectrum of density perturbations left impressed by the quantum fluctuations of the 
bulk brane. 



In the second version of the scenario |413|, there are instead only the two boundary 



branes, which collide and then bounce apart, in what is hoped to be a non-singular pro- 
cess. This second possibility also represents an important ingredient in a related, recently 
proposed "cyclic" model of Universe |J573[| . 



In our context, this second possibility is particularly interesting because the collision of 
the two boundary branes is associated to the collapse of the dimension transverse to the 
brane: namely, of the 11-th dimension, taking into account the Calabi-Yau compactification. 
But the shrinking of the eleven-dimensional radius rn, in an M-theory context, is equivalent 
to a decreasing of the string coupling (recall that rn = exp((}i>/3)). This means that the 
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collision, and the subsequent beginning of the radiation-dominated, post-big bang evolution, 
occurs at very weak coupling, in the perturbative regime. 

In conclusion, this model suggests that the space-time manifold, after having reached the 
strong-coupling, M-theory regime as a consequence of the pre-big bang evolution, and after 
the associated production of branes, might be forced again to the perturbative regime by 
the attraction (and by the subsequent collapse) of the branes at the boundary of the D = 11 
space-time. The exit would thus proceed at weak coupling (possibly with a mechanism of 
radiation production different from the one discussed in the previous subsections). This 
may perhaps justify the use of the tree-level effective action for the quantum cosmology 
approach to the exit, presented in the next section. 



9 Quantum string cosmology 

According to the pre-big bang scenario, the present cosmological state of our Universe should 
emerge as the result of a long evolution, starting from the string perturbative vacuum. 
Such an evolution necessarily includes the transition from a phase of growing curvature and 
strong coupling to a phase of decreasing curvature and (nearly) constant string coupling. 
The full dynamical description of such a process still contains various problematic aspects, 
as discussed in the previous section. 

Since the transition is expected to occur in the high-curvature (nearly Planckian) regime, 
where quantum-gravity effects may become important, it is not excluded that a quantum- 
cosmology approach may be appropriate to describe the "decay" of the string perturbative 
vacuum into our present, post-big bang Universe. Also in the context of the standard 
inflationary scenario, in fact, the quantum-cosmology approach is required to describe the 
"birth" of our classical Universe out of the Planckian regime [ |613| . With an important 
difference, however: in the standard scenario the initial state of the Universe is unknown, 
and has to be fixed through some ad hoc prescription. There are various possible choices 



for the initial boundary conditions |366| , |37C1| , |609| , 44C , 533 , 541 , 311 1, leading in general to 
different quantum pictures of the early cosmological evolution. In the pre-big bang scenario, 
on the contrary, the initial state is fixed in such a way as to approach, asymptotically, the 
string perturbative vacuum, and this unambiguously determines the initial wave function. 

In a quantum cosmology context the Universe is described by a wave function evolving 
in superspace, according to the Wheeler~De Witt (WDW) equation |216| , |622|] , and it is 
always possible, in principle, to compute the transition probability between two different 
geometrical configurations -in particular, from a pre- to a post-big bang state. We shall re- 
port here the results obtained in the context of what may be called a "low-energy" approach 
to quantum-string cosmology |282(] , which is based on the lowest-order string effective ac- 
tion, and in which no higher-order (a' and loop) corrections are taken into account into the 
WDW equation, except those possibly encoded into an effective, non-perturbative dilaton 
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potential (see [525, 526, |552|] for high-curvature contributions to the WDW equation). 

Such a low-energy approach, first introduced in string cosmology in |14S, 79, |434| , is 
analogous (in the particle case) to low-energy quantum mechanics, where one neglects rela- 
tivistic and higher-order corrections. It is a first approximation, which is already sufficient 
to take into account pure quantum-gravity effects, such as the possibility of transitions 
which are classically forbidden -in particular, transitions between two low-energy geomet- 
ric configurations which are classically disconnected by a singularity 



ng, m, |T5|]- and 

thus to motivate a "minisuperspace approach" to the exit problem |27S| ] (see also [ 474 , 511 1 
for a recent quantum-cosmology approach to this problem based on the Bohm-de Broglie 
ontological interpretation of quantum mechanics). 

Quite irrespectively of its applications, quantum-string cosmology may represent a rich 
and interesting field of research in itself; it thus seems appropriate to recall that it is affected 
by various conceptual problems already present in the "standard" quantum-cosmology con- 
text: the meaning of the probabilistic interpretation []610(|, the existence and the meaning 



of a semiclassical limit j79, 434], the unambiguous identification of the time-like coordinate 
(see however Jl52| ]). Other problems affecting the standard scenario, however, disappear. 
In particular, in the context of the pre-big bang scenario, there is no problem of boundary 
conditions, which are unambiguously prescribed by the choice of the string perturbative 
vacuum (see Subsection 9.2); no problem either of operator ordering in the WDW equation 
(see for instance [36|), as the ordering is fixed by the duality symmetry of the string effective 
action [310, 410 1. This important property of quantum-string cosmology will be illustrated 
in the next subsection. 



9.1 The Wheeler— De Witt equation 

The simplest example of quantum-string cosmology model is based on the lowest-order, 
gravidilaton string effective action 



^ / d'^-^^x ^e--^ [r + (V^</.)2 + y(0, g^J , (9.1 



s = - 

where we have included a (possibly non-local and non-perturbative) dilaton potential V 
(see |153| ] for more complete models based on the M-theory action). If we are considering, 
in particular, an isotropic and spatially flat cosmological background, 

= 0(t), g^, = diag [N\t), -a\t)5,j) , (9.2) 

the gravidilaton system has only two physical degrees of freedom, the scale factor a and the 
dilaton (the "lapse" function N = -^/goo can be arbitrarily fixed by a choice of gauge). The 
quantum evolution of the system is thus associated to a two-dimensional "minisuperspace" , 
which, assuming spatial sections of finite volume, can be conveniently parametrized by 

(] = Vdlna, '$ = (j)-Vd(3-ln J d'^x/X'^. (9.3) 
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Each "point" {(3{t), (p^t)} of the minisuperspace will then represent a classical solution of 
the action (|9.1[). 

In terms of the coordinates of the minisuperspace, the action (after integration by parts) 
can be explicitly written as 



2 J N 



fi^ -'ck -N''V{(5,4>) 



(9.4) 



Its variation with respect to qqq defines the total energy density of the gravidilaton system, 
and leads to the so-called Hamiltonian constraint (in the cosmic time gauge, = 1): 



f3^ -V = {). 



Introducing the canonical momenta 



n 



/3 



<5/3 



\sf3e- 



5S 



N=l 



N=l 



the Hamiltonian constraint becomes 



n2-n|+A2y(/3,0)e-2< 







(9.5) 



(9.6) 



(9.7) 



and its differential implementation in the minisuperspace spanned by f3 and (j) finally leads 
to the WDW equation for the gravidilaton system: 



5|-a| + A3^y(/3,</.)e-2<^ M'(/3,0) = O. 



(9.8) 



It is important to stress that such an equation is manifestly free from operator-ordering 
problems, as the Hamiltonian (^]^) has a flat metric in momentum space. This is not a 
special feature of the case we have considered because, thanks to the duality symmetry of 
the string effective action, the associated WDW minisuperspace is globally flat, and we can 
always choose a convenient parametrization leading to a flat minisuperspace metric. 

For a more general discussion of this point we may add to the effective action ( |9.1D a 
non-trivial antisymmetric tensor background, Bfj^i, ^ 0. The kinetic part of the action may 
then be written in compact form as |310, 410| (see Subsection 2.3): 



S 



As 
2 



dte 



{^f + -Tr M{M' 



-Iv 



(9.9) 



where = 1, and M is a symmetric 2d x 2d matrix, including the spatial part of the 



background fields, G = Qij, B = Bij, and already defined in Eq. ( 2.55 ). We recall that 
this action is invariant under global 0{d,d) transformations that leave the shifted dilaton 
invariant, 

^ ^ ^, M ^ n'^Mn, (9.10) 
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where 



/ 



J7^r/0 = ry, rj = { ^ ^ ] . (9.11) 



The Hamiltonian associated to torsion-graviton background, 

n = ^Tr (M UmM Um), Hm = dS/6M, (9.12) 

would seem to have ordering problems, because [M, IIm] 0. However, thanks to the 
0{d, d) properties of M, 

MriM = rj, (9.13) 
we can always rewrite the kinetic part of the action in terms of the flat 0{d, d) metric rj: 

Tr M(M-iy = Tr {Mr]f. (9.14) 

The corresponding Hamiltonian 

n = -^Tr (rjUMTj^M) (9.15) 
has a flat metric in momentum space, with no ordering problems for the corresponding 



WDW equation [|lO|, ^ 



^{M,(f)) = 0. (9.16) 



On the other hand, if we insist on adopting a curvilinear parametrization of the minisu- 
perspace, the ordering fixed by the duality symmetry is exactly the same as the ordering 
imposed by the requirement of reparametrization invariance, as there are no contributions 



to the ordered Hamiltonian from the scalar curvature of minisuperspace |3C], because min- 
isuperspace is globally flat. 

To illustrate this point we may consider the pair of minisuperspace coordinates {a,(p}, 
different from the previous pair 0} used in Eq. (|9.4). The kinetic part of the action 
T|) then leads to the (kinetic part of the) Hamiltonian 

7^ = ^^2-Hl^7^^^^^s, (9.17) 



where 

n,= f^) =dXs^e-^, (9.18) 
corresponding to the non-trivial 2x2 metric: 

JAB = diagf -^,-1] . (9.19) 
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The quantum operator associated to the Hamiltonian ( p. 17 ) has to be ordered, because 
[a, Ha] 7^ 0, and its differential representation can be written in general as 



n 



52 



d 



(9.20) 



where e is a c-number parameter depending on the ordering. Note that there are no contri- 
butions to the ordered Hamiltonian from the minisuperspace scalar curvature |3(:], which is 
vanishing for the metric ( |9.19| ). 

Reparametrization invariance now imposes on the Hamiltonian the covariant d'Alembert 
form 



n 



1 



-7 



and consequently fixes e = 1. The kinetic part of the action 
invariant under the T-duality transformation |599, 580 1 



a = a 



-1 



which implies, for the Hamiltonian ( |9.20D , 



n{a)=nia) + l{e-l)a-^. 

a oa 



(9.21) 

on the other hand, is 
(9.22) 

(9.23) 



The invariance of the Hamiltonian requires e = 1, and thus fixes the same quantum order- 
ing as the condition of general covariance in minisuperspace. A similar relation between 
quantum ordering and duality symmetry can be easily established for more general effective 
actions, including a larger class of non-minimal gravidilaton couplings [434, 435 1. 



9.2 Wave scattering in minisuperspace 

In the absence of dilaton potential, the WDW equation ( |9.8| ) reduces to the free d'Alembert 
equation and provides a plane- wave representation in minisuperspace of the different asymp- 
totic branches of the classical solutions. 



Let us recall, in fact, that the solutions of the low-energy effective action (|9.4| ) always 
contain four branches. For V = 0, in particular, we have four (physically different) solutions, 

ait) = (Tt)^i/^, m = -H^t), (9.24) 



related by the duality transformation ( 9.22 ) and by time reversal, t — > —t. They satisfy the 
condition 

VdH = /3 = ±{Tt)~^ = (9.25) 
and may thus be represented as the bisecting lines of the plane {0, /3}, corresponding to 

• expansion $ > 0, 
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Figure 9.1: The four branches of the lowest-order string-cosmology solutions, with (hyper- 
bolas) and without (bisecting lines) a positive cosmological constant A. The dashed curves 
represent the quantum transition from a pre- to a post-big bang configuration. 

• contraction — > /3 < 0, 

• pre-big bang (growing dilaton) ^ > 0, 

• post-big bang (decreasing dilaton) (p < 0, 



as illustrated in Fig. |9lJ. We may note, for later use, that if we add to the action a positive 
cosmological constant {V = A), then the classical solutions are represented in the plane 
{(p, (3} by the hyperbolas 

J ^ - {VdHf = A. (9.26) 

In that case, the initial configuration is shifted to a state with flat metric and linearly 
evolving dilaton, but the solution is still characterized by four branches coinciding, asymp- 



totically, with the free configurations of Eq. ( 9.24 ) 



The V = solutions of the WDW equations, on the other hand, can be factorized in 
the form of plane waves representing free energy and momentum eigenstates: 

where {k > 0): 

Upi;f^ = ±ki;f\ n^^W = ±fevf^. (9.28) 



By recalling that II/3 ~ P, H-^ ~ —<p (see Eq. ( p.6[ )), the above plane waves represent the 
four branches of Eq. ( p. 24] ), defined by 11^ = ±n^, with the following correspondence: 
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• expansion 

• contraction — > \ 

• pre-big bang (growing dilaton) — > tp^^ \ 

• post-big bang (decreasing dilaton) —>■ 4^^^ ■ 



For an isotropic, low-energy solution |599| , the dilaton is growing {(f> > 0) only if the met- 
ric is expanding (/3 > 0), see Eq. (|9.3|) . If we impose, as our physical boundary condition, 
that the Universe emerge from the string perturbative vacuum (corresponding, asymptoti- 
cally, to /3 ^ — oo, <j) — > — oo), then the initial state \I'in must represent a configuration with 



positive eigenvalue of and opposite eigenvalue of 11^, i.e. ^'in ~ ^^^^^1 ^ (see also [189] 



for a detailed discussion of boundary conditions in quantum-string cosmology) . 

A quantum transition from pre- to post-big bang thus becomes, in this representation, 
a transition from an initial state 

~ e^'^^-^'^'^, n^>0, n^<0, (9.29) 

to a final state 

^ont-e-^'^'i'-''"', n^>0, n->0 (9.30) 



(see the dashed curves of Fig. |9.l|) . The associated trajectory describes a monotonic 
evolution along /3, and a reflection along (/>. The above discussion suggests that we look 
at the quantum evolution (in minisuperspace) of the initial pre-big bang state as at the 
scattering, induced by an effective WDW potential, of an incoming wave travelling from 
— oo along the positive direction of the axes P and (f). 

The effective potential, on the other hand, is known to be strongly suppressed as we ap- 
proach the string perturbative vacuum, /?,(/)—> — oo. We shall assume that a possible growth 
of V in the strong-coupling regime is not strong enough to prevent the effective WDW po- 
tential from going to zero also at large positive values of /3 and <j), so that y exp(— 20) 
for ^ iboo. It follows that also the final asymptotic configuration ^'out can be repre- 
sented by the free eigenstates However, even if the initial state is fixed by the 
boundary conditions of the pre-big bang scenario, the final state is not, and there are in gen- 
eral four different types of evolution 1 282 1 , depending on whether the asymptotic outgoing 



state ^'out is a superposition of waves with the same 11^ and opposite 11^, or with the same 
and opposite 11^, and also depending on the identification of the time- like coordinate in 



minisuperspace |152|, 154]. 



These four possibilities are illustrated in Fig. 9^, where cases (a) and (6) correspond 



to ^'out ~ '^'^il^ cases (c) and (d) correspond to ^'^uj ~ V^"^^- Also, in cases 

(a) and (d) the time-like coordinate is identified with /3, in cases (6) and (c) with (p. It 
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Figure 9.2: Four different classes of scattering processes for the incoming wave function 
representing the string perturbative vacuum (straight, solid line). The outgoing state is 
represented hy a mixture of positive and negative eigenfunctions of 11^ and 11^. 

must be noted that cases (c) and (d) require a duality-breaking dilaton potential, otherwise 
[H, n^] = 0, and then a reflection along the /? axis is impossible, even at the quantum level 
51C 



The two cases (a) and (c) represent scattering and reflection along the spacelike axes cj) 
and P, respectively. In case (a) the evolution along P is monotonic, so that the Universe 
always keeps expanding. The incident wave is partially transmitted towards the pre-big bang 
singularity (unbounded growth of the curvature and of the dilaton, f3 +oo, cj) — > +oo), and 
partially reflected back towards the low-energy, expanding, post-big bang regime (/? +oo. 



4> — oo) |310|. In case (c) the evolution is monotonic along the time axis (p, but not along 
/?. The incident wave is therefore totally transmitted towards the singularity {(p ~^ +c>o)! 
but in part as an expanding configuration and in part as a contracting one^. 

The other two cases, (6) and (d), are qualitatively different, as the final state is a 
superposition of positive and negative energy eigenstates, i.e. of modes of positive and 
negative frequency with respect to the time axes chosen in minisuperspace. In the language 



of third quantization p42, [42 1|, 357, 358, p59| (i.e. second quantization of the WDW wave 



function in superspace) they represent a "Bogoliubov mixing", describing the production 
^R. Ricci, M. Gasperini and G. Veneziano (1996), unpublished. 
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of pairs of universes from the vacuum. The mode moving backwards in time has to be "re- 
interpreted" , as in quantum field theory, as an "antiuniverse" of positive energy and opposite 
momentum (in superspace). Since the inversion of momentum, in superspace, corresponds 
to a reflection of /?, the re-interpretation principle in this context changes expansion into 
contraction, and vice versa. 

Case (6), in particular, describes the production of universe-antiuniverse pairs -one 
expanding, the other contracting- from the string perturbative vacuum |130|. The pairs 
evolve towards the strong-coupling regime (p +00, so that both members of the pair 
fall inside the pre-big bang singularity. Case (d) is more interesting, in our context, since 
there the universe and the antiuniverse of the pair are both expanding: one falls inside the 
pre-big bang singularity, the other expands towards the low-energy, post-big bang regime, 
and may expand to infinity, representing the birth of a Universe like ours in a standard 
Friedmann-like configuration [290]. 

Possible explicit examples of a quantum representation in minisuperspace of the tran- 
sition from pre- to post-big bang, based on the above scattering processes, will be given in 
the next two subsections. 



9.3 Birth of the Universe as "quantum reflection" 

The simplest way to represent the transition from the string perturbative vacuum to the 
present, post-big bang regime, is to identify the time-like coordinate in the minisuperspace 
with f3, and to represent the process as a reflection of the incoming wave function along 
the space-like coordinate (p, according to Eqs. ( |9.29 ), ( 9.3C| ) (case (a) of Fig. p^ ). The 



transition probability is thus controlled by the reflection coefficient 

R^J^^Im. (9.31) 

where ^'^z'^ are the asymptotic components of the WDW wave function at i;^> ^ — cxd. 



containing the left-moving (— ) and right-moving (-|-) part of the wave along (p (see |152] for 



a rigorous definition of scalar products in the appropriate Hilbert space, and |154| , 155 , 339 1 
for a path-integral approach to the computation of the transition amplitudes). 

Without potential in the WDW equation there is no transition, of course (in the absence 
of a dilaton potential, the possible decoherence of the quantum-cosmological system, and 
its implications for the exit problem, have been discussed in |1454[| ). With an appropriate 
potential, allowing a smooth classical evolution from pre- to post-big bang, the transition 
probability R tends to unity; R may be non-zero, however, even if the two branches of the 
classical solution are causally disconnected by a singularity. 

An instructive example, to this purpose, is provided by the duality-symmetric (non- 
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local) four-loop dilaton potential 



Vq = const, 



^o>0, 



(9.32) 



already introduced in Subsection |8.l| (for generalized exponential potential, with the in- 
clusion of the antisymmetric tensor contribution to the WDW equation, see H467]] ). The 



(9.33) 



corresponding action ( |9.4D , in d = 3, has the following classical solution 310 | 



1 



In 



where qq is an integration constant, and 

k 



ao 



kH 



+ 



kH^ 



1/2 



1/V3 



-ge '^P = const 



(9.34) 



is the conserved momentum along the (3 axis. 

For F < 0, Eq. (@) describes a regular "self-dual" solution -satisfying a{t)/ao = 
ao/a{—t)~ characterized by a "bell-like" shape of the curvature scale and of the coupling 
e"^ (see Subsection |8.l|) . The solutions of the WDW equation (|9.8D , in the small coupling 
regime (/> — > — oo, can be written as |310| ] 

ik 



Urn «'fc((/),/3) 



Ntt 



2 sin(iA;7r) 



^ -ifc(/3-</.) 

r(i + ifc) 



-ik 



-ik{P+^) 



T{l-ik) 



(9.35) 



{N is a normalization coefficient), and contain the superposition of the initial string per- 
turbative vacuum and of the reflected component, representing the post-big bang regime. 
Clearly, i? = 1 for all A;, as the two branches of the solution are smoothly connected already 
at the classical level. 

For y > 0, on the contrary, the pre- and post-big bang branches are disconnected by an 
unphysical region, of extension \t\ < X'^^/V()/k'^, where the expansion rate $ and the dilaton 
coupling e*^ become imaginary. Such a region is bounded, on both sides, by a curvature 
singularity. However, after fixing the boundary conditions with the string perturbative 
vacuum and in the small coupling regime, the solutions of the WDW equation can be 
written as [BlOll: 



_lim (</>,/?) 



iN csc{ikTT) 



kw 



ik 



^ -ik(f}-4>) 

T{l + ik) 



—ik 



-ik{l3+(l>) 



Til 



The reflection coefficient 



Rk 



{-) 12 
— oo I 



-2'Kk 



ik) 

(9.36) 
(9.37) 
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is exponentially suppressed but non-zero, corresponding to a non- vanishing transition prob- 
ability from the pre- to the post-big bang branches of the above solution. 

Exactly the same result ( 9.371) is obtained for the simplest case of dilaton potential, 
a positive cosmological constant V{(3, cp) = A. In that case, by expressing the conserved 
momentum k in terms of the coupling gg = e'^^^'^ at the string scale = A~^, the transition 



probability between the left and right branches of the hyperbolas of Fig. |9.1| , for a three- 
dimensional portion of space of fixed proper volume Oj at t ^ —oo, can be written in the 
form p2||: 



R{A,ni,gs) = exp 



Utt a- 



9l 



V3 

XsVa 



+ 1 + 



XI A J 



1/2 



V3^ 



(9.38) 



Unfortunately, such a transition probability is exponentially suppressed, unless the proper 
size of the transition volume is small, and the cosmological constant is large, in string units. 
Note, however, that the probability is peaked in the string coupling regime, with a typical 
"instantonic" behaviour R ~ exp(— l/(7g): this means that the Universe tends to emerge 
from the transition in the coupling regime appropriate to the present post-big bang phase. 

It is important to stress that the quantum-transition probabilities ( |9.37D , ( |9.38| ) have a 
conceptual meaning different from similar results obtained in the context of the standard 
inflationary scenario. In string cosmology, in fact, the quantum (Planckian) regime is 
reached at the end of the pre-big bang phase, when the Universe is expected to exit from 
(not to enter in) the inflationary regime. Thus, quantum effects are not responsible for 
inflationary initial conditions [28(:], whereas they are in the standard inflationary scenario 
[|394{| . In spite of this important difference, the result ( p. 37 ) is formally very similar to 
the probability that our Universe may emerge from the Planckian regime obtained in the 
context of the "tunnelling from nothing" and other similar inflationary scenarios 309 



44C, 333, 541 1, where the probability is also exponentially suppressed, and the coefficient 
k is inversely proportional to the effective cosmological constant and to the gravitational 
coupling, P ~ exp(— 1/ApA). 

The reason for this formal analogy is easy to understand if we recall that, by choosing 
the string perturbative vacuum as the initial state of the pre-big bang scenario, it follows 
that in minisuperspace there are only right-moving waves approaching the singularity at 
(p +00. This is exactly equivalent to imposing tunnelling boundary conditions that select 
only outgoing modes at the singular space-time boundary ||610|, 611]. 



In this sense, the quantum reflection illustrated in this subsection can also be interpreted 
as a tunnelling process, not "from nothing", however, but "from the string perturbative 
vacuum". A different minisuperspace representation of the birth of the Universe from the 
vacuum will be illustrated in the next subsection. 
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9.4 Birth of the Universe as "antitunnelHng" 

The process of quantum reflection (or tunnelling) is not the only "channel" open to vacuum 
decay in the string cosmology minisuperspace introduced in the previous subsections. There 
are also other -in principle more efficient- processes, such as the parametric amplification of 
the WDW wave function, which could represent the transition to our present cosmological 



state. We refer, in particular, to the cases (6) and (d) illustrated in Fig. 9.2 



Case (b), discussed in [130|, shows indeed that a primordial conversion of expanding 



into contracting dimensions, corresponding to the production of pairs of Universes from the 
vacuum, can be efficiently described as the parametric amplification of the wave function. 
In this subsection we shall report a particular, explicit example of case (d) p90(| to show 
that, with an appropriate model of dilaton potential, the parametric amplification of the 
wave function can also efficiently represent the transition from the pre- to the post-big bang 
regime, via pair production from the vacuum. In that case, the birth of the Universe can be 
described as a process of "antitunnelling from the string perturbative vacuum" (the term 
"antitunnelling" , synonymous of parametric amplification, follows from the fact that the 
transition probability in that case is controlled by the inverse of the quantum-mechanical 



transmission coefficient, see Subsection 4.4). 

First of all we note that, with a duality-invariant dilaton potential, the string-cosmology 
Hamiltonian is translationally invariant along the P axis: in that case, the initial expanding 
pre-big bang configuration keeps expanding, and the out state cannot be a mixture of states 
with positive and negative eigenvalues of Hjs. To implement the process (d) of Fig. |9.2| , 
we thus need a non-local, duality-breaking potential, which contains both the metric and 
the dilaton, but not in the combination (p. We shall use, in particular, a two-loop dilaton 
potential induced by an effective cosmological constant A (two-loop potentials are known 



to favour the transition to the post-big bang regime already at the classical level [ |319| , p.22| , 
but only for appropriate repulsive self- interactions, A < 0). We shall assume, in addition, 
that such a potential is rapidly damped in the large-radius limit /3 +oo, and we shall 
approximate such a damping, for simplicity, by the Heaviside step function 6, by setting 

V = M{-[3)e^^, A > 0. (9.39) 

With such a damping we represent the effective suppression of the cosmological constant, 
required for the transition to a realistic post-big bang configuration. 

Given the above potential, the general solution of the WDW equation can be factorized 
in terms of the eigenstates of the momentum 11^, by setting 

^(/3,^) = ^fc(/3)e'''^ [dl + k" -XlKe{-(3)e^^^^]^k{(i) = Q- (9.40) 

In the region /3 > the potential is vanishing, and the outgoing solution is a superposition 
of eigenstates of 11^ corresponding to positive and negative frequency modes V'^, as in case 
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(d) of Fig. |9.2| . In the region /3 < the solution is a combination of Bessel functions Ju{z), 
of imaginary index v = -iiik/^/d and argument z = iXsy/Ajd e^^. If we fix the boundary 
conditions at /? — > — oo, by imposing that the Universe starts expanding from the string 
perturbative vacuum, 

^in= hm ^{P,^) ^ e'^(^-'^\ (9.41) 
then the WDW wave function is uniquely determined as: 

= iVfcJ_^ l^iAs^e^^j e^^^^, /? < 0, 

A+{k)e-''''^ + A_{k)e'''^] e*^^ , (3 > 0. (9.42) 

With the matching conditions at /? = we can finally compute the Bogoliubov coefficients 
|c±(^)P = |^±(^)P/|-^fcP determining, in the third quantization formalism, the number 
rik of universes produced from the vacuum, for each mode k (where k represents a given 
configuration in the space of the initial parameters). 



As shown by an explicit computation |130| , |290|], the wave function is parametrically 
amplified (i.e. ^> 1), for all k < As\/A. In that case, the birth of our present post- 
big bang Universe may proceed efficiently, and may be represented in minisuperspace as 
the forced production of pairs of Universes from the quantum fluctuations of the string 
perturbative vacuum. However, for a realistic process occurring at the string scale, with 
/3 ~ As and e"^/^ ~ gs, the condition of parametric amplification can be written as 

where ^^3 = 0^/ d'^x is the proper spatial volume emerging from the transition in the post- 
big bang regime. This implies that the transition is strongly favoured for configurations of 
small enough spatial volume in string units, large enough coupling gg, and/or large enough 
cosmological constant A (in string units), just as in the cases discussed in the previous 
subsection. 

For k ^ As\/A the wave function does not "hit" the barrier, there is no parametric 
amplification, and the inital state runs almost undisturbed towards the singularity. Only 
a small, exponentially suppressed fraction is able to emerge in the post-big bang regime, 
exactly as in the case of tunnelling (or quantum reflection). In the context of third quan- 
tization, this process can still be described as the production of pairs of universes, but the 
number of pairs is now exponentially damped, ~ exp(— A;/As\/A), with a Boltzmann 
factor corresponding to a "thermal bath" of universes, at the effective temperature T ~ \/A 
in superspace. 

It seems possible to conclude, therefore, that the low-energy quantum-cosmology pro- 
cesses considered in this subsection may allow a quantum transition from pre- to post-big 
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bang configurations, even if such configurations are classically disconnected. With a "re- 
alistic" dilaton potential, the "bubbles" of post-big bang phase nucleated out of the string 
perturbative vacuum seem, however, to be too small to reproduce our present Universe with- 
out a further long period of post-big bang inflation. The quantum processes reported in this 
Section, however, could explain the "foam" of infinitely many "baby Universes" required, 
for instance, in the context of chaotic inflation |442| and of other, standard, inflationary 
scenarios. 



10 Conclusion 



In this last section we will conclude our report by discussing a possible "late-time" conse- 
quence of the pre-big bang scenario -the large-scale dominance of the dilatonic dark energy 
density- and by presenting a list of various problems and aspects of such a scenario that 
are not included in the previous sections. Finally, we will summarize our personal outlook 
of string cosmology, together with some speculations about its possible future perspectives. 



10.1 Towards the future: a dilaton-dominated Universe? 

The dilaton is, undoubtedly, one of the most important ingredients of the pre-big bang sce- 
nario illustrated in this paper. Indeed, the dilaton implements the duality symmetry, con- 
trols the strength of all interactions, sustains the initial inflationary evolution, contributes 
to the amplification of the quantum fluctuations (and, in particular, to the production of 
seeds for the magnetic fields), leading eventually to the formation of a cosmic background 
of massive scalar particles. All such effects are typical of string cosmology and represent the 
"imprint" of the pre-big bang scenario with respect to other, more conventional, inflationary 
scenarios. 

Not satisfied with all such effects, however, the dilaton could still be hale and hearty, 
and still in action even today, so that it would affect in a determinant way not only the very 
early cosmological past, but also the present (and, possibly, future) state of our Universe. 
The dilaton potential energy, or a mixture of kinetic and potential energy density, could 
represent in fact the dark component responsible for the cosmic acceleration observed very 



recently [535, pl6|. In this sense, string theory can automatically provide, with the dilaton. 



a "non-minimal" model of quintessence | 293| , ^ll| (i.e. a model of quintessence based on a 



scalar field non-minimally coupled to gravity and to elementary matter fields). 

There are, basically, two possible scenarios, depending on the (currently uncertain) 
shape of the non-perturbative dilaton potential V{(f)). In the context of superstring models 
for grand-unified theories (GUTs), the present value of the dilaton should determine in fact 
the whole set of gravitational and gauge coupling parameters, which are today constant 
(or, if they are time-dependent, are nevertheless running very slowly on a cosmological time 
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scale). This constraint can be implemented in two ways. 

The first possibility is a dilaton almost frozen at a minimum of the potential, in the 
moderate-coupling regime with —cp of order 1, in such a way that the GUT gauge coupling 



is fixed to p3 | 



QGUT ~ {MjMpf ~ e"^ ~ 0.1 - 0.01. (10.1) 

The second possibility is a dilaton monotonically running towards +oo, and the couplings 
saturated at small values in the strong-coupling regime because of the large number 
of fields entering the loop corrections, or the large value of the quadratic Casimir C for 
unification gauge groups like £"8. Realistic values of acuT and Ms can be obtained at 



> 1, for iV ~ C ~ 10^ typically as mm, 607 



In both cases, if the present value Vq = V{(po) of the potential is of the order of the 
present Hubble scale Hq (and, possibly, (j)'^ ~ Vq), the dilaton can reproduce the observed 



"dark-energy" effects, playing the role of the so-called "quintessence" |138|. The required 
fine-tuning of the amplitude of the potential (and the corresponding ultra-light value of the 
dilaton mass, m ~ Hq), seems to be unavoidable. In this context, however, it seems pos- 



sible to alleviate the problem of the "cosmic coincidence" [572], generated by the observed 
(approximate) equality Vq ~ po, where po is the present energy density of the dominant 
dark-matter component. Let us explain how this could happen, in both the weak-coupling 
and the strong-coupling scenarios of dilatonic quintessence. 

In the first case we note that, even assuming that the dilaton gets frozen at a value (po 
after the transition to the post-big bang regime, with a potential energy that is initially 
negligible (Vq <C H^q), it may keep frozen for the whole duration of the radiation epoch, 
but it tends to be shifted away from equilibrium as soon as the Universe enters the matter- 
dominated regime. 

Suppose in fact that we add a potential V{(p) to the low-energy gravidilaton action: 

S = J d^x^\ e-^ [r + {V(t>f + !/(</.)] + Sm, (10.3) 



where Sm describes, for simplicity, perfect-fluid sources minimally coupled to the back- 
ground. For a homogeneous and conformally flat metric, the dilaton equation can then be 
written in the form 

4> + 3H^ - 02 + ^e'^ip -3p) + V' + V = 0. (10.4) 
Combining this equation with the standard conservation equation of the matter sources, 

p + 3H{p + p) = 0, (10.5) 
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it follows that constant and stable solutions (p = (pQ (with (f) = = (p) are allowed in three 
cases only: 1) vacuum, p = p = 0, V + V = 0; 2) cosmological constant, p = —p = Po = 
const, V + V = -2e'?^Vo = const; 3) radiation, p = 3p,V + V' = 0. 

So, even if the dilaton is "sleeping" in the radiation era, it "wakes up" and starts rolling 
away from the freezing position determined hy V + V' = just after the equilibrium epoch. 
We are thus led to the following question: For which values of the potential Vq may the 
dilaton bounce back to the minimum, and the matter era be followed by a quintessential, 
potential-dominated epoch? 

If the answer would point only and precisely at Vb ~ Hq, then the cosmic coincidence 
would be explained. If the answer would indicate for Vq a restricted range of values, including 
Hq, the coincidence problem would remain, but it would be alleviated. 

The answer to the above question depends on the shape of the potential, and on the 
effective strength of the dilaton coupling to macroscopic matter. To illustrate this point 
we may consider the E- frame cosmological equations ( |6.2p , obtained from the action ( 10. 3| ) 
through the conformal transformation 

9^. = 9^.ue~t 4> = <P, V = e^V, p = pe^t p = pe^t (10.6) 
In units of IGvrG = 1 (and omitting the tilde, for simplicity), the dilaton equation becomes 

4> + 3H<j) + ^a{(j)){p-3p) + V' = 0, (10.7) 

where we have taken into account, through the coupling function a{(f)), a possible loop 
renormalization of the effective dilaton coupling in the matter action. In the radiation era, 
p = 3p and a stable, frozen dilaton (</) = 0) thus corresponds to an extremum of the E-frame 
potential, V' = 0. In the matter era, when p = 0, there is a dilaton acceleration away from 
the minimum, (p = —ap/2, possibly contrasted by the restoring force —V'. 

Consider now a typical, supersymmetry-breaking dilaton potential, instantonically sup- 
pressed [^] at (p ^ —CO, with a non-trivial structure developing a minimum in the region 
of moderate coupling, and exponentially growing at (/> ^ +oo because of the conformal 
transformation to the E-frame. A "minimal" example of such a potential can be simply 
parametrized (in the E-frame) as follows [|398|] 



exp[-7(0_0i)] 



where ki,k2,(pi, e, /?, 7 are dimensionless numbers of order 1 For an illustrative purpose we 
will choose here the particular values ki = k2 = (3 = j = 1, e = 0.1, (pi = —3, in such a way 
that the minimum is at cpo = —3.112..., and that = exp(0o) — 0.045, in agreement with 
Eq. dial). 



With the above choice of parameters, the dilaton potential is plotted in Fig. 10.1 for 



different values of m. It is important to note that the extremum (po is not separated from 
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Figure 10.1: Plot ofV{(j)) from Eq. (|JO.g| ), with A;i = /c2 = /? = 7 = 1, e = 0.1, (pi = -3. 
The three curves, from top to bottom, correspond respectively to m = 1/10, 1/12, 1/15 in 
units of Mp = 2. 



the perturbative regime {(j) — > — oo) by an infinite potential barrier, and that the lower 
Vq ~ m^, the lower the barrier, the weaker is the restoring force —V' and the easier it is for 
the dilaton to escape from the minimum and run to — oo. 

To match present phenomenology, the value of Vq, in such a context, has to be chosen 
very small in string units, Vq ~ Hq ~ (10^^^ eV)^ (see below for a possible justification). 
It follows that the potential barrier is very low, and the dilaton would certainly escape 
from the minimum at the beginning of the matter era, unless the coupling to matter {ap/2) 
is also correspondingly small. Such a coupling, on the other hand, has to be very small, 
because the corresponding scalar force has a very long range, V"{(l)o) ~ ~ Vq ~ Hq, 
and the dilaton must be strongly decoupled (a <C 1, at least today) to avoid unacceptable 



violations of the equivalence principle |197, ^ 



It can be shown, as a consequence, that the present values of a allowed by the gravita- 
tional phenomenology (ao ^ 10"^) are compatible with a late cosmological phase dominated 
by the dilaton potential only for a restricted range of Vq, which depends on the value of 
a at the equilibrium epoch, Oeq [293]. Expanding a{ 



from a, 



eq 



around the minimum, and starting 
0.1, for instance, a numerical analysis shows that the dilaton, after a small shift 



at the equilibrium epoch, bounces back to the minimum provided 10" 



which includes the realistic case m ~ K 



1/2 







Hq 



10 ^Hea- In such a context, therefore, 



ieq 



the coincidence problem is not strictly solved, but possibly alleviated (see |293| for a more 
detailed discussion). 

An alternative scenario for a dilatonic interpretation of the observed "quintessential" 
effects, is based on the assumption that the dilaton never gets trapped in a minimum, and 
evolves monotonically (and boundlessly) from negative (pre-big bang) to positive (post-big 
bang) values, with a potential smoothly approaching zero as cp ^ +oo (see Fig. ^ ). The 
non-perturbative potential, in this context, is typically characterized by a bell-like shape, 
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which can be parametrized (in the S-frame) as [|311|]: 



V = m^ 



(10. 



where /3i > /32 > are dimensionless numbers of order unity and, again, the mass scale m 
satisfies m <C -ffeqj to avoid that the dilaton becomes dominant too early. 

As before, the potential is instantonically suppressed at (/> — > -co, but now is also 
esponentially suppressed in the (j) ~^ +00 limit. The mass scale m, in the context of a non- 



-(3a. 



1 

GUT 



Ms, 



perturbative potential, is naturally related to the string scale by m ~ exp 
where /3 is a model-dependent parameter of order 1. This may explain the smallness of the 
potential in string units, but it should not hide the fact that the constant parameter /3 has 
to be precisely adjusted ad hoc if we want to start the accelerated dilaton-dominated phase 
not much earlier than at redshifts of order one [^87[|, and not later than today. 



In the context of a running-dilaton scenario, the gauge couplings and the ratio Mg/Mp 
are to be stabilized, in the (p +00 limit, by the loop corrections. Such corrections, on 
the other hand, also play a fundamental role in determining the effective dilatonic charge of 
the elementary fields appearing in the matter action. Thanks to this interplay, a dilatonic 
charge that switches on at late times, in the (non-baryonic) dark- matter sector, seems able 
to provide a possible dynamical explanation of the cosmic coincidence [ 31l| (see [ 195 , 196 1 
for possible related violations of free-fall universality, and time variation of the natural 
constants, induced in this context). 

Such a dynamical approach to the coincidence problem is based, in particular, on the 
following loop-corrected action 



1 

'2A2 



-^Wr + z{(t)) {Vcjjf + 2XlV{(l}) \ + Sm{(l}, matter 



;io.io) 



where V is the potential of Eq. ( 10.9] ), and the loop form factors ip and Z, in a minimal 
"induced-gravity" scenario, are assumed to be parametrized at large as follows [|606|, |607 



Z{(t>) 



(10.11) 



where cf ~ ~ 10^, in agreement with Eq. (10.2). We also assume that the action Sm 
contains non-baryonic dark-matter whose dilatonic charge density per unit of gravitational 
mass, (Td/ Pd-: switches on as (/> ^ +00, and can be parametrized as |311]: 



Pd 



6Sr, 



p(?O0 



-gpd 5(t> 



c2 + elo'f' ' 



(10.12) 



where, again, ~ 10^. Note that we are using here a definition of dilatonic charge density 



different from the one previously introduced in Eqs. ( |6.16| ) and ( 8.41 ). 



The analytical and numerical study of such a model shows that, in a way that is largely 
independent from the initial conditions, the Universe is eventually driven to an asymptotic 
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accelerated regime characterized by a frozen ratio between the dark-matter and the dilatonic 
energy density, Pd/ P<j> = const. The present approximate equahty of pd and Vq is no longer 
a coincidence, in this context, but a dynamical property of the asymptotic configm'ation, 
as in models of "coupled quintessence" [ |373| , p6[ . 

For a better illustration of the "late-time" post-big bang scenario, described by Eqs. 
( |10.10 )-( I0.12| ), it is convenient to consider the E- frame cosmological equations for the 



tilted variables defined through the conformal transformation 

o = ciSe'^/2^ dt = cidte'^/\ p = clpe^'l', p = cfpe^'f' , a = cjae^'f' (10.13) 

(we are considering, as before, perfect-fluid sources evolving in a conformally flat metric 
background). Note that cf , according to Eq. (10.11), controls the asymptotic value of the 



ratio between the string and the Planck scale, c^Ag = Ap . The E-frame equations thus 
become (omitting the tilde, and in units 2Ap = 16-kG = 1) |311] 



6H^ = p + p^, (10.14) 
4H + 6H^ = -p - p^, (10.15) 

k\^) (0 + 3H^) + k{^) k'{^) + y'(0) + i [i^'mp - 3p) + qp] = 0, (10.16) 

where a dot denotes differentiation with respect to the E-frame cosmic time, and we have 
defined: 

k\^) = 3^^'^ _ 26^-^, V = cfe^-^V, (10.17) 

/9^ = ifc2(c/>)02 + y(0), = 1^2(0)02 _ (10.18) 

The source terms p,p,cr = qp generically include the contribution of radiation, baryonic 
and non-baryonic matter components, but only for the non-baryonic dark component pd is 
the dilaton charge assumed to be significantly different from zero, and parametrized as in 



Eq. (10.12). By analysing the time evolution of the (total) dilaton energy density, p^, we 
then find that the post-big bang solutions are generally characterized by three dynamical 
phases [^11[1. 



Suppose in fact that the radiation-dominated, post-big bang regime starts with with a 
negligible dilaton potential, a negligible dark- matter energy density pd ~ a~^, and a fully 
kinetic dilaton energy density ,which is rapidly diluted as ~ a~^. When p^ falls below 
Pd one finds that the Universe enters a first "focusing" phase with ~ a~'^, so that the 
dilaton kinetic energy starts growing with respect to radiation, and converges towards the 
other energy components. 

When the matter becomes dominant, the Universe enters a subsequent "dragging" phase, 
where p^ and pd evolve in time with the same behaviour, together with the baryonic matter 
density (uncoupled to the dilaton), pb ~ a~^. Actually, and pd are diluted a little bit 
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faster (like a ^ '^^) than pi,, but the deviation is controlled by a parameter, which is constant 
and very small during the dragging phase, 



m] 



drag 



k 



drag 



0^02 



1 



~ ^ < 1. 



;io.i9) 



At late times (but not later than today) the potential V{(p) and the dilaton charge 
q((/>) of dark- matter come eventually into play, and the Universe enters a "freezing" phase 
characterized by a constant ratio P(j,/ Pd-, and by accelerated evolution. In this asymptotic 
regime, (j) — > +cxd, the parameters of the model approach the constant values 

/c^ ((/)) = 2C2/C1 = 2/ o- = CTd, p = Pd, g(0) = go, 



and the E-frame equations can be written as 
Pd + ^Hpd pd<j) = 0, 



+ 6Hpk + y pd(, 



1 = + rjfc + Qv, 



1 + 



2H 
3IP 



0,V — ^k, 



where 



Pd 
Pk 



P4, = Pk + Pv, 
pv = GH'^Qv 



V. 



(10.20) 

(10.21) 
(10.22) 



(10.23) 
(10.24) 



They can be solved by an asymptotic configuration with constant fi^., ^ly and fi^ (acting 
as late-time attractor ^^), where the dilaton fraction of critical energy density, 0^ + Qy^ 
the dilaton equation of state, Wtf) = (17^ — i^v)/i^k + ^v), and the asymptotic acceleration 
parameter, are given by |311] 



12 + go(go + 2)A^ 
(go + 2)2A2 

H go - 



go(go + 2)A^ 
12 + <7o(go + 2)A2' 



1 + 



+ 2 



(10.25) 
(10.26) 



Such an asymptotic configuration is illustrated in Fig. 10.2, where we have plotted 
various curves at 0,^ = const and W(j) = const in the {qq, A} plane. As shown in the figure, a 
positive acceleration {qo > 1) is perfectly compatible with the range of f2<^ and Wfj) allowed by 
present phenomenological constraints ||617| , |49t|, namely 0.6 ^ ^ 0.7 and —l<w^< —0.4. 

We note, finally, that a simple integration of Eq. ( 10.26| ) gives the late-time evolution 
of the dilaton and dark-matter energy density, 



P<t> ~ Pd 



(10.27) 



The baryon dark matter, uncoupled to the dilaton (g = 0, ~ a ^), is rapidly diluted with 
respect to pd, and we thus obtain, in the context of such a dilatonic scenario, also a possible 



explanation of the present smallness of the ratio pb/pd [|311| ] (see also [27|). 
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qo 



Figure 10.2: Asymptotic configurations in the plane {qo, A}, according to Eq. (10.25). The 
full curves correspond to the constant values = 0.5, = 0.6, = 0.7, Jig = 0.8, and 
the dashed curves to the constant values of indicated in the figure. 

10.2 Other open problems 

In this report we have focahzed our attention on many important aspects of the pre-big 
bang scenario (in particular, on those mainly studied in the past years), without pretending, 
of course, to have presented an exhaustive discussion of all possible problems and aspects 
of such scenario. There are important topics that we have left almost untouched, also 
because too few results ae available on these in the present literature. Thus, it seems to us 
appropriate to conclude with a list (and a brief discussion) of such topics, which we hope 
will be the object of more intensive studies in the next years. 

In particular, we have given very little room to a discussion, in the pre-big bang context, 
of a realistic model of (dynamical?) dimensional reduction of the superstring manifolds, the 
(possible) compactification and the associated stabilization of the internal dimensions. The 



best approach to this problem, at present, is probably the model of [10£], generalized to 



a brane-gas in |1C, |l03f| , which assumes, however, a toroidal structure of the space-time 
manifold from the very beginning (as in standard Kaluza-Klein compactification). There 
are no results, at present, concerning the possible evolution of the pre-big bang phase into a 
multi-dimensional non-compact structure, eventually characterized by a warped geometry 
able to confine long-range interactions on a four-dimensional brane |53C| ] . 

Also, we have not discussed in detail the matching of the pre-big bang regime to the 
subsequent Priedmann-Robertson-Walker (FRW) phase, the possibility in this context of 
background oscillations (of the metric and of the dilaton), with related "preheating" and 
reheating effects, and the associated particle production (for instance gravitino production, 
which is a potential problem [|62[l(| for any inflationary model based on a supersymmetric 
theory). All these problems, including dimensional reduction, are (more or less directly) 
related to the fact that there is at present no compelling model of a complete and realistic 
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exit transition (see Section |8|) . 

It is worth mentioning, in this respect, that the problem of reheating and of possible 
dangerous relics (moduli and gravitinos) in pre-big bang cosmology has recently been faced 
in |132| ] . The main difference from the reheating scenario of standard inflationary models is 
that, for pre-big bang inflation, the matching to the FRW phase may occur in principle at 
higher-curvature scales (typically. Hi ~ Ms ~ 10^'' GeV), where gravitinos and moduli fields 
should also be copiously produced in scattering processes. Another important difference is 
that the particles present at the beginning of the FRW phase are produced (with various 
spectra) directly from the amplification of the quantum fluctuations of the background fields 
during inflation (as stressed in Subsection |8.4|), with typical densities pi{t) ~ NiHf{ai/a)'^, 
where Ni is the number of helicity states in species i. 

In such a context, the thermalization scale of scalar and vector particles, charged under 



the group of the observable sector, has been estimated in [132| by assuming that the dilaton 
and the internal dimensions are already frozen at the beginning of the FRW phase, when 
H = Hi and g = gi = Ms/Mp{ti). The charged particles, with typical energy ui ~ Hiai/a 
and number density ~ Pr/w, where 

Nr HlM^ai Nr/HiM^YfaiY 

Pr = ^rPc ~ ^TT 7^— = -ITf- — 10.28) 

(iVtot is the total number of degrees of freedom present at t = ti), interact with cross section 
a ~ o? juP' ^ where a ^ g\. The thermalization scale -ffth ~ ''^rf is then given by 

If the charged particles are already dominat at t = ti, i.e. A^^^ ~ Atot, ~ Ij and if 
Hi ~ Ms as in minimal pre-big bang models, then the post-big bang Universe thermalizes 
at a scale -ffth ~ Qi^^x ~ (10~^ - 10"*^) Ms, with a corresponding reheating temperature 
Tj. ~ (ffth-^p)^^^ ~ ^i^^-^P ~ 9i^'^^s- Ifi on the contrary, O,, < 1, then reheating is only 
achieved once the gauge-singlet fields, which carry the remainder of the total energy density, 
have decayed into radiation. 

Such a reheating process generates an entropy density s ~ Pr/Tr, which is not sufficient, 
however, to dilute the unwanted relic particles produced gravitationally during inflation, 
and also in scatterings of the thermal bath for t > ti. For the moduli, in particular, the 
number-density-to-entropy-density ratio Ym = rim/sm turns out to be |132[| Ym ~ 0.3/(7*, 
where g* is the number of degrees of freedom in the radiation bath after thermalization. For 
g^ ~ 10^ - 10^ this is well above the limit imposed by nucleosynthesis |62C], which implies 
Y < 10-13. 

The same is true for gravitinos. Indeed, even if they are not gravitationally produced 



during pre-big bang inflation because they keep effectively massless |120|, gravitinos are 
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produced in scatterings of the high-temperature thermal bath, and their number to entropy 



^ /2 7/4 

ratio can be estimated (for Hi ~ Mg) as [132| 13/2 ~ 5i g* , which is still in excess of 



the nucleosynthesis limit (see also |431, 584] for gravitino production in a string cosmology 
context). 

The dilution of the unwanted relics possibly present at the beginning of the post-big bang 
phase thus requires a strong entropy release, at the level of about ten orders of magnitude 
for gravitationally produced relics in the context of minimal pre-big bang models (so as to 
suppress Y from 10~^ to 10~^^). Such an entropy production may be due to a secondary 
reheating phase, as already discussed in Subsection and a typical possibility corresponds 
to the oscillations and decay of a scalar (or pseudoscalar) field, which gets a mass in the 
post-big bang epoch through a symmetry- (or super symmetry-) breaking mechanism. 

A natural string-cosmology candidate for this effect is the axion (as discussed in Sub- 
section [7.5] ), or even the dilaton, if it is heavy enough. In particular, if the initial value of 
the oscillating field is at least of order Mg, it is possible to dilute in this way moduli and 
gravitinos, but not monopoles (possibly produced by GUT symmetry breaking), while an 
initial value of order Mp is marginally sufficient also for monopoles |132|. 

It is possible, however, that the monopole problem be independently solved by an ef- 
ficient monopole-antimonopole annihilation 176 |. We should keep in mind, also, that in 
more complicated, non-minimal pre-big bang backgrounds (see Subsection |5.3| ), the energy 
distribution among the produced particles may be drastically altered, with a resulting easier 
dilution of the relics component, and a smaller required amount of entropy production (see 
[|132|] for a detailed discussion). 



We note, finally, that the entropy-production process is independently interesting by 
itself, in such a context, as it can naturally accommodate baryogenesis if the oscillating 
scalar is identified with the Affleck-Dine condensate, made of squarks and sleptons, whose 
decay generates the baryon asymmetry @. In particular, a "mixed" reheating phase with 
two oscillating fields (a modulus and a condensate), seems to be able to reproduce both 
the required dilution of relics and the right baryon asymmetry in the context of pre-big 
bang cosmology [132]. The oscillations of the Affleck-Dine condensate could be sufficient, 
by themselves, to solve the moduli and gravitinos problem in the context of non-minimal 
pre-big bang models, provided the resulting baryon asymmetry were kept small enough 
by a very small CP-violation parameter, or by a very efficient electroweak mechanism of 
baryon-number erasure [261]. 



10.3 Outlook 



Although it is always difficult to make forecasts, particularly in theoretical physics, we 
are at least confident of one thing: research on the implications of string/M-theory on 
fundamental cosmological questions is not just a momentary fashion. It is going to continue 



220 



at an increasing rate as long as new cosmological data come in, and put more and more 
puzzles in front of theoretical cosmology. Indeed, the last few years have witnessed a sudden 
jump of interest in this field, triggered partly by the new data on CMB anisotropy and on 
evidence for an accelerating Universe, partly by the new theoretical developments related to 
large extra dimensions, the possible lowering of the quantum-gravity scale, and the brane- 
world ideas. 

One line of research has been devoted to the modifications of the standard cosmological 
equations for observers confined to a brane immersed in a higher-dimensional space-time 
[S8|. Such modifications are in principle sufficiently drastic to make us worry about how 
to preserve the successes of the standard set-up, on the one hand, and about how to use 
the deviations in order to improve the situation where the standard description may face 



difficulties (e.g. during inflation |17£] and early cosmology) on the other hand. 

A second development, which is even more relevant to this report, is the proposal of 



new cosmologies [j412| , 413] that share many properties with the pre-big bang scenario. As 
in the latter, they assume that the big bang singularity is spurious, and that the Universe 
(and time) had a long existence prior to it. Also, the initial state is assumed to be very 
perturbative, although not as generic as in our approach. The most important difference, 
however, is that such models are constructed around the brane-world idea (see Subsection 
8.5). Thus, although some of the pictures look very similar, their meaning is drastically 



different. As an example, the plane-wave collision described in Subsection |3.4| superficially 
resembles the brane collision of the ekpyrotic scenario; but while in the former our Universe 
lies in the bulk, in the model of | 412 , |413|| it lies on one of the two colliding branes. Also, 



the big bang is the moment of collision in | 412 , 413 1 while, in the pre-big bang scenario, it 
emerges sometime after the collision, as a consequence of gravitational collapse. 

The model in gl|] is even closer to the pre-big bang idea, in the sense that, there, 
the extra dimension represents the dilaton in the strong-coupling regime, according to the 
M-theory conjecture ||376|] . It is thus possible to draw the bouncing-Universe scenario of 
11^ in the same phase-space plane as was used in Fig. 8A.. The difference between the two 



scenarios is very simple: while the pre-big bang Universe starts its evolution in the upper- 
right quadrant of the diagram -and thus inflates, in the S-frame, as it evolves from weak 



to strong coupling- in the scenario of |413] the Universe starts in the lower-right quadrant 
and thus contracts, even in the S-frame, while it evolves from strong to weak coupling. 



We have seen in Subsections 1.3 and 2.4 that an accelerated contraction is as good as 



an accelerated expansion for solving the horizon and flatness problems, hence the model 



of [413] appears a priori as good as the pre-big bang model. It is important, however, to 
stress some differences, especially regarding the exit problem. If the exit is to occur at weak 
coupling, it should be possible to study it within the tree-level effective action (although 
non-perturbatively in a'). This was precisely the framework described in Subsection ^.2| , 
where it was shown that, at least order by order in the a' expansion, a conserved quantity 
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forbids a transition from contraction to expansion in the S-frame. The possibihty remains, 
however, of non-perturbative (world-sheet instanton) effects for achieving the bounce. 

Still at the theoretical level, both the ekpyrotic and the pre-big bang scenario suffer 



from the criticism of |19C] about the generic occurrence of a phase of chaotic oscillations. 



This is even more crucial for the models of [412, |413[| , since they need a highly fine-tuned 



initial state [38£, 390 1 and, again, cannot invoke string-loop corrections for stopping BKL 
oscillations. 

At the more phenomenological level the main difference between the two classes of mod- 
els concerns the spectrum of (adiabatic) scalar metric perturbations. While these have 
been claimed to have naturally a blue spectrum in a pre-big bang context 115| (see also 



[|382| , |583|] ) , the authors of ||412(| have claimed to get naturally (although through a certain 
hypothesis on the shape of a potential) a scale-invariant spectrum, as favoured by obser- 
vations. Without taking sides, we will mention that this claim has been challenged by 



several authors [456, |105| (see however [ p27| ). On the other hand, the curvaton mechanism 
of [|459([ could still generate scale-invariant adiabatic perturbations even if these were not 
immediately generated during the pre-big bang (or pre-bounce) phase. 

Since string/M-theory is proposed by its fans as a candidate unified theory of all phe- 
nomena, it simply cannot allow itself to avoid tackling the fundamental questions that 
classical and quantum gravity are proposing: What is the fate of the classical singularities 
-that are so ubiquitous in general relativity- in the context of a consistent quantum theory 
of gravity? 

In this report the pre-big bang scenario was described in such a way that the reader's 
attention was drawn to the big bang singularity of general relativity and to how its avoid- 
ance, in string theory, could open up new possibilities for solving the long-standing problems 
of classical, hot big bang cosmology. Amusingly, in doing so, we were led to connect this 
question to the other big puzzle of general relativity: the fate of black-hole singularities, 
with all its ramifications into the information paradox, the loss of quantum coherence, and 
the like. 

To conclude, let us try to draw some generic lessons from the particular attempt at a 
new, string-based cosmology that we have illustrated in the previous sections. 



(1) Neither our Universe, nor space and time themselves, have to emerge from a sin- 
gularity: the singularities of classical gravitational theories should signal the lack of 
finite-size and quantum corrections, or the need for new degrees of freedom in the 
description of physics at very short distances. Also, the Universe did not have to start 
from the very beginning as a hot and dense "soup" of particles and radiation: a hot 
Universe can emerge from a cold one, thanks to the parametric amplification of the 
quantum fluctuations of the vacuum, during inflation. 

(2) Inflation does not need a scalar potential (or, more generally, an effective cosmological 
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constant), and can naturally appear as the result of the underlying duality symmetries 
of the cosmological background. Also, inflation can be represented as a contraction 
(in the appropriate frame), and the study of generic initial conditions can be related, 
mathematically, to the study of gravitational collapse in general relativity. 

(3) The Planck scale does not provide any fundamental impenetrable barrier, which would 
limit our direct experimental information on what happened before. On the contrary, 
the phenomenological imprint of the pre-Planckian epoch can be encoded into a rich 
spectrum of observable relics, reaching us today directly out of the pre-big bang 
Universe. Pre-big bang physics can thus be the object of dedicated experimental 
searches, which will be able to tell us, hopefully in a not too far future, whether 
or not there are chances for present string-cosmology models to provide a successful 
description of our primordial Universe. 
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